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PREFACE. 


In  1810  a  work  was  published  in  Cambridge  under  the  follow- 
ing title — A  Treatise  on  Isoperimetrical  Problems  and  the  Calculus 
of  Variations.  By  Robert  Woodhouse,  AJf,,  F.R.S.f  Fellow  of 
Gaius  College,  Cambridge.  This  work  details  the  history  of  the 
Calculus  of  Variations  from  its  origin  until  the  close  of  the  eighteenth 
century,  and  has  obtained  a  high  reputation  for  accuracy  and 
clearness.  During  the  present  century  some  of  the  most  eminent 
mathematicians  have  endeavoured  to  enlarge  the  boundaries  of  the 
subject,  and  it  seemed  probable  that  a  survey  of  what  had  been 
accomplished  would  not  be  destitute  of  interest  and  value.  Accord- 
ingly the  present  work  has  been  undertaken,  and  a  short  account 
will  now  be  given  of  its  plan. 

As  the  early  history  of  the  Calculus  of  Variations  had  been 
already  so  ably  written,  it  was  unnecessary  to  go  over  it  again ; 
but  it  seemed  convenient  to  commence  with  a  short  account  of 
two  works  of  Lagrange  and   a  work  of  Lacroix,  because  they 
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exhibit  tbe  state  of  the  subject  at  the  close  of  the  eighteenth  ^ 
century;  the  first  chapter  is  therefore  devoted  to  these  works  of 
Lagrange  and  Lacroix.  The  notice  of  the  two  works  of  Lagrange 
is  very  brief,  for  in  fact  both  of  them  were  accessible  to  Wood- 
house,  and  he  has  given  a  good  account  of  all  that  Lagrange 
accomplished.  The  notice  of  the  work  of  Lacroix  is  fuller  because 
the  second  edition  of  that  work  had  not  appeared  when  Wood- 
house  wrote ;  it  was  also  necessary  to  indicate  two  important  mis- 
takes which  occur  in  Lacroix  on  account  of  their  influence  on  the 
history  of  the  subject ;  see  Arts.  27  and  39. 

The  second  chapter  contains  an  account  of  the  treatises  of 
Dirksen  and  Ohm. 

The  third  chapter  contains  an  account  of  a  remarkable  memoir 
by  Gauss,  which  afibrds  the  earliest  example  of  the  discussion  of 
a  problem  involving  the  variation  of  a  double  integral  with  variable 
limits  of  integration. 

The  fourth  chapter  contains  an  account  of  a  memoir  by  Poisson 
on  the  Calculus  of  Variations.  The  great  object  of  this  memoir  is 
to  exhibit  the  variation  of  a  double  integral  when  the  limits  of 
integration  are  variable.  The  memoir  is  important  in  itself,  and 
also  from  the  fact  that  it  may  be  considered  to  have  led  the  way 
for  those  which  were  written  by  Ostrogradsky,  Delaunay,  Cauphy 
and  Sarrus. 

The  fifth  chapter  contains  an  account  of  a  memoir  by  Ostro- 
gradsky ;  this  memoir  was  suggested  by  Poisson's,  and  its  object  is 
to  exhibit  the  variation  of  a  multiple  integral  when  the  limits  of 
the  integration  are  variable. 

The  Academy  of  Sciences  at  Paris  proposed  for  their  mathe- 
matical prize  subject  for  1842,  the  Variation  of  Multiple  Integrals. 
The  prize  was  awarded  to  a  memoir  by  Sarrus,  and  honourable 
mention  was  made  of  a  memoir  by  Delaunay,  The  memoir  of 
Delaunay  is  analysed  in  the  sixth  Chapter,  and  the  memoir  of 
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Sarrus  in  the  eighth  Chapter;  the  seventh  chapter  analyses  a 
memoir  by  Cauchy,  in  which  the  results  obtained  by  Sarrus  are 
presented  under  a  slightly  different  form. 

Here  that  part  of  the  present  work  terminates  which  treats 
of  the  variation  of  multiple  integrals. 

The  next  three  chapters  treat  of  another  branch  of  the  subject, 
namely,  the  criteria  which  distinguish  a  maximum  from  a  minimum ; 
these  criteria  were  exhibited  in  a  remarkable  memoir  published  by 
Jacobi  in  1837,  which  has  given  rise  to  a  series  of  commentaries 
and  developments.  The  method  of  Jacobi  is  founded  upon  one 
originally  given  by  Legendre ;  accordingly  the  ninth  chapter  first 
explains  what  Legendre  accomplished,  and  also  what  was  added 
to  his  results  by  another  mathematician,  Brunacci,  and  then  finishes 
with  a  translation  of  Jacobi' s  memoir.  The  tenth  chapter  con- 
tains an  account  of  the  commentaries  and  developments  to  which 
Jacobi' s  memoir  gave  rise.  The  eleventh  chapter  contains  some 
miscellaneous  articles  which  also  bear  upon  Jacobi' s  memoir. 

The  twelfth  chapter  contains  an  account  of  various  memoirs 
which  illustrate  special  points  in  the  Calculus  of  Variations. 
The  thirteenth  chapter  contains  an  account  of  three  comprehen- 
sive treatises  which  discuss  the  whole  subject.  The  fourteenth 
chapter  gives  a  brief  notice  of  all  the  other  treatises  on  the  sub- 
ject which  have  come  to  the  writer's  knowledge. 

The  fifteenth  chapter  notices  various  memoirs  which  have 
some  slight  connection  with  the  subject.  The  sixteenth  chapter 
notices  various  memoirs  which  relate  principally  to  geometry,  or 
differential  equations,  or  mechanics,  but  the  titles  of  which  are 
suggestive  of  some  relation  to  the  Calculus  of  Variations. 

The  seventeenth  chapter  gives  the  history  of  the  theory  of 
the  conditions  of  integrability. 

The  writer  has  endeavoured  to  be  simple  and  clear,  and  he 
hopes  that  any  student  who  has  mastered  the  elements  of  the 
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subject  will  Tbe  able  without  difficulty  to  understand  the  whole 
of  the  work. 

It  may  appear  at  first  sight  that  great  disproportion  exists 
between  the  spaces  devoted  to  the  various  treatises  and  memoirs 
which  are  analysed.  The  writer  has  not  considered  solely  or 
chiefly  the  relative  importance  of  these  treatises  and  memoirs, 
but  also  the  ease  or  difficulty  of  obtaining  access  to  them ;  and 
thus  a  work  of  inferior  absolute  value  may  sometimes  have  ob- 
tained as  long  a  notice  as  another  of  higher  character  when  the 
latter  could  be  procured  far  more  readily  than  the  former. 

In  citing  an  independent  work  the  title  has  usually  been 
given  in  the  original  language  of  the  work,  but  in  citing  a  me- 
moir which  forms  part  of  a  scientific  journal  it  has  generally  been 
considered  sufficient  to  give  an  English  translation  of  the  title. 
Sometimes  a  mathematician  has  been  named  in  the  history  before 
an  account  of  his  contributions  to  the  subject  has  been  given ; 
in  such  a  case  by  the  aid  of  the  index  of  names  at  the  end 
of  the  volume  it  will  be  easy  to  find  the  place  which  contains 
the  account.  Occasionally  in  the  course  of  the  translation  of  a 
passage  from  a  foreign  memoir  the  present  writer  has  inserted  a 
remark  of  his  own ;  this  remark  will  be  known  by  being  enclosed 
within  square  brackets. 

The  writer  may  perhaps  be  excused  for  stating  that  he  has 
found  the  labour  attendant  on  the  production  of  this  work  far  longer 
and  heavier  than  he  had  anticipated.  It  would  have  been  easy  to 
have  examined  merely  the  introductions  to  the  various  treatises  and 
memoirs,  and  thus  to  have  compiled  an  account  of  what  their  re- 
spective authors  proposed  to  effect ;  but  the  object  of  the  present 
writer  was  more  extensive.  He  wished  to  ascertain  distinctly  what 
had  been  effected,  and  to  form  some  estimate  of  the  manner  in 
which  it  had  been  effected.  Accordingly,  unless  the  contrary  is 
distinctly  stated,  it  may  be  assumed  that  any  treatise  or  memoir 
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relating  to  the  Calculus  of  Variations  which  is  described  in  the 
present  work  has  undergone  thorough  examination  and  study. 
This  remark  does  not,  however,  apply  to  all  the  productions  which 
are  noticed  in  the  last  two  chapters  of  this  work. 

It  will  be  found  that  in  the  course  of  the  history  numerous 
remarks,  criticisms,  and  corrections  are  suggested  relative  to  the 
various  treatises  and  memoirs  which  are  analysed.  The  writer 
trusts  that  it  will  not  be  supposed  that  he  undervalues  the  labours 
of  the  eminent  mathematicians  in  whose  works  he  ventures  occa- 
sionally to  indicate  inaccuracies  or  imperfections,  but  that  his  aim 
has  been  to  remove  difficulties  which  might  perplex  a  student. 
In  the  course  of  his  studies  the  writer  frequently  found  that  remarks 
which  he  intended  to  offer  on  various  points  had  been  already  made 
by  some  author  not  usually  consulted ;  for  example,  the  considera- 
tions introduced  in  Art.  366  occurred  to  him  at  the  commencement 
of  his  studies,  and  it  was  not  until  long  afterwards  that  he  found 
he  had  been  anticipated  by  Legendre ;  see  Art.  202. 

The  writer  will  not  conceal  his  own  opinion  of  the  value  of  a 
history  of  any  department  of  science  when  that  history  is  presented 
with  accuracy  and  completeness.  It  is  of  importance  that  those 
who  wish  to  improve  or  extend  any  subject  should  be  able  to  ascer- 
tain what  results  have  already  been  obtained,  and  thus  reserve  their 
strength  for  difficulties  which  have  not  yet  been  overcome;  and 
those  who  merely  desire  to  ascertain  the  present  state  of  a  subject 
without  any  purpose  of  original  investigation  will  often  find  that 
the  study  of  the  past  history  of  that  subject  assists  them  materially 
in  obtaining  a  sound  and  extensive  knowledge  of  the  position  to 
which  it  has  attained.  How  far  the  present  work  deserves  attention 
must  be  left  to  competent  judges  to  decide ;  should  they  consider 
that  the  objects  proposed  have  been  in  some  degree  secured, 
the  writer  will  be  encouraged  hereafter  to  undertake  a  similar 
survey  of  some  other  department  of  science. 
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The  writer  will  receive  most  thankfully  any  suggestion  or  cor- 
rection relating  to  the  present  work  with  which  he  may  be  favoured, 
and  especially  any  information  respecting  those  memoirs  and  trea- 
tises which  may  have  escaped  his  observation,  and  those  of  which 
he  has  only  been  able  to  record  the  titles ;  see  Arts.  394  and  420. 

The  writer  takes  this  opportunity  of  returning  his  thanks  to  the 
Syndics  of  the  University  Press  for  their  liberal  contribution  to  the 
expenses  of  printing  the  work. 


St  John's  College, 
April  15,  1861. 
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CALCULUS    OF   VARIATIONS, 
CHAPTER  L 

LAGEANGE.    LACROIX. 

1.  It  is  the  object  of  the  present  work  to  trace  the  progress  of 
the  Calculus  of  Variations  during  the  nineteenth  centurv7  It  will 
be  convenient  to  begin  with  an  account  of  three  works  which  ex- 
hibit the  state  of  the  subject  at  the  close  of  the  eighteenth  cen- 
tury. We  shall  accordingly  in  this  chapter  give  an  analysis  of 
the  treatises  on  the  Calculus  of  Variations  contained  in  Lagrapge's 
TMorie  des  Fonctions  Analytiques,  in  the  Lemons  sur  le  Galcul  des 
Foncttons  of  the  same  author,  and  in  the  Traite  du  Galcul  Diffi^ 
renttel  et  du  Galcul  Integral  of  Lacroix. 

2.  The  first  edition  of  Lagrange's  TMorie  des  Fonctions  Ana- 
lyiiques  appeared  in  1797,  and  the  second  in  1813;  the  work  was 
also  reprinted  in  1847.  The  portion  which  treats  of  the  Calculus 
of  Variations  remains  as  it  was  in  the  original  edition,  where  it 
extends  over  pages  198—220;  we  proceed  to  give  an  account  of 
this  portion. 

3.  Having  treated  of  ordinary  maxima  and  minima  problems 
m  the  preceding  pages  of  his  work,  Lagrange  states  that  the  same 
principles  may  be  applied  to  determine  curves  which  possess  at 
every  point  some  assigned  maximum  or  minimum  property.  For 
example,  required  the  curve  at  every  point  of  which 

\y-\'{m-x)y'\\y^{ri-^x)y'\ 

IS  a  maximum  or  minimum,  where  y'  denotes  ^ . 

dx 
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Here  it  is  supposed  that  at  any  point  of  the  curve  y  is  suscep- 
tible of  variation  while  x  and  y  are  not  susceptible  of  variation ; 
then  according  to  the  ordinary  principles  of  maxima  and  minima 
problems  we  differentiate  the  proposed  expression  with  respect  to 
y  as  variable,  and  equate  the  differential  coefficient  to  zero.  This 
gives 

{m  —  x)  \y-\-  (n  —  x)  y]  -\-  {n  —  x)  {3/+  {m  —  x)  y']  =0...(1); 

therefore 

,  ___   {2x  '-'m  —  n)y 

^  "  2  {m-x)  {n-x)' 

divide  by  y  and  integrate,  thus  we  obtain 

y^=h{m-'x)  (n  —  x) (2) , 

where  h  is  an  arbitrary  constant. 

Differentiate  the  left-hand  member  of  (1)  with  respect  to  y' ;  this 
gives  2  {m  —  x)  (n  —  x) ;  hence  we  conclude  that  at  every  point  of 
the  curve  determined  by  (2)  the  proposed  expression 

{^  +  {'m.-  0^)  y'}  {y  -h  {n-  x)  y'} 

is  a  maximum  or  minimum  according  as  {m  —  x)  (n  —  x)  is  negative 
or  positive.  From  (2)  it  appears  that  the  curve  is  an  ellipse  if  h  be 
negative,  and  then  {m  -  x)  {n-  x)  must  be  negative  and  there  is  a 
maximum ;  also  the  curve  is  an  hyperbola  if  h  be  positive,  and  then 
{m  —  x)  [n  —  x)  must  be  positive  and  there  is  a  minimum. 

This  is  the  first  appearance  of  a  problem  of  this  kind.  La-, 
grange  intimates  that  such  problems  may  be  proposed  involving 
other  differential  coefficients  besides  the  first. 

4.  Lagrange  next  considers  the  more  common  problem  of  the 
Calculus  of  Variations,  namely  that  in  which  we  require  the  maxi- 
mum or  minimum  value  of  the  integral  of  a  function/  {x^  y ,  y\  y'\ . . . ) . 
He  uses  w  to  denote  what  is  called  the  variation  of  y,  and  which  is 
usually  denoted  by  By,  He  arrives  at  the  well-known  relation  which 
must  be  satisfied  in  order  that  the  proposed  integral  may  be  a  maxi- 
mum or  minimum;  this  relation  he  expresses  in  the  following 
manner ; 

f{y)  -  U'{y')]'+  U'iylT  -  [/'(/')]"'  + ...  =  0. 
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He  also  obtains  the  ordinary  result  for  the  terms  which  are  free 
from  the  integral  sign,  which  must  likewise  vanish  in  order  that  the 
proposed  integral  may  be  a  maximum  or  minimum. 

5.  Lagrange  now  proceeds  to  the  discrimination  of  a  maximum 
from  a  minimum  value ;  he  takes  the  case  in  which  the  function 
under  the  integral  sign  contains  no  differential  coefficient  of  ?/  higher 
than  the  first.  We  will  here  indicate  his  method,  but  we  shall 
use  the  ordinary  notation  instead  of  Lagrange's.     Let  p   denote 

^ ,  and  suppose  f{x,  y,  p)  to  represent  any  function  the  integral  of 
which  taken  between  certain  fixed  limits  is  to  have  a  maximum  or 
minimum  value.  Change  y  into  y  +  Bi/  and  p  into  p  +  Sp;  thus 
f{x,  y,  p)  will  become 

where  the  &c.  stands  for  terms  of  the  third  and  higher  orders  in  hy 
and  Sp.  ^ 

Now  by  means  of  the  relation  between  x  and  y  given  by 

|-(D'=« (1), 

and  the  fact  that  the  integration  is  taken  between  fixed  limits,  the 
integral  denoted  by 

vanishes.     We  must  then  examine  the  integral 

if  this  taken  between  the  fixed  limits  is  negative  for  all  indefinitely 
small  values  of  hy  and  Sp,  the  proposed  integral  is  a  maximum  when 
y  has  the  value  which  satisfies  (1) ;  if  it  be  positive  for  such  values 
oa  oy  and  ^  the  proposed  integral  is  a  minimum. 

1—2 
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The  integral  which  we  have  to  examine  may  be  put  under  the 
form 

where  X  is  any  function  of  x ;  for  we  can  shew  immediately  by  dif- 
ferentiation that  the  latter  expression  coincides  with  the  integral 
which  we  have  to  examine.     Now  assume  \  such  that 

(%^^^^}=(^"~^^)^^ ^^^' 

then  the  last  expression  under  the  integral  sign  becomes  a  perfect 
square,  and  the  integral  may  be  written 


W 


where  -4  -74  =  -r4-  -  2X. 

dp       dyajp 

Thus  we  have  to  examine  the  sign  of 

where  x^  and  cc^  denote  the  limits  of  the  integration,  and  \  and  \ 
are  the  values  of  X  and  Sy^  and  Sy^  the  values  of  By  at  the  respective 
limits.  Let  us  suppose  that  81/^  and  Sy^  are  zero,  then  we  have 
remaining 


s/rf»+^*^)'*- 


^0  ^P 

dY 
Hence  we  may  conclude  that  if -3™  be  always  positive  between 

the  limiting  values  of  x  the  proposed  integral  has  a  minimum  value ; 

and  if  —^  be  always  negative  between  the  limiting  values  of  x  the 

proposed  integral  has  a  maximum  value. 

Lagrange  remarks  that  this  result  had  been  published  in  the 
Memoirs  of  the  Academy  of  Sciences,  in  1786  [by  Legendre] ;  but  he 
adds,  that  in  order  to  ensure  the  correctness  of  the  result  it  ought  to 
be  shewn  that  the  value  of  X  determined  by  (2)  does  not  become 
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infinite  between  the  limits  of  integration,  and  it  is  generally  im- 
possible to  do  this,  because  the  value  of  X  cannot  actually  be  found. 

6.  Lagrange  takes  for  example  the  case  in  which 

f{x,  y,  p)=p'+  2mp7/  +  ny' ; 

^^^^  M'  ^^  ^^^^^^^^ily  positive,  but  Lagrange  shews  that  when  n  is 
negative  we  are  not  certain  of  the  existence  of  a  minimum. 

7.  Lagrange  then  indicates  the  method  to  be  pursued  in  dis- 
criminating a  maximum  from  a  minimum  when  the  expression 
which  is  to  be  integrated  involves  differential  coefficients  of  a  higher 
order  than  the  first. 

8.  Then  leaving  the  question  of  the  discrimination  of  maxima 
and  minima  values,  Lagrange  returns  to  the  consideration  of  the  con- 
ditions which  are  common  to  both  maxima  and  minima  values.  He 
makes  some  remarks  on  the  case  in  which  the  limiting  values  of  the 
quantities y,  7/',  y\  ...  are  not  given,  but  only  one  or  more  equations 
connecting  them.  He  then  proceeds  to  suppose  that  the  function 
under  the  integral  sign  contains,  besides  y  and  its  differential  co- 
efficients with  respect  to  x,  another  variable  z  and  its  differential 
coefficients  with  respect  to  x.  When  y  and  z  are  independent  he 
arrives  at  the  two  well-known  relations  which  must  be  satisfied  in 
order  that  the  proposed  integral  may  be  a  maximum  or  minimum, 
namely  the  relation  already  given  in  Art.  4,  and  another  which  may 
be  obtained  from  that  by  changing  y  into  z.  Lagrange  also  gives 
the  results  for  the  case  in  which  y  and  z  and  their  differential  coeffi- 
cients with  respect  to  x  are  connected  either  by  a  given  equation  or 
by  the  circumstance  that  an  assigned  integral  expression  involving 
them  is  to  have  a  constant  value. 

9.  As  an  example  of  the  theory  Lagrange  considers  the  pro- 
blem of  the  brachistochrone  when  a  particle  moves  from  one  given 
point  to  another.  Take  the  axis  of  x  vertically  downwards,  and  let 
'J'^giji-^x)  be  the  velocity  which  the  falling  particle  has  when  at 
the  depth  x  below  the  origin;  then  the  expression  which  is  to  be 
rendered  a  minimum  is 

'sj{l+y"  +  z")dx 
^{h  +  x) 


I' 


6  LAGRANaE. 

where  ^'  ==  -7- ,  and  s'  =  -j- ;  here  we  have  not  assumed  that  the  re- 

quired  curve  is  a  jplane  curve.  Hence  in  order  that  the  integral  may 
be  a  maximum  or  minimum  we  must  have,  by  the  relations  referred 
to  in  Art.  8, 

I-— -75~— ?orh  =  0,    and  ^-TTT-: — x    //..;..     mr  =  0. 


Integrate  these  equations ;  thus 


y 


and 


are  both  constants ;  hence  by  dividing  the  first  of  these  expressions 

by  the  other  we  have  ^  a  constant,  and  this  shews  that  the  curve 

must  be  a  plane  curve.  Then  by  completing  the  investigation  in 
the  usual  manner  we  obtain  a  cycloid  for  the  required  curve.  We 
now  proceed  to  examine  whether  the  proposed  integral  is  thus  ren- 
dered a  maximum  or  minimum.  The  terms  of  the  second  order  are 
(see  Art.  5) 

/■  (1  +  g")  (Sp)"  -  2pg8p8g  +  (1  +/)  (8g)'  ^ 
i  2V(A  +  a!)(l+/  +  20* 

where  ^  stands  for  -j-  and  g'  for  -5- .  The  above  expression  may  be 
written 

and  as  this  is  essentially  positive  the  proposed  integral  is  rendered 
a  minimum^  and  thus  the  cycloid  fulfils  the  conditions  of  the 
problem. 

10.  Lagrange  then  gives  some  investigations  relating  to  the 
conditions  of  integrability  of  functions;  this  is  a  subject  to  which  a 
separate  chapter  will  be  devoted  in  the  present  work. 

11.  The  treatise  on  the  Calculus  of  Variations  contained  in  the 
TMorie  des  Fonctions  Analytiques  is  very  clear,  and  although  the 


/' 
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notation  is  not  so  expressive  as  that  which  Lagrange  originally  in- 
troduced, it  is  fp'  preferable  to  that  employed  in  the  Legons  sur  le 
Galcul  des  Foncttons.  We  now  proceed  to  give  an  account  of  that 
part  of  the  latter  work  which  is  connected  with  our  subject. 

12.  In  the  list  of  Lagrange's  works  which  is  appended  to  the 
Mecamque  Analytique  it  is  stated  that  the  first  edition  of  the 
Legons  sur  le  Calcul  des  Foncttons  appeared  in  1801  as  a  portion 
of  the  second  edition  of  the  Seances  de  VEcole  Normale;  the  Legons 
were  also  included  in  the  12th  part  of  the  Journal  de  VEcole  Poly- 
technique  in  1804.  In  1806  a  separate  edition  of  the  Legons  ap- 
peared containing  two  additional  legons^  and  these  were  also  in- 
serted in  the  14th  part  of  the  Journal  de  VEcole  Polytechnique  in 
1808.  The  two  additional  legons  are  devoted  to  the  Calculus  of 
Variations. 

13.  In  the  edition  of  the  Legons  sur  le  Calcul  des  Foncttons 
which  was  published  in  1806,  the  part  bearing  on  our  subject 
extends  over  pages  401 — 501  and  forms  the  last  two  legons.  The 
first  of  these  two  legons  extends  over  pages  401 — 440 ;  it  treats  of 
the  integrability  of  functions,  and  al^o  contains  a  sketch  of  the 
early  history  of  the  Calculus  of  Variations ;  as  we  do  not  consider 
the  early  history  of  the  Calculus  of  Variations  in  the  present  work, 
and  as  we  reserve  the  subject  of  the  integrability  of  functions  for 
a  future  chapter,  we  shall  not  here  give  any  account  of  this  part 
of  Lagrange's  work.  Lagrange  states  that  the  work  of  Euler, 
entitled  Methodus  mvemendt  lineas  curvas,..  would  have  left  nothing 
to  be  desired  respecting  curves  which  are  required  to  have  a  maxi- 
mum or  minimum  property,  if  it  had  been  based  on  an  analysis 
more  conformable  to  the  spirit  of  the  DiiSferential  Calculus ;  La- 
grange then  adds  that  the  object  had  been  attained  by  his  own 
method  given  in  the  Memoirs  of  the  Turin  Academy.  This  method 
is  the  well-known  use  of  the  symbol  S  to  express  a  variation. 
Lagrange  states  that  this  method  has  been  explained  in  most  works 
on  the  Differential  Calculus  which  have  appeared  since  it  was 
published,  and  therefore  it  will  be  sufficient  for  him  to  give  merely 
an  account  of  the  principles  of  it ;  and  accordingly  a  brief  sketch 
is  supplied. 
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14.  Lagrange  begins  the  next  legon  thus ; — *^  The  method  of 
variations  based  on  the  use  and  combination  of  the  symbols  d  and 
S,  which  denote  different  differentiations,  left  nothing  to  be  desired ; 
but  this  method  having,  like  the  Differential  Calculus,  the  method 
of  indefinitely  small  quantities  for  its  base,  it  was  necessary  to 
present  it  under  another  point  of  view  in  order  to  connect  it  with 
the  Calculus  of  Functions ;  I  have  already  done  this  in  the  TMorie 
des  FoncttonSj  but  I  propose  to  return  to  the  subject  now  in  order 
to  treat  it  in  a  manner  more  direct  and  more  complete." 

15.  Lagrange  proceeds  accordingly  to  expound  the  subject 
with  the  aid  of  a  new  notation.  Suppose  y  =  (j>{x),  and  let  (f>{x) 
be  changed  into  <f>{xj  «),  where  i  is  an  arbitrary  indefinitely  small 
quantity ;  then  suppose  (f>  {x,  i)  expanded  in  powers  of  i  by  Mac- 
laurin's  Theorem.     The  result  is  expressed  thus, 


y+^y^riy+u^rzy^ 


so  that  dots  over  the  symbol  y  indicate  differential  coefficients  of  y 
with  respect  to  ^,  it  being  supposed  that  i  is  made  zero  after  the 
differentiations.  The  terms  of  the  series  after  the  first  constitute 
in  fact  the  variation  oi  y;  in  this  work  however  Lagrange  confines 
himself  to  an  investigation  of  the  conditions  which  are  common  to 
maximum  and  minimum  values,  so  that  in  fact  the  terms  which 
involve  powers  of  i  beyond  the  first  are  not  used  by  him.  Since 
the  way  in  which  i  enters  into  </>  {x,  i)  is  quite  arbitrary  it  follows 
that  y  may  have  any  value  we  please. 

16.  Lagrange  then  arrives  at  the  ordinary  conditions  for  the 
maximum  or  minimum  value  of  JVdx,  where  Fis  supposed  to  con- 
tain X  and  y,  and  the  differential  coefficients  of  y  with  respect  to  x. 
In  his  investigation  he  first  supposes  that  x  itself  does  not  receive 
any  variation,  and  afterwards  finds  the  change  in  his  formula 
occasioned  by  varying  x. 

He  then  proceeds  to  the  case  in  which  V  contains  besides 
y  another  dependent  variable  z,  and  its  dilBFerential  coefficients  with 
respect  to  x ;  and  he  gives  the  relations  which  must  hold  in  order 
that  JVdx  may  be  a  maximum  or  minimum  both  when  y  and  z  are 
unconnected  and  when  they  are  connected  by  an  equation. 
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17.  Lagrange  gives  some  investigations  relative  to  the  maxi- 
mum or  minimum  value  of  a  function  of  two  independent  variables 
which  involves  a  double  integral.  We  will  indicate  how  far  he 
proceeds  with  this  problem ;  but  we  shall  use  the  ordinary  notation 
instead  of  Lagrange's.     Suppose  V  a  function  of  x,  y,  z,  p,  q^  r,  s, 

„i.  ^^  dz  d^z  d\  d\ 

L,,.   where  ji9  =  -y-,  q=:---^  r  =  -rr-T,.  s  —  •        -    /  =  —        •  ^Tirl 

^     dx'  "^     dy'  '      dx''  '     dxdy'^     df'''^^"^ 
let  U=  ffVdydx]  then 

hU=ff^Vdydx, 

.  ^jr    dV  ^       dV^       dV  ^       dV^ 

and  «^=^S^+^¥+^S,+-^S.-,... 

say  =  LBz-{-MBp+Mq  +  PBr-\-QSs  +  BSt+... 

Now  by  the  Differential  Calculus 

and  so  on ;  thus  we  obtain 

^j^_fj-_dM    dN     d'P^d'Q      dm  \^ 

""^"V        dx^d^^d^'^dc^dy^lf )^^ 

X    d  ( ^^^     ,    ^dhz      dP  ^        ^dSz 

+  J-  [MSz  +  P~j -^Sz  +  Q-y- 

dx\  dx      dx        ^  ^  dy 

+  f(Mz  +  E^-^Sz-^8z V 

ay  \  dy       dy  dx  ) 

In  order  that  S?7may  vanish  it  is  necessary  that  the  coefficient 
of  &  in  the  first  line  of  the  expression  for  ^F should  vanish;  that 
is,  we  must  have 

dx      dy  '^  dx^'^ dxdy'^  dy^^ ^^' 

Then  Sf7  consists  of  terms  which  involve  only  one  sign  of  integra- 
tion, namely,  that  with  respect  to  x  or  that  with  respect  to  y. 
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Thus  Lagrange  is  correct  as  far  as  he  has  carried  the  investiga- 
tion ;  but  as  we  shall  see  hereafter  the  great  difficulty  of  the  ques- 
tion consists  in  reducing  the  terms  which  involve  only  one  sign  of 
integration  to  their  simplest  form,  so  as  to  deduce  the  equations 
which  must  hold  for  the  limiting  values  of  the  integrals.  The 
difficulty  was  first  overcome  by  Poisson.  Lagrange  adds  a  remark 
which  is  not  correct ;  he  says — ''  The  simplest  case  is  that  in  which 
the  boundary  of  the  surface  represented  by  the  equation  in  x,  y,  z 
is  supposed  completely  given  and  invariable.  Then  the  variations 
of  z  and  its  differential  coefficients  are  zero  with  respect  to  the 
bounding  curve  and  therefore  also  through  the  whole  extent  of  the 
single  integrals  contained  in  S  U,  and  the  condition  S  ?7=  0  is  satis- 
fied of  itself."  If  the  bounding  curve  be  given  Bz  vanishes  at  every 
point  of  the  bounding  curve,  but  it  is  not  true  as  Lagrange  asserts 
that  Sp,  S^,  ...  also  vanish. 

18.  Lagrange  illustrates  the  subject  by  the  discussion  of  some 
of  the  standard  problems.  He  selects  the  following ; — the  shortest 
line  in  free  space  or  on  a  given  surface,  the  brachistochrone  in  a 
resisting  medium,  the  curve  down  which  a  particle  must  fall  in  a 
resisting  medium  in  order  to  acquire  a  maximum  velocity,  and  the 
suiface  of  minimum  area.  The  first  three  of  these  problems  had 
been  originally  discussed  by  Euler,  the  last  had  been  originally 
discussed  by  Lagrange  himself  in  the  Turin  Memoirs. 

19.  The  treatise  on  the  Calculus  of  Variations  contained  in  the 
Legons  sur  le  Calcul  des  Fonctions  is  rather  difficult,  and  the  nota- 
tion is  extremely  uninviting  and  perplexing.  It  may  be  observed 
that  there  is  a  German  translation  of  the  two  works  of  Lagrange 
which  we  have  considered,  by  Dr  A.  L.  Crelle ;  the  translation  is 
accompanied  by  a  running  commentary  which  is  incorporated  with 
the  text.  In  the  translation  of  the  Legons  the  notation  of  Lagi-ange 
is  replaced  by  the  ordinary  notation  of  the  Differential  Calculus. 
It  seems  to  have  been  the  design  of  Dr  Crelle  to  translate  all  the 
works  of  Lagrange,  but  the  only  work  which  appeared  besides  the 
two  we  have  considered  was  the  Treatise  on  the  Solution  of  Numeri- 
cal Equations, 

20.  We  now  proceed  to  give  an  account  of  the  chapter  on  the 
subject  contained  in  the  work  of  Lacroix.    The  first  edition  of  the 
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Traits  du  Galcul  DtffSrentiel  et  du  Calcul  InUgral  appears  to  have 
been  pulblished  in  1797.  The  second  edition  of  the  second  volume  is 
dated  1814;  it  contains  a  chapter  on  the  Calculus  of  Variations  ex- 
tending over  pages  721 — 816.  There  are  some  additions  and  cor- 
rections extending  over  pages  716 — 721  of  the  third  volume,  which 
is  dated  1819. 

21.  In  his  preface  Lacr'oix  states  that  the  Calculus  of  Vari- 
ations is  treated  at  much  greater  length  than  it  had  been  in  the 
first  edition  of  the  work ;  he  considers  that  he  had  to  effect  two 
things,  namely  on  the  one  hand  to  exhibit  the  Calculus  of  Variations 
in  all  the  extent  it  had  reached  and  with  the  symmetry  which  it 
had  gained  by  means  of  its  peculiar  notation,  and  on  the  other 
hand  to  explain  the  connexion  of  the  subject  with  the  ordinary 
principles  of  the  Differential  Calculus.  He  adds  that  those  readers 
who  wish  to  confine  themselves  to  the  Calculus  of  Variations  strictly 
so  called  may  begin  at  page  755. 

22.  The  guide  whom  Lacroix  has  principally  followed  is 
Euler ;  the  third  volume  of  Euler's  treatise  on  the  Integral  Cal- 
culus contains  an  appendix  on  the  Calculus  of  Variations,  and  in 
the  fourth  volume  of  the  treatise  a  memoir  on  this  subject  is  given 
which  is  reprinted  from  the  Transactions  of  the  Academy  of 
St  Petersburg  {Novi  Comment*  Acad,  Petrop.  xvi.).  Lacroix 
devotes  the  first  part  of  his  chapter,  extending  over  pages  721 — 754, 
to  an  exposition  of  the  method  given  by  Euler  in  the  memoir  just 
cited ;  the  method  is  the  same  as  that  which  was  afterwards  used 
by  Lagrange  in  the  Legons  sur  le  Calcul  des  Fonctions,  Suppose 
y  any  function  of  a?,  say  y  =  ^{x)]  let  there  be  a  new  variable  t, 
and  let  (l>{x^  t)  be  any  function  of  x  and  t  which  reduces  to  j>{x) 
when  t  =  0.     Then  by  Maclaurin's  Theorem 

M.,<)-.f(.)+f.  +  f  £+... 

where  t  is  supposed  to  be  put  ♦  equal  to  zero  in  the  differential 
coefficients  with  respect  to  t  after  differentiation.  Then  ^(cc,  t)  —  j>{x) 
IS  equivalent  to  what  is  usually  denoted  by  hy  and  called  the  vari- 
ation of  y.    If  we  suppose  t  small  enough  we  may  restrict  ourselves 

to  the  first  term  in  the  series  for  <^(a?,  t)  —  <^(cc),  that  is,  to  ~  t. 
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Lacroix  adopts  this  restriction  and  then  proceeds  to  investigate  the 
conditions  which  must  hold  in  order  that  an  integral  /  Vdx  may 
hare  a  maximum  or  minimum  value,  where  F  is  a  function  of  x 
and  ^  and  the  differential  coefficients  of  ^  with  respect  to  x.  The 
results  are  of  course  the  same  as  those  which  are  obtained  with  the 
aid  of  the  common  notation.  We  shall  make  some  remarks  on 
various  points  which  occur  in  this  part  of  the  work  of  Lacroix. 

23.  On  pages  729 — 731  Lacroix  examines  some  cases  of  the 
problem  of  the  bracMstochrone.  At  first  the  starting-point  is  sup- 
posed fixed;  the  velocity  at  a  point  which  has  y  for  its  vertical 
ordinate  is  supposed  to  be  V2^  [y  —  h),  where  ^  is  a  constant.  Now 
let  the  horizontal  abscissa  of  the  final  point  be  supposed  given,  but 
not  its  vertical  ordinate;  then  the  usual  result  is  obtained  by 
Lacroix,  namely,  that  the  tangent  at  the  final  point  must  be 
horizontal.  Lacroix  next  supposes  that  the  horizontal  abscissse 
of  both  the  starting-point  and  the  final  point  are  known,  but 
not  their  vertical  ordinates,  and  he  arrives  at  the  result  that 
the  tg-ngents  at  both  points  must  be  horizontal;  and  he  gives  a 
figure  which  supposes  the  moving  particle  to  start  from  the  lowest 
point  of  a  cycloid,  and  to  ascend  to  the  cusp  and  then  to  descend 
down  the  next  arc  until  it  reaches  the  point  which  is  in  the  same 
horizontal  line  as  the  starting-point.  It  must  however  be  observed 
that  Lacroix  does  not  examine  the  terms  of  the  second  order  so  as 
to  ascertain  whether  there  really  is  a  minimum ;  and  it  is  obvious 
that  there  can  be  no  minimum  in  the  present  case,  for  by  taking 
the  starting-point  low  enough  the  initial  velocity  may  be  made  as 
great  as  we  please,  and  thus  the  time  of  passing  from  a  point  with 
the  first  given  abscissa  to  a  point  with  the  second  given  abscissa 
may  be  made  as  small  as  we  please  without  restricting  the  moving 
particle  to  describe  a  cycloid. 

24.     On  page  732  Lacroix  observes  that  if  the  expression 

dx       dx^      dx^ 

vanishes  identically  Vdx  is  an  exact  differential;  thus  J  Vdx  taken 
between  limits  can  be  expressed  as  a  function  of  initial  and  final 
values  of  co-ordinates  and  differential  coefficients,  and  so  the  problem 
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of  finding  the  maximum  or  minimum  value  of  this  integral  does 
not  differ  from  an  ordinary  problem  of  maximum  or  minimum. 
This  remark  leads  him  naturally  to  consider  the  example  given 
by  Lagrange  of  finding  the  maximum  or  minimum  value  of  an 
expression  which  involves  a  difi'erential  coefficient  but  no  integral 
sign.     (See  Art.  3.) 

25.  Up  to  page  734  Lacroix  has  supposed  that  the  indepen- 
dent variable  x  is  not  susceptible  of  variation ;  he  now  introduces 
the  supposition  that  x  itself  receives  a  variation.  This  part  of  the 
subject  is  treated  perhaps  as  well  as  it  could  be  on  the  basis 
adopted  by  Lacroix,  but  it  would  probably  be  obscure  to  a  beginner. 
It  is  perhaps  impossible  to  avoid  this  obscurity  altogether  if  we 
ascribe  a  variation  to  the  independent  variable ;  and  thus  it  seems 
better  to  adopt  the  method  of  some  recent  writers  who  vary  only 
the  dependent  variable  and  obtain  the  requisite  generality  in  their 
formulae  by  giving  small  changes  to  the  limits  of  the  integral 
instead  of  varying  the  dependent  variable.  (See  the  works  of 
Strauch  and  Jellett.) 

26.  On  pages  742 — 744  Lacroix  expounds  a  method  which  he 
says  in  its  full  extent  is  due  to  Poisson.  In  this  method  the  limit- 
ing values  of  the  variables  and  differential  coefficients  which  occur 
in  the  expression  under  the  integral  sign  are  at  first  supposed  fixed ; 
then  by  the  ordinary  process  of  the  Calculus  of  Variations  a  differ- 
ential equation  is  obtained,  which  must  be  solved,  and  which  will 
involve  a  certain  number  of  arbitrary  constants ;  these  constants 
Poisson  proposes  to  determine  by  the  principles  of  the  Differential 
Calculus.  For  example,  if  the  problem  proposed  be  that  of  the 
brachistochrone,  it  would  be  first  inferred  from  the  differential 
equation  furnished  by  the  ordinary  process  of  the  Calculus  of 
Variations  that  the  curve  must  be  a  cycloid ;  then  with  the  relation 
between  x  and  y  thus  determined,  the  integral  ^Vdx  may  be  ob- 
tained, and  may  be  expressed  in  terms  of  the  limiting  values  of  x 
and  of  the  arbitrary  constants  which  arise  from  the  solution  of  the 
differential  equation ;  it  will  now  be  a  problem  of  the  Differential 
Calculus  to  assign  such  values  to  the  limits  of  x  and  to  the  arbitrary 
constants  as  will  ensure  a  minimum  value  for  the  integral.  In  fact 
instead  of  solving  a  problem  at  once  and  completely  by  the  Calculus 
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of  Variations,  Poisson  proposes  to  divide  it  into  two  parts  and  solve 
one  part  by  the  Calculus  of  Variations  and  the  other  part  by  the 
Differential  Calculus.  This  method  appears  to  possess  no  supe- 
riority over  the  common  method,  and  Lacroix  seems  to  intimate  the 
same  opinion  on  page  744. 

27.  An  important  mistake  in  the  treatment  of  the  variation  of  a 
double  integral  occurs  on  page  752,  and  is  repeated  on  pages  783, 
784 ;  this  we  will  now  explain,  using  the  ordinary  notation.  Let  V 
be  a  function  of  the  independent  variables  x  and  y,  and  of  the 
dependent  variable  z,  and  of  the  differential  coefficients  of  z  with 
respect  to  x  and  ?/ ;  let 

U^ffVdxdi/; 

then  it  is  required  to  find  the  variation  S  U  which  arises  from  a 
variation  Bz  ascribed  to  z.  Let  the  differential  coefficients  of  z  be, 
as  usual,  denoted  by  p,  ^,  r,  s,  t ;  and  suppose  for  simplicity  that  no 
differential  coefficient  of  z  occurs  of  a  higher  order  than  the  second. 
Then 

Lacroix  now  proceeds  to  transform  these  terms  by  integration  by 

parts,  and  in  doing  so  he  makes  a  mistake.     His  process  is  sub- 

dV 
stantially  the  following.    Let  S  denote  ~-^  ,  then 

CIS 

again  18  -j-dx=  SSz  -  I  -j-  hzdx (2), 

thus  finally  ffSBs  dx  dy  = 
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The  step  taken  in  (2)  is  generally  false.  For  in  a  double  inte- 
gral the  limiting  values  of  the  variable  with  respect  to  which  we 
first  integrate  are  in  general  functions  of  the  other  variable;  thus  in 
(1)  after  integrating  with  respect  to  y,  we  should  have  to  substitute 

some  function  of  x  for  y  in  the  term  8~ .  Therefore  in  the  ex- 
pression j^-^dx,  the  symbol  ^z  does  not  represent  a  function  of 

the  independent  variables  x  and  y,  but  a  function  of  x  alone.     But 

dhz  .    ,. 

-^  indicates  the  partial  differential  coefficient  of  hz  taken  with 

respect  to  x,  and  is  therefore  only  a  part  of  what  we  obtain  when 
we  differentiate  hz  with  respect  to  x,  supposing  y  itself  a  function  of 
X,  So  that  if  we  denote  the  complete  differential  coefficient  of  hz 
with  respect  to  x  by  -7-^ ,  we  have 

DBz  _  dBz     dSz  dy 
dx  ~  dx       dy    dx  ' 

"^^^^^  di  ^^  *°  ^^  ^°™<^  f™"^  tlie  value  of  y  in  terms  of  x  which 

holds  at  the  limit.     The  process  of  Lacroix  then  is  wrong  because 

it  uses  ~  as  if  it  were  ^  . 
ax  dx 

28.  There  is  no  error  in  the  transformation  which  Lacroix 

effects  of  the  terms  jj'^^Brdxdy  mdfJ^Sidxdy;  but  the  error 

indicated  in  the  preceding  article  occurs  again  in  the  transformation 
of  terms  arising  from  the  differential  coefficients  of  2  which  are  of 
an  order  higher  than  the  second.  It  must  be  observed  that  the 
error  disappears  when  the  limits  of  both  the  integrals  are  con- 
stants. 

29.  The  error  indicated  in  Art.  27  was  alluded  to  by 
i'oisson  and  corrected  in  his  memoir  on  the  Calculus  of  Variations 
[MSmoires  de  VInstitut,  Tome  xii.  page  296).  It  seems  to  have 
been  introduced  by  Euler;  it  occurs  in  Art.  169  of  the  Treatise  on 
the  Calculus  of  Variations  contained  in  the  third  volume  of  Euler's 
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Integral  Calculus.  In  the  memoir  however  to  which  we  have 
already  referred  (see  Art.  22),  which  is  reprinted  in  the  fourth 
volume  of  the  Integral  Calculus^  the  error  does  not  occur ;  there 
Euler  has  a  result  which  is  equivalent  to 

that  is,  he  omits  the  incorrect  equation  (2)  of  Art.  27.  He  has 
therefore  here  not  attempted  to  carry  his  transformations  farther 
than  they  are  carried  in  Art.  17,  and  has  left  his  results  in  a  correct 
form.  It  should  however  be  observed  that  Strauch  asserts  that 
Euler's  results  are  not  correct,  since  he  has  omitted  several  terms 
which  involve  only  a  single  integral  (Strauch,  Calculus  of  Varia- 
tions, Vol.  II.  p.  633).  There  seems  no  reason  for  the  assertion 
made  by  Strauch  beyond  the  following : — In  such  a  step  as 

J8Ssd^  =  8^-j^^-^d^. 

we  must  remember  that  the  integration  with  respect  to  y  will  have 
to  be  taken  between  certain  limits,  so  that  the  equation  just  written 
would  more  correctly  be  written  thus, 

r8Ssd,j8f)-(8m-r'^pd,, 

ho  \     dxj^      \    dxj^     Jy^   dy   dx    ^' 

where  the  first  two  terms  on  the  right-hand  side  are  respectively  the 

d?)Z 
values  of  /8^  ^  when  y^  and  y^  are  substituted  for  y.     This  is  the 

only  point  in  which  Euler's  formula  is  liable  to  objection,  and  this 
can  scarcely  be  called  an  error,  as  it  is  really  only  an  abbreviation 
which  is  perpetually  used  in  the  Integral  Calculus.  This  is  pro- 
bably all  that  Strauch  means  by  his  assertion ;  in  the  problem 
which  he  has  discussed  in  the  pages  immediately  preceding  his 
assertion  he  has  confined  himself  to  the  case  in  which  the  limits  of 
the  integrations  are  all  constants,  and  his  results  agree  with  those  of 
the  third  volume  of  Euler's  Integral  Calculus,  when  we  allow  for 
the  abbreviated  form  which  Euler  adopts,  as  we  have  just  ex- 
plained. It  may  be  added  that  the  mistake  corrected  by  Poisson 
has  been  preserved  in  some  elementary  works  which  have  been 
published  since  Poisson's  Memoir. 
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30.  In  addition  to  the  error  already  pointed  out,  it  must  be 
observed  that  on  page  752,  Lacroix  exhibits  the  result  very  incor- 
rectly;  for  he  omits  all  such  terms  as  — i  and  ^  ,  and  Bz  is  the 

ax  dy 

only  form  in  which  he  introduces  the  variation  of  z.  In  conse- 
quence of  this,  he  falls  into  the  same  error  on  page  753,  as  has 
been  already  indicated  in  Lagrange  (see  Art.  17).  He  states  that 
when  the  lines  which  bound  the  area  over  which  the  double  inte- 
gration extends  are  absolutely  given,  then  all  the  terms  in  the 
variation  of  the  double  integral  vanish  except  those  which  remain 
under  the  double  integral  sign ;  and  this  of  course  is  not  true. 

31.  Lacroix  closes  this  division  of  his  subject  with  a  remark  on 
the  problem  of  the  variation  of  a  double  integral  when  the  limits 
themselves  are  supposed  variable ;  pages  754,  755.  He  says  that 
the  question  is  too  difficult  for  him  to  stop  to  consider  it,  but  that  he 
will  return  to  it  afterwards  in  order  to  introduce  the  reader  to  some 
considerations  of  which  no  trace  could  he  found  m  preceding  works. 
It  is  not  apparent  to  w^hich  of  his  subsequent  articles  Lacroix  thus 
refers;  the  only  place  in  which  he  appears  to  return  to  the  point  is 
page  778,  and  there  he  gives  scarcely  any  thing  more  than  had  pre- 
viously been  given  by  Euler. 

32.  On  page  755  Lacroix  begins  his  exposition  of  the  Calculus 
of  Variations  properly  so  called.  Here  he  introduces  Lagrange's 
symbol  S  to  express  a  variation.  Lacroix  devotes  his  first  article  to 
proofs  of  the  formulae  Sdy^dSy,  Sdx  =  d8x,  ^6^?/  =  ^%, ....  This 
article  seems  to  require  some  observations.  After  he  has  considered 
the  case  in  which  7/  alone  receives  a  variation  and  not  x,  he  proceeds 
thus : 

"  Hitherto  we  have  only  varied  the  ordinate  PM  oxy\  but  this 
pomt  of  view  is  too  restricted  ;  some  questions  may  require  that  we 
should  pass  from  the  point  M  of  the  curve  CE  to  a  point  v  of  the 
curve  76  corresponding  to  an  abscissa  ^H  which  differs  from  AP. 
(See  fig.  1.)  It  is  obvious  that  the  variation  of  PM  consists  then  of 
two  parts,  namely  of  the  variation  Mfi  which  is  due  solely  to  the 
change  of  curve,  and  of  the  increment  which  Pfju  receives  in  the 
curve  76  when  the  abscissa  AP  is  changed  into  AH ;  and  we  shall 
^ave  in  this  case  Uy  =  dhy.     For  let 

2 
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AF  =  x  +  dx==x\  AU':=x'-\^^{x)  =  X'; 
it  will  follow  that 

ni;  =  t(X),  P'M'=^y=.<i>{x'),  nv  =  ^(X'), 

and         Sy  -  S^  =  %  =  f  (X')  -  ^  (a:')  ~  f  (-^)  +  ^  H- 
On  the  other  hand,  since 

%  =  ^  (a?')  -  <^  (a;), 
My  =  g<^  (a?')  -  Zj>  {x)  =f{X ')-(!>  {x)  ^yjr  {X)  +  <t>{x) ; 
hence  My  =  dhy. 

It  is  moreover  obvious  that  by  supposing  hx  —  isr  {x)  we  have 
separately 

^dx  =  c?Sa?. 

It  follows  that  M'^y  =  dMy  =  d^hy  \  and  proceeding  thus  we 
shall  obtain  the  theorem 

in  virtue  of  which  we  may  transpose  the  characteristics  S  and  d] 
this  may  be  extended  to  any  function  whatever,  so  that 

M^U^d'^W 

whatever  Z7  may  be.  As  the  basis  of  the  Calculus  of  Variations 
this  was  enunciated  at  the  origin  of  the  Calculus ;  but  it  has  always 
appeared  to  me  that  the  truth  of  it  had  not  been  proved  with  suf- 
ficient care,  and  that  it  was  necessary  to  develop  the  demonstration 
by  bringing  into  view  the  nature  of  the  variations  attributed  to  the 
abscissa  and  the  ordinate." 

33.  The  proof  given  in  the  preceding  Article  may  be  exhibited 
more  clearly ;  it  consists  essentially  of  the  following  process.  Let 
y  stand  for  <p  {x),  let  d  denote  the  operation  of  changing  x  into  x 
and  subtracting  the  original  function  from  the  new  function,  let  S 
denote  the  operation  of  changing  x  into  X  and  ^  into  -^  and  sub- 
tracting the  original  function  from  the  new  function ;  then 

dhj  =  d{f{X)-<l>{x)}=^{X')-4>{x')-{f{X)-,i,{x)}, 
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and  S%=  S  {(l>{x')^cl>{x)]  =^(X')  ~  f  (X)  ~  {<^(cc')  ~^(^)}  ; 
therefore  dSi/  =  Bdy. 

The  proof  is  certainly  sound ;  it  must  be  noticed  however  that 
it  is  assumed  that  S  always  means  a  change  of  x  into  Xand  ^  into  i|r 
and  a  corresponding  subtraction.  This  however  is  too  restricted  a 
meaning  of  the  operation  denoted  by  S,  for  it  is  necessary  to  have 
the  power  of  supposing  that  the  curve  ye  in  the  figure  is  not  through- 
out determined  by  the  equation  ^  =  '\}r{x).  The  curve  may  be  deter- 
mined by  2/  =  'ylr{x)  for  part  of  its  extent,  hy  y  =  x{x)  for  another 
part,  hy  y=f{x)  for  another  part,  and  so  on.  All  the  restriction 
^^  '^?  %?/  •••  is  that  there  be  no  discontinuity  in  the  value  oi y 
or  of  any  of  its  differential  coefficients  up  to  that  of  the  highest 
order  which  occurs  in  the  expression  we  are  considering ;  discon- 
tinuity in  form  is  admissible,  and  in  fact  necessary.  Thus  the 
demonstration  given  by  Lacroix  in  Art.  32  is  not  perfectly  satis- 
factory, since  it  involves  a  limitation  of  the  meaning  of  the  sym- 
bol S. 

34.  Many  elementary  writers  who  have  reproduced  this  de- 
monstration have  however  omitted  that  part  of  it  in  which  the 
symbols  are  defined,  and  thus  have  rendered  it  inconclusive.  Thus 
it  has  been  considered  sufficient  to  proceed  as  follows : — let  AP=iZj, 
^n^dx,  PP'  =  &,  mi'^h{x-Vdx))  then  F  and  D'  are  the 
abscissae  of  points  on  the  new  curve  which  are  infinitesimally  near, 
and  AP'  =  cc  +  So?,  therefore 

hence  PH'  ^dx-\'h{x-\-dx), 

and  Pn'  =  PF  +  P'n'  =  S^  +  ^(i»  +  Sa;); 

therefore  hdx  =  dhx. 

l^ut  in  this  process  the  statement  P'n'  =  J(a?4- Sa?)  is  quite  arbi- 
trary, as  there  is  no  definition  on  which  it  depends. 

35.  But  in  fact  there  is  nothing  to  be  proved,  and  the  subject 
would  be  rendered  more  intelligible  by  the  omission  of  these  and 
similar  propositions  which  appear  in  so  many  elementary  works. 
Suppose  for  example  that  y  receives  an  increment  Sy,  then  the 

nrst  differential  coefficient  of  y  with  respect  to  x  instead  of  -^ 

2—2 
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becomes  --^-^ — ^ ,  that  is,  receives  an  increment  -^ .     Hence  if 

we  please  to  denote  this  increment  by  Sp  we  have  8p  =  -y^ ;  there 

is  here  nothing  to  prove,  it  is  merely  a  definition  of  the  meaning 
of  Sp.  Again,  let  u  denote  the  integral  Jvdx;  if  v  receives  an 
increment  Sv  then  u  receives  an  increment  JBvdx,  which  we  may 
denote  by  Su  if  we  please.  Instead  then  of  a  formal  proposition  in 
which  BJvdx  is  proved  equal  to  JSvdx,  there  is  really  only  a  defi- 
nition of  the  meaning  of  Bu  when  u  =  Jvdx. 

36.  That  these  supposed  propositions  are  not  required  in  a 
treatise  on  the  Calculus  of  Variations  may  be  seen  by  consulting 
Alry's  Tract  on  the  Calculus  of  Variations.  The  subject  will  be 
found  there  treated  with  great  simplicity  and  clearness,  without 
any  introduction  of  such  matter  as  we  have  taken  from  Lacroix  in 
Article  32.  It  may  be  added  that  Euler,  who  gives  the  geometrical 
process  of  Article  32  in  his  treatise  on  this  subject  contained  in 
his  Integral  Calculus,  gives  it  rather  as  an  illustration  than  a  proof 
{interim  tamenjuvabit  id  per  Geometriam  illustrasse), 

37.  Lacroix  now  proceeds  to  give  the  usual  formulae  of  the 
subject  expressed  in  the  usual  notation.  He  exhibits  the  variation 
of  an  integral  which  involves  both  x  and  y  and  their  differentials, 
so  that  in  fact  x  and  y  may  be  considered  both  functions  of  a  third 
variable.  He  notices  the  conditions  which  must  hold  in  order  that 
a  function  involving  two  variables  and  their  differential  coefficients 
may  be  susceptible  of  integration,  once  or  more  than  once,  without 
assigning  any  relation  between  the  variables.  He  also  investigates 
the  variation  of  JVdx,  where  V  contains  another  integral  JV'dx 
besides  x  and  y  and  the  differential  coefficients  of  y ;  as  this  is  a 
point  of  some  difficulty  we  shall  consider  it  here  more  fully. 

38.  An  investigation  of  the  variation  of  an  integral  formula 
which  itself  involves  another  integral  was  given  by  Euler ;  it  occurs 
in  the  4th  chapter  of  the  treatise  on  the  Calculus  of  Variations, 
which  is  contained  in  the  third  volume  of  his  Integral  Calculus. 
Lacroix  gives  it  in  his  Articles  854  and  871.  Lacroix  omits  a  few 
lines  of  explanation  which  are  found  in  Euler,  and  thus  the  process 
which  in  its  original  form  was  not  free  from  obscurity  is  rendered 
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Still  more  obscure;  in  fact,  as  we  shall  see,  Lacroix  does  not 
distinguish  between  problems  which  are  really  different.  From 
Lacroix  the  process  has  passed  into  many  elementary  works.  We 
will  now  give  the  process  of  Lacroix. 

Eequired  the  variation  of  fVdx,  where  Fis  a  function  ot  x,  y, 
p,q,r,...  and  v  where  v  =  fVdx,  and  V  is  also  a  function  of  x, y, 
p,  q,r,...;  here^,  q,r,...  denote  the  successive  differential  coefH- 
cients  of  y  with  respect  to  x.     Suppose 

dV=  Mdx  +  Ndy  +  Pdp  +  Qdq  +  Rdr  +  ...  +  Ldv, 
dV'=M'dx  +  N'dy+P'dp-\rQ'dq-\-R'dr  +  ... 
Then  by  the  usual  formula  of  the  Calculus  of  Variations 

S  fVdx  =  Vhx  +  f(dx8  V-  dVSx)  ■ 
now  for  shortness  let  dV  =  df  +  Ldv,  then  BV^S^P'  +  LSv; 
thus      S  fVdx  =  VBx  +  /{dxBf  -  dfBx)  +  /{LdxSv  -  LdvBx). 
Also         Bv  =  V'Bx  +  f{dxB V  -  dV'Sx)  •  and  dv  =  Vdx ; 
therefore      [{LdxBv  -  LdvBx)  =fLdxf{dxB  V'-d  V'Bx) . 
Put  fLdx  =  /;  then  by  integration  by  parts 
/{LdxBv  -  LdvBx)  =  lf{dxB  V  -  dV'Bx)  -  fl{dxB  V'-d  V'Bx). 
Hence  we  obtain 

BfVdx  =  VBx  +  f{dx^r  -  d^lrBx) 

+  lf{dxB V  -  dV'Bx)  -  flidxB  V  -  dV'Bx). 
The  three  terms  which  follow  VBx  on  the  right-hand  side  of 
the  last  equation  rnay  be  transformed  by  the  ordinary  processes  of 
the  subject.     Thus  ii  w  =  By  -pBx,  we  shall  obtain 

f{dxBf-dfBx)  =  (P-g  +  g_  ...)  ^ 

■    -(^-S- )£ 

-(^- )S 

+ 

r^      dP      d'Q      d'B^       ,      ,  ,,. 
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dQ'     cPR 


12T>t 


//(«r-,iF'8.)=/(P'-^+'^_...). 


+^(^'- )S 

+ 


+  <JQ  --iT-^ ) 


dx        dx 

d^ 
dx^ 


+  im'- )S 


+ 


,  r^TXT'   dIP'    d^IQ'    d'lR'       ,    ,       ,,, 

Thus  far  there  is  no  difficulty,  Ibut  Lacroix  adds  in  Article  871 ; 
let  A  denote  the  total  value  of  J,  that  is,  of  jLdx  taken  between 
limits  determined  by  the  nature  of  the  question ;  since  this  value 
is  a  constant  it  may  be  introduced  under  the  signs  of  differentiation 
and  integration,  and  thus  the  formula  will  become 


+ 


+  1\{N^  AN'  -  IN')  ^j-{P+AP'^  IF) 
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This  last  step  is  not  obvious ;  it  will  be  seen  that  no  change 
is  made  in  the  terms  which  are  denoted  by  (1)  and  (3),  but  that 
/  is  changed  into  A  in  (2).  Now  the  original  integral  fVdx  must 
be  supposed  taken  between  some  limits,  say  a  and  ^;  thus  the  first 
line  for  example  in  (2)  will  really  when  written  at  full  become 

and  as  the  value  of  /  when  x=^^  will  not  generally  be  the  same 
as  Its  value  when  a;  =  a,  we  cannot  as  Lacroix  does  put  A  for  Jin 
the  terms  included  in  (2). 

Some  variety  of  meaning  may  occur  with  respect  to  /;  for  by 
/  we  may  understand  simply  the  indefinite  integral  JLdx  without 

any  constant  added;  or  by  /  we  may  understand  r Ldx,  so  that 

/vanishes  when  x  has  the  arbitrary  value  a,  or  again,  a  may  be 
supposed  equal  to  a  or  to  ^.  None  of  these  suppositions  however 
lead  to  the  result  given  by  Lacroix,  althougli  the  supposition  that 
/vanishes  when  x  =  a  ox  when  cc  =  /3  will  simplify  the  correct 
formulae.  There  is  another  point  to  be  noticed.  We  have  hitherto 
supposed  V  to  mean  the  indefinite  integral  /  V'dx  without  any  con- 
stant added ;  but  v  may  stand  for  something  different,  as  for  ex- 
ample for  j    V'dx.     In  this  case  in  order  to  find  what  arises  from 

J^JidxBV  -dV'Bx),  we  must  take  the  integral  from  c  to  i^j,  then 
multiply  by  I  and  put  successively  x  =  a  and  cc  =  ^  in  the  result, 
and  subtract  the  first  value  of  the  result  from  the  second.  Similar 
processes  must  be  performed  with  the  terms  in  (3).     For  simplicity 

we  will  suppose  that  I=^h  Ldx,  so  that  /  vanishes  when  x  =  a. 

J  a 

Thus,  for  example,  the  first  term  of  the  first  line  of  (2)  is 

[/{(P'«),=,-(P'a,),=,}],^, 

The  second  line  vanishes  since  4,„  is  zero,  and  the  first  line  may 
he  written 
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From  considering  this  result,  we  see  that  if  c^a,  we  may  adopt 
the  final  form  given  by  Lacroix.     Thus  the  formula  of  Lacroix 

must  be  understood  to  imply  that  v  =  I    V'dxy  where  a  is  also  the 

J  a 

lower  limit  of  the  integral  /  Vdx, 

It  is  however  possible  to  suppose  that  v  stands  for  I    V'dxy 

J  a 

where  a  and  h  are  constants.     In  this  case  the  terms  in  (2)  will 
give 

J  a 

The  terms  in  (3)  will  give 


/. 


"lidxBV'-dV'Sx), 


I. 


in  which  we  are  supposed  to  make  x  successively  equal  to  a  and  /3, 
and  subtract  one  result  from  the  other;  so  that  the  remainder  is  zero. 
Hence  in  this  case 

BJ  Vdx^{  VBx)^^p  -  ( VSx)^^^  +  [\dxBylr  -  dfBx) 

J  a  J  a 

+  (ix=p  -4=J  (\dx8V'-dV'Sx) ; 

'f  a 

and  nothing  remains  except  to   transform   /   {dxB^^  —  d'^hx)    and 

{dxBV  -  dV Bx)  by  the  ordinary  processes  of  the  Calculus  of 
Variations. 

Moreover  ^^=^ -/«;=«  =  /  Ldx. 

J  a 

39.  We  now  arrive  with  Lacroix  at  the  problem  of  the  Variation 
of  a  function  of  two  independent  variables.  An  important  mistake 
occurs  on  pages  779  and  780,  which  must  be  noticed  here.  We 
shall  use  the  ordinary  notation  for  partial  differential  coefficients 

of  a  function  z,  namely  p  ^^^  ^ '  ^^^^T'  ^  ^^^  1^^ '  ^^^  ^^  ^^* 
Lacroix  gives  the  following  process. 
To  find  Bp  and  Bq.    We  have 

^       ^  dz 
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by  diiferentiating  the  fraction  in  the  ordinary  way  and  changing 
d  into  S,  we  shall  have 

g    ^  dxMz  -  dzMx  __  dxdhz-dzdhx  _  dhz  -pdhx 
dx"  "  dx""  d^         • 

Similarly  8^  =  ^!^. 

The  formuloB  thus  obtained  for  hp  and  Bq  by  Lacroix  are  incorrect ; 
they  appear  to  have  been  taken  by  Lacroix  from  Euler's  treatise 
comprised  in  his  Integral  Calculus.  The  true  formula  were  given 
by  Poisson ;  the  erroneous  steps  in  the  process  of  Euler  and  Lacroix 
were  afterwards  indicated  by  Ostrogradsky,  and  Poisson's  results 
were  confirmed.  These  points  we  shall  have  occasion  to  explain  in 
analysing  the  memoirs  of  the  two  writers  last  named. 

40.  After  the  error  in  finding  hjp  and  S^  Lacroix  follows  Euler 
in  giving  erroneous  formula  for  Sr,  &,  and  ht.  These  writers  both 
shew  that  in  following  out  their  process  they  obtain  two  formulae 
for  hs,  by  performing  the  operations  in  different  orders,  and  these 
two  formula  can  only  be  reconciled  by  supposing  that  hx  is  a 
function  of  x  only,  and  hy  a  function  of  y  only.  They  proceed 
thus 

cv  _  fs  ^  _  dhp  ~  sdhy 
dy  d^         ' 

and  ^=.^^^s~-^     i!^. 

dy       dydx         dx       ^dydx' 

therefore  Ss=^^-s^^  p-^^  ^s^ 

dy  dx         dx      ^  dy  dx         dy  ' 

Again,  adopting  a  different  order,  we  have 

^  —  ;^  ^  -^  ^5g  --  sdSx 
""    cfo  ""■        dx        ' 

and  ^  =  ^^^5%^    ^y. 

dx      dxdy         dy      ^dxdy' 

therefore  &  =  ^ -.^_  .  |%  _«^ 

axdy        dy      ^  dxdy        dx 
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These  two  formula  for  Bs  contain  respectively  the  essentially  dif- 
ferent terms  p  -j—j-  and  q  %    f  ,  which  can  only  be  made  to  dis- 

appear  by  supposing  that  hx  does  not  contain  y  and  that  hy  does 
not  contain  x. 


41.  The  difficulty  at  which  Euler  and  Lacroix  thus  arrive  is 
owing  to  the  circumstance  that  they  determine  Sp  and  hq  errone- 
ously, and  repeat  their  error  in  determining  hs ;  the  correct  values 
will  be  given  hereafter.  Strictly  speaking  it  is  not  absolutely 
necessary  that  hx  should  be  a  function  of  x  only,  and  By  of  y  only 

in  order  to  make  -j — 7-  and   ^    f  vanish :  for  if  Bx  were  a  fanction 
ay  ax  ax  ay 

d/^Bx 
of  X  only  or  of  y  only   y    ,    would  vanish,  and  a  similar  remark  is 

true  with  respect  to  By,  But  the  supposition  that  Bx  is  a  function  of 
X  only  and  By  oiy  only  is  more  natural  at  this  point,  and  is  much 
more  convenient  for  the  subsequent  processes  required  in  the  deve- 
lopment of  the  variation  of  a  double  integral.  Lacroix  seems  to 
intimate  on  page  778  that  there  is  some  loss  of  generality  in  im- 
posing the  restrictions  on  Bx  and  By ;  this  however  does  not  appear 
to  be  the  case.  For  let  x^  y,  z  be  the  co-ordinates  of  any  point ; 
and  let  x-\-Bx,  y  +  By,  z-\-  Bz  be  the  co-ordinates  of  an  adjacent 
point ;  then  if  Bx  be  an  arbitrary  function  of  x  only,  By  an  arbitrary 
function  of  y  only,  and  Bz  an  arbitrary  function  of  both  x  and  y ,  we 
have  the  power  of  passing  from  the  point  (cc,  y,  z)  to  an  adjacent 
point  in  every  possible  way ;  that  is,  our  suppositions  involve  all 
the  generality  we  require. 

42.  Lacroix  now  gives  the  ordinary  development  of  the  varia- 
tion of  a  double  integral ;  in  so  doing  he  reproduces  the  error  which 
has  been  already  indicated  in  Art.  27.  He  illustrates  the  whole 
subject  by  discussing  some  of  the  usual  problems ;  he  selects  the 
brachistochrone,  the  solid  of  least  resistance,  the  curve  which  in- 
cludes a  maximum  area  between  itself  and  its  evolute,  the  integral 
IVdx  where  F=  yl^li)-  +p^)  dx^  and  the  brachistochrone  in  a  resist- 
ing medium. 
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43.  Lacroix  then  gives  Euler's  method  of  treating  questions  of 
relative  maxima  and  minima ;  that  is,  for  example,  he  shews  that  if 
we  want  the  maximum  or  minimum  value  of  judx  subject  to  the 
condition  that  jvdx  shall  be  constant  we  must  proceed  to  solve  the 
problem  of  finding  the  maximum  or  minimum  oi  j{u  +  av)  dx^  where 
a  is  a  constant.  This  part  of  the  subject  he  illustrates  by  the  pro- 
blem in  which  a  curve  is  to  be  found  of  given  length  and  area, 
which  by  rotation  round  an  axis  will  generate  a  maximum  or  mini- 
mum volume.  Lastly  he  gives  some  investigations  with  respect  to 
the  problem  of  discriminating  a  maximum  from  a  minimum ;  these 
are  similar  to  those  which  we  have  already  noticed  in  Art.  5. 

44.  In  the  third  volume  of  his  work,  which  was  published  in 
1819,  Lacroix  has  a  note  on  the  point  which  we  have  noticed  in 
Art.  39.  He  gives  there  the  correct  forms  for  Sp,  Sg',  ...  which  had 
been  obtained  by  Poisson  after  the  publication  of  the  second  volume 
of  the  Traits  du  Galcul  DiffSrentiel  et  du  Galcul  Integral, 

45.  On  the  whole  the  Calculus  of  Variations  does  not  seem  to 
have  been  very  successfully  expounded  by  Lacroix,  and  this  is 
perhaps  one  of  the  least  satisfactory  parts  of  his  great  work.  Mr 
Abbatt,  in  the  preface  to  his  treatise  on  the  subject,  speaks  thus  of 
it:  "In  Lacroix' s  TraitS  du  Galcul  Differ entiel  et  du  Galcul 
InUgral,  Tom.  ii.,  we  find  materials  sufiicient  to  form  a  complete 
work  on  Variations;  but  the  subject  is  treated  in  a  manner  so 
prolix  and  inelegant,  that  the  reader's  taste  will  scarcely  be  im- 
proved, how  much  soever  his  knowledge  may  be  increased  by 
the  perusal." 


(    28    ) 


CHAPTER  11. 

DIEKSEN.    OHM. 


46.  In  this  Chapter  we  shall  give  an  account  of  the  works 
of  Dirksen  and  Ohm.  The  treatise  of  Dirksen  is  entitled  Analy- 
tical Exhibition  of  the  Calculus  of  Variations  with  the  application 
of  it  to  the  determination  of  Maxima  and  Minima,  by  E.  H.  Dirksen, 
Berlin,  1823,  (Analytische  Darstellung  der  Variations-rechnung  mit 
Anwendung  derselben  auf  die  Bestimmnng  des  Grossten  und 
Kleinsten). 

47.  Dirksen's  book  is  a  small  quarto  of  243  pages,  with  a 
preface  of  8  pages;  it  is  very  badly  and  incorrectly  printed. 
In  the  preface  the  author  says  that  the  Calculus  of  Variations  ap- 
pears to  have  been  neglected,  for  in  elementary  works  no  improve- 
ment had  been  introduced  since  the  time  of  Euler  and  Lagrange ; 
he  states  that  he  has  himself  developed  the  subject  from  a  purely 
analytical  origin ;  and  in  conformity  with  this  remark  it  may  be 
observed  that  there  jis  no  figure  in  the  book. 

48.  The  work  is  divided  into  four  chapters.  The  first  chap- 
ter extends  over  32  pages ;  it  is  called  an  Exhibition  of  the  prin- 
ciples of  the  Calculus  of  Variations.  Dirksen  takes  any  function 
such  as  j>  {x,  y,  z)  and  changes  x  into  x  +  hZx,  y  into  y  +  hhy,  and 
z  into  z  +  hhz ;  he  then  expands  the  new  value  of  the  function  in 
a  series  proceeding  according  to  ascending  powers  of  h ;  the  coeffi- 
cient of  the  first  power  oih  is  called  the  variation  of  the  first  order 
of  the  function,  the  coefficient  of  F  is  called  the  variation  of  the 
second  order  jof  the  function,  and  so  on.  In  the  first  chapter  the 
author  finds  the  variations  of  explicit   difierential   and  integral 
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functions,  and  of  a  function  which   is  implicitly  determined  by 
means  of  an  unsolved  differential  equation. 

49.  The  second  chapter  extends  from  page  33  to  page  73 ;  it 
is  called  Devehpjnent  and  Transformation  of  the  variation  of  the 
first  order  of  undetermined  Integral  Formulce  taken  between  given 
limits.  Here  Dirksen  confines  himself  to  the  term  containing 
the  first  power  of  h  in  his  general  expansion,  and  he  gives  the 
ordinary  process  of  integration  by  part^  which  separates  the 
variation  of  an  integral  into  an  integrated  part  and  a  part  still 
remaining  under  the  sign  of  integration.  He  also  gives  the  trans- 
formation of  a  double  integral  JJVdxdT/,  supposing  the  limits  of  the 
integrations  for  both  x  and  y  to  be  constants. 

50.  The  third  chapter  extends  from  page  74  to  page  200 ;  it  is 
called  Application  of  the  Calculus  of  Variations  to  the  determination 
of  Maxima  and  Minima,  The  author  first  considers  the  maximum 
or  minimum  of  an  explicit  function,  which  is  an  ordinary  problem 
of  the  Differential  Calculus,  He  then  proceeds  to  the  case  where 
the  function  involves  differential  coefficients,  and  he  discusses  the 
example  given  by  Lagrange  (see  Art.  3).  Next,  he  considers  un- 
determined integral  formulae ;  and  with  respect  to  these  he  investi- 
gates the  second  term  of  his  general  expansion  in  powers  of  h  with 
the  view  of  discriniinating  a  maximum  from  a  minimum ;  he  uses 
the  method  given  by  Lagrange  in  the  Theorie  des  Fonctions  Analy- 
tiques, 

5L  The  fourth  chapter  extends  from  page  201  to  the  end;  it 
IS  called  Examples  relating  to  the  determination  of  the  Maximum  or 
Minimum  of  undetermined  Integral  Formulce,  Dirksen  states  in 
the  preface  that  these  examples  are  for  the  most  part  taken  from 
Euler's  Methodus  Inveniendi ,  but  he  intimates  that  the  solu- 
tions of  the  examples  are  in  some  respects  superior  to  those  given 
by  Euler.  The  examples  given  by  Dirksen  are  in  fact  all  in 
Euler;  but  Dirksen  has  generally  investigated  the  terms  of  the 
second  order  so  as  to  discriminate  a  maximum  from  a  minimum, 
and  this  gives  his  solutions  an  advantage  over  Euler's.  Some  of 
these  examples  are  also  discussed  in  the  work  of  Strauch ;  it  will 
be  useful  to  point  out  those  which  are  in  Dirksen  and  which  are 
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not  in  Stratich ;  they  are  the  following.     The  maximum  or  mini- 
mum of  the  following  expressions  is  required, 

jy  {ax—y^)  dx^  (Euler,  page  39), 

/(15aVy  -  15a%  +  5ay  -  %f)  dx,  (Euler,  page  40), 

/  {^ax  -  ^x"  -  /)  [ax  -x^-^xy-\-  f)  dx,  (Euler,  page  41 ) , 


(Euler,  page  61). 


Also  the  maximum  or  minimum  oi  ^y^dx  subject  to  the  condition 
that  lyxdx  is  constant  is  found  (Euler, -page  191).  And  Dirksen 
investigates  the  shortest  line  on  a  spheroid ;  Euler  gave  the  general 
problem  of  the  shortest  line  on  a  surface  (page  138). 

52.  On  the  whole  Dirksen's  treatise  cannot  be  estimated  very 
highly,  and  the  inaccuracy  of  the  printing  renders  it  repulsive  to  a 
student.  In  Ohm's  treatise,  which  we  shall  next  examine,  refer- 
ences are  made  to  some  unsatisfactory  points  in  Dirksen's  work ;  see 
Ohm's  Theory  of  Maxima  and  Minima^  pages  8,  11,  18,  50,  53,  55, 
62,  74,  84,  115,  119,  233,  250,  292,  313. 

53.  Ohm's  treatise  on  this  subject  is  entitled  The  Theory  of 
Maxima  and  Minima^  by  Dr  Martin  Ohm,  Berlin.  1825.  (Die 
Lehre  vom  Grossten  und  Kleinsten).  This  is  an  octavo  volume  of 
330  pages,  with  a  preface  of  18  pages.  It  may  be  regarded  as 
the  successor  to  the  work  of  Dirksen,  for  Ohm  gives  frequent  refer- 
ences to  Dirksen,  and  corrects  some  of  his  errors.  Ohm's  book  is 
very  con-ectly  printed,  but  from  the  highly  condensed  notation 
which  he  adopts,  and  from  the  want  of  illustrative  problems,  it  is 
rather  a  difficult  work  for  a  student. 

54.  The  first  84  pages  contain  an  Introduction^  in  which  the 
author  collects  the  propositions  in  Algebra  and  the  Differential  and 
Integral  Calculus,  which  are  especially  used  in  the  ordinary  theory  of 
maxima  and  minima,  and  in  the  Calculus  of  Variations.  Thus  we 
have  theorems  on  the  expansion  of  functions,  on  differentiating  inte- 
gral expressions  with  respect  to  any  symbol  which  they  contain, 
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and  on  the  reductions  of  certain  integral  forms  by  means  of  inte- 
gration by  parts.  This  mode  of  arrangement  seems  liable  to  objec- 
tion, as  the  various  propositions  are  given  apart  from  their  useful 
applications,  and  thus  they  are  rendered  more  difficult  and  less 
interesting  than  they  would  be  if  introduced  when  they  were 
required  for  immediate  service. 

55.  The  portion  of  the  book  extending  over  pages  87 — 127  is 
called  Calculus  of  Variations,  Ohm's  view  of  a  variation  is  similar 
to  that  of  Euler  and  Lagrange.  (See  Art.  22  and  Art.  15.)  Let  V 
denote  any  function,  and  F^  a  function  which  reduces  to  Fwhen 
/c  =  0 ;  then  V^  is  what  F  becomes  by  variation,  and  F^  is  supposed 
developed  in  a  series,  so  that 

The  terms  S  F,  S^  F,  S^  F, . . .  are  called  variation-coefficients ,  and 
by  Maclaurin's  Theorem  they  are  the  values  of  the  successive  dif- 
ferential coefficients  of  F  when  k  is  supposed  zero  after  the  differ- 
entiations. The  only  terms  of  importance  are  the  first  and  second 
variation-coefficients,  namely  SF  and  S'^^F.  In  this  part  of  the 
treatise  Ohm  gives  the  first  and  second  variation-coefficients  of  dif- 
ferent expressions,  some  of  which  involve  integrals  and  some  of 
which  do  not. 

56.  The  portion  of  the  work  extending  over  pages  131 — 314  is 
called  the  Theory  of  Maxima  and  Mifiima,  The  pages  131 — 208 
contain  the  theory  of  maxima  and  minima,  which  is  given  in  ordi- 
nary treatises  on  the  Differential  Calculus.  Ohm  endeavours  to 
present  this  part  of  the  subject  under  a  novel  aspect,  but  it  does  not 
appear  that  there  is  any  real  extension  or  improvement  of  the  com- 
mon methods.  The  pages  209 — 244  contain  investigations  of  the 
maxima  and  minima  of  expressions  in  which  differential  coefficients 
enter,  that  is,  expressions  of  the  kind  exemplified  by  Lagrange  (see 
Art.  3).  This  part  of  Ohm's  treatise  contains  more  than  had  been 
previously  given  on  this  point;  the  extension  however  was  ex- 
tremely natural  and  obvious  after  the  example  discussed  by  La- 
grange. 
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57.  We  now  arrive  at  the  part  of  Ohm's  treatise  which  is 
devoted  to  the  maxima  and  minima  of  integral  expressions.  On 
pages  244 — 304  Ohm  considers  expressions  which  involve  single 
integrals.  He  takes  an  integral  JVdx^  and  at  first  he  supposes 
that  V  involves  only  x  and  9/ ;  next  he  supposes  that  V  involves 

X,  y,  and  -~;    next  he  supposes  that  V  involves  x,  y,   -j~  and 

3j^v  .  dv 

~^ ;  lastly,  on  page  272  he  supposes  that  V  involves  x,  y,  --^ , 

-^  ....  up  to  -^-£ .     He  then  takes  the  case  in  which  V  con- 
dx^  '         ^        (& 

tains  besides  3/  another  function  of  x,  as  z,  together  with  the  dif- 
ferential coefficients  of  y  and  z. 

58.  For  discriminating  between  maxima  and  minima  Ohm 
gives  the  method  which  was  originally  proposed  by  Legendre, 
which  we  have  already  exemplified  in  Art.  5.  He  seems  however 
to  consider  the  results  as  more  certain  than  they  really  are,  for  he 
omits  all  reference  to  the  qualifications  indicated  by  Lagrange  (see 
the  latter  part  of  Art.  5).  Ohm  extends  this  method  to  the  case 
in  which  the  function  under  the  integral  sign  involves  more  than 
one  dependent  variable;  on  page  279  he  takes  for  example  JVdx 

where  K  is  a  nmction  or  x,  ?/,  0,  -—- ,  -j^^  and  -j-  . 

59.  In  pages  304 — 310  we  find  some  investigations  with 
respect  to  the  maxima  and  minima  of  multiple  integrals.  Here 
for  the  first  time  the  case  is  considered  in  which  the  limits  of  the 
first  integration  are  functions  of  the  other  variable.  The  following 
is  Ohm's  process  with  some  change  of  notation. 

Let  V==fU,,      ^^     ^^^ 


dx '  dyj 
U==r'f^'Vdxdy; 

J  XqJ  yo 

the  integration  in  U  is  supposed  to  be  effected  with  respect  to  y 
first,  and  the  limits  y^  and  y^  may  be  functions  of  x.  It  is  required 
to  express  BU.     With  the  notation  used  in  Art.  17  we  have 
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therefore  SU=  1     1     ( i  - -3 -j-]  Bzdxdy 

J^oJyo\        dx       dy )  ^ 

+  \^'  r  Tx  ^^^")  ^^^^  +  f '^'l(-^^^)i  -  (^«^)o}  ^^. 

where  (iVS2j)j  denotes  the  value  of  NSz  when  for  y  we  put  3^^,  and 
(NSz)^  the  value  of  NSz  when  for  y  we  put  %,     Now 

Tar  J   ryi  ^ 

thus  the  term  I      I     ^  (ilf &)  c^cc^Z^  gives 

(r\¥Bzdy)       -(j^'MSzdy) 

We  have  thus  the  value  of  S?7  reduced  as  much  as  possible. 

60.  Pages  311 — 314  shew  how  to  obtain  the  variations  of  func- 
tions which  are  implicitly  given  by  differential  equations.  The 
book  finishes  with  an  appendix  of  fourteen  pages,  in  which  are 
given  some  algebraical  expansions  which  are  in  fact  cases  of 
Taylor's  Theorem. 

61.  There  are  three  other  works  in  which  Ohm  has  touched 
upon  the  subject  of  the  Calculus  of  Variations  ;  these  are 

System  der  Mathematik,  Band  V.  Berlin,  1831. 
System  der  Mathematik,  Band  vil.  Berlin,  1833. 
Lehrhuch  der  hohern  Mathematik,  Band  II.  Berlin,  1839. 
We  shall  make  some  observations  on  these  three  works. 

62.  In  the  fifth  volume  of  Ohm's  System  of  Mathematics  the 
portion  of  the  work  devoted  to  our  subject  is  the  eleventh  chapter, 
extending  over  pages  51 — 87.     The  chapter  is  divided  into  two 
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parts;  the  first  is  called  the  Expansion  of  polynomial  functions  in 
series  and  extends  over  pages  50 — 81,  the  second  is  called  Calculus 
of  Variations  and  extends  over  pages  82 — 87.  The  main  point  of 
the  chapter  may  be  said  to  be  the  expansion  of  a  function  of 
a?,  y,  ^,  ...  a,  6,  c,  ...  in  powers  of  k  when 

a^a^-^a^fc  +  a^^  -{- ... 

and  similar  expressions  hold  for  ?/,  s, ...  &,  c, ...  There  is  only  a 
very  brief  account  of  the  Calculus  of  Variations,  strictly  so  called, 
and  this  account  contains  nothing  of  importance. 

63.  In  the  seventh  Volume  of  Ohm's  System  of  Mathematics 
there  is  a  chapter  on  Maxima  and  Minima,  and  an  Appendix  of 
Examples.  The  chapter  on  Maxima  and  Minima  gives  a  brief 
sketch  of  the  ordinary  portions  of  the  Calculus  of  Variations ;  for 
fuller  details  Ohm  refers  to  his  separate  work  on  the  subject,  of 
which  we  have  already  given  an  account  in  Arts.  53 — 60.  The  ap- 
pendix of  problems  contains  41  problems  and  occupies  113  pages; 
these  problems  are  intended  by  Ohm  to  illustrate  the  separate  work 
to  which  reference  has  just  been  made.  The  first  six  of  the  pro- 
blems require  maxima  or  minima  values  of  expressions  involving 
a  function  and  its  differential  coefficients,  but  not  involving  inte- 
grals. These  problems  are  all  reproduced  by  Strauch  in  the  second 
volume  of  his  treatise  on  the  subject.  The  first  is  given  by  Strauch 
on  pages  14 — 16;  he  ascribes  it  to  Ohm.  The  second,  third,  and 
fourth  are  given  by  Strauch  on  pages  23 — 27 ;  they  consist  of  the 
example  originally  given  by  Lagrange,  and  two  modifications  of 
it  which  Strauch  ascribes  to  Ohm.  The  fifth  and  sixth  problems 
are  ascribed  by  Strauch  to  Ohm ;  Strauch  gives  them  with  some 
extensions  on  pages  82 — 89.  Ohm's  problems  from  7  to  17  in- 
clusive consist  of  different  cases  of  the  shortest  line  that  can  be 
drawn  in  one  plane  or  in  free  space,  with  various  limiting  con- 
ditions. The  problems  from  18  to  20  are  respecting  the  shortest 
lines  that  can  be  drawn  on  assigned  surfaces ;  Ohm  gives  the  ordi- 
nary investigations.  The  general  problem  is  not  treated  by  Straucli, 
but  he  examines  in  detail  the  same  particular  case  as  Ohm,  namely? 
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that  of  the  shortest  line  on  a  sphere.  Ohm's  remaining  problems 
are  all  common  examples,  and  are  all  included  in  Strauch's  second 
volume,  except  one  which  shall  be  given  presently.  The  problems 
21,  22,  31,  32,  33,  34  relate  to  the  brachistochrone  and  to  the  curve 
of  greatest  final  velocity ;  these  are  in  Strauch,  pages  400 — 454. 
The  problems  from  23  to  27  inclusive  relate  to  the  curve  vi^hich  is 
of  minimum  length  and  includes  a  constant  area,  and  the  curve 
of  constant  length  which  includes  a  maximum  area ;  all  these 
problems  are  in  Strauch,  pages  476 — 504.  Problems  29  and  30 
relate  to  the  surface  of  minimum  area  and  to  the  surface  of 
maximum  volume  with  a  given  area;  these  problems  are  in 
Strauch,  pages  616 — 623.  Problem  35  is  given  by  Strauch  on 
pages  454 — 458.  Problem  36  relates  to  the  curve  which  has  the 
area  between  itself  and  its  evolute  a  maximum;  it  is  given  by 
Strauch  on  pages  289 — 291.  Problem  37  is  given  by  Strauch  on 
pages  534 — 538.  Problem  38  relates  to  the  solid  of  revolution 
which  has  a  minimum  surface ;  it  is  given  by  Strauch  on  pages 
506,  507.  Problem  39  relates  to  the  solid  of  least  resistance ;  it  is 
given  by  Strauch  on  page  399.  Problem  40  is  given  by  Strauch 
on  pages  524 — 527,  and  problem  41  on  pages  527,  528. 

64.  The  solutions  of  Ohm  have  not  been  examined  for  the 
present  work,  as  the  examples  he  gives  are  all  discussed  in  other 
hooks.  It  may  be  observed  that  in  his  first  seven  problems  Ohm 
investigates  the  terms  of  the  second  order  so  as  to  discriminate  a 
maximum  from  a  minimum.  From  the  list  given  in  Art.  63,  it  will 
he  seen  that  no  problem  is  contained  in  Ohm  which  is  not  easily 
accessible  in  other  works  except  problem  28. 

65.  Ohm's  28th  problem  is  this;  Kequired  the  maximum  or 
niinimum  value  of  /   -  dx,  where  j9  stands  for  ~  ,  and  5?  =      ydx. 

J  a  P  ^^  ^  <t 

His  solution  is  substantially  the  following. 

Here  j-  ==  j/ ;  so  that  ]/  —  -r-  =0.  Hence  we  may  consider  that 
we  have  to  find  the  maximum  or  minimum  value  of  V.  where 


^■-/:6-(-i)H- 
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\  being  a  multiplier  at  present  undetermined.     Thus 

Now  assume  X  such  that  the  coefficient  of  Sz  vanishes ;  that  is, 
assume 

i  +  ^=0 (1). 

J?     ax 

Then  in  order  that  SFmay  vanish,  we  must  have  the  coefficient 
of  By  zero ;  that  is 

iijh^-" «• 

By  eliminating  X  between  (1)  and  (2)  and  substituting  for  z,  we 
obtain  ultimately  a  differential  equation  of  the  fourth  order  for 
determining  y ;  so  that  four  arbitrary  constants  occur.  These  four 
constants  will  enable  us  to  make  the  four  terms  relating  to  the 
limits  at  present  remaining  in  8  F  vanish.  It  does  not  appear  that 
the  differential  equation  for  determining  y  can  be  integrated  in  a 
finite  form. 

This   example  is   given  in  Euler's  Meihodus  inveniendi 

page  102,  without  however  any  express  indication  of  the  limits  of 
integration.     It  is  also  solved  by  Dirksen,  pages  139—143. 

66.  The  work  of  Ohm  published  in  1839,  is  noticed  by  Strauch 
in  the  preface  to  his  treatise  (page  xv).  He  says  that  it  is  only  an 
abridgment  of  that  published  in  1825 ;  it  has  not  been  consulted 
for  the  present  work. 

67.  On  the  whole,  with  respect  to  Ohm's  works  on  the  subject 
it  may  be  said  that  the  only  one  of  importance  is  that  published  m 
1825 ;  and  at  the  time  of  publication  this  surpassed  all  preceding 
treatises  on  the  subject.  It  is  however  at  present  only  of  historical 
interest,  as  it  is  completely  superseded  by  the  extensive  treatise  oi 
Strauch.  Strauch  in  fact  may  be  considered  as  the  successor  of 
Ohm ;  a  good  sketch  of  Ohm's  works  will  be  found  in  Strauch  s 
preface,  pages  xiv — xvi. 


CHAPTER  IIL 

GAUSS. 


68.  On  September  28th,  1829,  a  memoir  was  communicated  by 
C.  F.  Gauss  to  the  Koyal  Society  of  Gottingen,  entitled  Prmcipia 
Generalta  Theories  Ftgurce  Fluidorum  in  Statu  ^quilihrii.  The 
memoir  relates  to  the  theory  of  Capillary  Attraction  and  demon- 
strates in  a  new  way  some  results  which  had  been  already  obtained 
hy  Laplace.  The  memoir  is  published  in  the  Seventh  Volume  of 
the  Gommentationes  Societatis  Regice  Scientiarum  Gottmgensis,  ISSS; 
it  occupies  pages  39 — 88  of  the  mathematical  portion  of  the  volume. 
Part  of  this  memoir  is  devoted  to  the  solution  of  a  problem  in  the 
Calculus  of  Variations  involving  the  variation  of  a  certain  double 
integral,  the  limits  of  the  integration  being  also  variable;  it  is  the 
earhest  example  of  the  solution  of  such  a  problem.  Gauss  himself 
says  on  page  67,  "  Sed  quum  calculus  variationum  integralium 
duplicium  pro  casu  ubi  etiam  limites  tanquam  variabiles  spectari 
<lebent,  hactenus  parum  excultus  sit,  banc  disquisitionem  subtilem 
pauUo  profundius  petere  oportet."  We  shall  give  the  investigation 
of  Gauss. 

69.  It  is  not  consistent  with  the  scope  of  the  present  work  to 
touch  upon  the  parts  of  Gauss's  memoir  which  are  unconnected  with 
tlie  Calculus  of  Variations.  We  must  refer  the  student  to  the 
original  memoir,  and  recommend  it  as  important  and  interesting, 
^n  Liouville's  Journal  des  Matheynatiqiies,  Vol.  Xlii.,  1848,  is  a 
memoir  by  M.  Bertrand,  which  is  in  fact  nearly  a  republication  of 
that  part  of  the  memoir  of  Gauss  which  does  not  concern  the  Cal- 
l^^lus  of  Variations,  with  some  extensions  and  applications.  That 
^s  to  say,  M.  Bertrand  reproduces  the  physical  part  of  Gauss's 
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memoir,  but  substitutes  geometrical  reasoning  instead  of  the  parts 
which  involve  the  Calculus  of  Variations.  Moreover  as  we  shall 
see  hereafter  simpler  investigations  of  the  problem  in  the  Calculus 
of  Variations  discussed  by  Gauss  have  been  since  given  by  Pagani 
and  Mainardi,  but  the  interest  which  belongs  to  Gauss's  method, 
from  the  eminence  of  the  author  and  from  the  fact  of  its  being  the 
first  solution  of  such  a  problem,  will  justify  us  in  reproducing  it 
here. 

70.  On  the  first  page  of  his  Memoir  Gauss  has  a  short  note 
which  refers  to  a  problem  in  the  Calculus  of  Variations.  He  says, 
^'  the  greatest  attraction  which  a  given  homogeneous  mass  attracting 
according  to  the  ordinary  law  can  exert  on  a  given  particle  is  to  the 
attraction  which  a  sphere  of  the  same  mass  would  exert  on  the 
same  particle  if  placed  on  its  surface  as  3  to  \^25."  This  result  may 
be  easily  verified ;  we  have  to  find  the  form  of  a  solid  of  given  mass 
so  that  the  attraction  upon  a  particle  may  be  the  greatest  possible. 
It  is  obvious  that  the  solid  must  be  one  of  revolution,  and  it  maybe 
shewn  to  be  the  solid  formed  by  revolving  the  curve  r^  =  c^  cos  6 
about  the  prime  radius.  This  result  is  also  obtained  by  Schellbach 
in  Crelle's  Journal  fur..,  Mathemattk,  Vol.  41,  page  345. 

7L  In  order  to  facilitate  the  comprehension  of  the  researches  of 
Gauss  we  begin  with  a  short  account  of  his  notation.  Conceive  a 
vessel  open  at  the  top  containing  homogeneous  fluid ;  let  ds  denote 
an  element  of  volume  of  this  fluid,  z  the  height  of  this  element 
above  a  fixed  horizontal  plane,  T  the  area  of  the  surface  of  the  fluid 
which  is  contiguous  to  the  vessel,  U  the  area  of  the  free  surface  of 
the  fluid,  a  and  /S  two  constant  quantities.  Then  Gauss  arrives  at 
the  following  expression 

this  expression  he  denotes  by  W,  and  he  has  proved  that  for  the 
fluid  to  be  in  equilibrium  W  must  be  a  minimum.  Gauss  then 
proceeds  to  the  investigations  which  occupy  the  present  chapter. 

72.  It  remains  to  determine  the  nature  of  the  figure  of  equili- 
brium, for  which  purpose  we  must  find  the  variation  that  W  expe- 
riences when  the  figure  of  the  space  occupied  by  the  fluid  undergoes 
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any  infinitely  small  variation.  But  since  the  Calculus  of  the 
Variations  of  double  integrals  in  the  case  where  the  limits  are  also 
variable  has  hitherto  been  little  studied,  the  subject  will  require 
careful  investigation. 

Consider  that  part  of  the  surface  of  the  fluid  which  we  have 
denoted  by  U,  and  let  x,  y,  z  be  the  co-ordinates  of  any  point  of  it. 
We  may  consider  0  as  a  function  of  the  variables  x  and  y,  and  de- 
note the  partial  differentials  of  z  in  the  visual  manner,  omitting 
brackets,  by 

dz  J       dz   ^ 

^^^'  dy^y- 

At  the  point  {x,  y,  z)  suppose  a  normal  to  the  surface  of  the  fluid 
drawn  outwards,  and  let  |^,  7;,  f  be  the  cosines  of  the  angles  between 
aiis  normal  and  lines  respectively  parallel  to  the  axes  of  Xy  y, 
and  z.     Thus 

and  ^==^1     ^-^5 

dx         K'    dy         f' 

The  boundary  of  the  surface  JJwill  be  a  closed  curve  which  we 
will  denote  by  P,  and  which  may  be  supposed  described  by  a  point 
moving  always  in  the  same  direction,  so  that  the  element  c?Pwill 
always  be  considered  positive;  also  the  element  dJJ  will  always  be 
considered  positive.  We  will  denote  the  cosines  of  the  angles 
which  the  direction  of  dP  makes  with  the  co-ordinate  axes  of  x,  y,  z 
hy  Z,  F,  ^respectively,  and  in  order  to  remove  all  ambiguity  con- 
cerning this  direction  we  shall  take  it  so  that  a  system  similar  to 
that  of  the  co-ordinate  axes  of  x,  y,  z  may  be  formed  by  the  follow- 
ing three  lines,  namely,  the  direction  of  dP,  the  direction  of  the 
normal  to  dP  which  touches  the  surface  U  and  falls  within  the 
boundary  of  it,  and  the  normal  to  the  surface  V  drawn  outwards. 
J-hus  it  ^ will  follow  that  the  cosines  of  the  angles  between  the 
second  direction  and  the  axes  of  x,  y,  z  respectively  are 

V^Z^^J,    fo^-^o^,    ^J-%X, 
where  ^^^  rj^^  ^^^  are  the  values  off,  77,  f  which  belong  to  the  posi- 
tion of  the  element  dP. 

73,    Let  us  now  suppose  the  surface  U  to  undergo  an  indefi- 
nitely small  mutation.     If  it  were  sufficient  to  consider  only  those 
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mutations  for  which  the  boundary  P  remained  unchanged,  or 
always  remained  in  the  same  vertical  surface,  it  is  obvious  that 
it  would  only  be  necessary  to  ascribe  a  variation  to  the  vertical 
co-ordinate  z^  and  thus  the  problem  would  become  much  simpler. 
But  we  wish  to  examine  the  problem  in  all  its  generality  and 
the  separate  consideration  of  the  change  of  the  limits  will  be  in- 
convenient, so  that  it  will  be  better  to  ascribe  variations  to  all 
three  co-ordinates  x,  y^  z.  We  will  suppose  therefore  that  for  a 
point  in  the  surface  whose  co-ordinates  are  x,  y,  z,  another  is  sub- 
stituted whose  co-ordinates  are  x  +  Sx,  y  +  By,  z  +  Bz  ;  and  Bx,  8y, 
Bz  may  be  considered  as  undetermined  functions  of  x  and  y  and 
indefinitely  small.  We  will  now  examine  the  variations  of  the 
different  parts  of  W,  beginning  with  the  variation  of  U, 

Let  us  conceive  a  triangular  element  dU oi  the  surface  Z7,  and 
suppose  the  co-ordinates  of  the  angular  points  to  be 

x,y,z] 

x-vdx,    y-Vdy,     z  •\- -^^dx -^ -~dy  \ 

,,  ,,  dz   ,,        dz  ,, 

x-^dx,   y  +  dy,   ^+;^^^  +  ^^2/- 

The  double  of  the  area  of  this  triangle  is  known  to  be 

[This  follows  from  the  known  expression  for  the  area  of  a  tri- 
angle in  terms  of  the  co-ordinates  of  its  angular  points,  in  conjunc- 
tion with  the  theorem  which  connects  the  area  of  any  plane  figure 
with  the  area  of  its  projection.] 

In  the  surface  obtained  by  the  variation  of  the  first  surface  we 
shall  have  for  the  co-ordinates  of  the  points  corresponding  to  the 
angular  points  of  dU^ 

for  the  first  point 

X'\'Bx,   y  ^By,    z  +Bz; 

for  the  second  point 

,    7     ,  ts     .  dBx  J       dBx  y 
x-^-  ax  +  bx+  -^dx+  --j-  dy^ 
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y  +  dy  +  hy  +  ^d^^^^dy, 

,  dz   ^       dz   ^     .   «.        dhz  ,        dhz  , 

for  the  third  point 

,,5,       dhx  J,     ,  rfSfl?  J, 
x+d  X  +  OX  +  -7-  a  05  +  -^—  a  y, 
ax  ay     ^ 

y  +  d'y+By  +  ^d'x  +  ^d'y, 

dz   T,        dz   T,        ^       dBz  7,        dSz  ,, 
Z'\'-j-dx  +  -y-atf+oz  +  -J-  a  x  +  ~j-  d  y. 
ax  ail  ax  aij 

The  double  of  the  area  of  this  new  triangle  is  found  to  be 

{dx  d'y  ~  dy  d'x)  ViV, 
where  N  stands  for 

/        dhx\  f        dSy\      dhx  d^yY 
\        dx)\        dy  J      dy    dx  J 

dhx\  /dz^      dBz\      dSx  /dz      dBz\\^ 
dx)  \dy      dy  1      dy  \dx      dx)] 

l\         dy  J  \dx      dxj       dx  \dy      dy  J) 

[74.  There  are  two  methods  of  arriving  at  this  result ;  we  may 
take  the  ordinary  expression  for  the  area  of  a  triangle  in  terms  of 
the  co-ordinates  of  its  angular  points,  and  substitute  the  values  of 
the  co-ordinates  just  given.  Or  we  may  proceed  thus — find  the 
area  of  the  projection  of  the  new  triangle  on  the  plane  of  {x,  y)  and 
multiply  the  result  by  the  secant  of  the  angle  of  inclination  of  the 
triangle  to  the  plane  of  (a?,  y) :  this  method  is  instructive  and  we 
will  give  it  in  detail. 

The  area  of  the  projection  is  best  found  by  imagining  for  a 
moment  that  the  origin  of  co-ordinates  has  been  transferred  to  the 
point  x  +  hx^  y-^^Vi  ^  +  ^^-  Thus  we  obtain  for  the  double  of  the 
area  of  the  projection, 
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[dx^^^dx  +  ^dy)  (d'y  +  ^d'x^^^d'y) 

-[dy+^dx  +  ^dy)  (d'x+^d'x  +  ^d'y). 
The  first  line  gives 

.77//-.  ^^y\  ^^^  .  J   V  ^^^  ^^y 

The  second  line  may  "be  obtained  from  the  first  by  interchanging 
dx  with  d'x  and  d^  with  d'y.  Thus  we  have  for  the  double  area 
the  expression 

We  have  then  to  multiply  this  by  the  secant  of  the  inclination  of 
the  triangle  to  the  plane  of  {x,  y).  Now  we  know  that  if  a?^,  y^,  z^ 
be  the  co-ordinates  of  a  point  on  a  surface  the  corresponding  secant 
is  equal  to 

{-(£.)■- (I)}' 

where  ( ^  j  and  f  -—^  \  denote  partial  difierential  coefficients.     The 

chief  point  of  the  present  investigation  consists  in  forming  these 

partial  differential  coefficients  correctly.     To  this  we  proceed;  in 

dz 
forming  -—■  we  must  regard  dy^  as  zero.     Hence  since  Wj^,  y^,  z^ 

stand  for  X'\-hx,  y-^^y^  ^  +  ^^  respectively,  and  dy^  is  to  be  zero, 

we  have 

7         7    .  dhx  J    .  dBx  7 
dx^  ^dx-i-  --T—  ax  +  ~T-  ay, 

O^dy  +  ^ldx  +  ^dy, 
,        dz  ^       dz  ^       dBz  y       dBz  , 
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therefore 

fdz      dBz\  /        dSy\      fdz      dhz\  dZy 

fdzA      \dx      dxj\         dy )      \dy      dy )  dx 

\dxj  ~~         /        dhx\  /        dhy\      dSx  dSy         ' 

\        dx  J  \         dy  J       dy    dx 

An   analogous   expression  will  Ibe  found  for   (;t^)  .      Thus  the 

required  secant  is  known,  and  we  finally  obtain  for  the  double  of 
the  required  area  the  result  already  given 

{dxd'y  -  d'xdy)  ViV.] 

75.     If  we  develop  the  value  of  N  and  reject  terms  of  the 
second  order,  we  have 


•'H^iihmh: 


Tdzy      Jdz 

\,  \dxj       \dy. 

where  L  stands  for 

ax  [        \dyj )       dy   (        \dx, 

/dSx     dSy\  dz  dz      dhz  dz      dSz  dz 
\dy       dxj  dx  dy      dx  dx      dy  dy ' 

Thus  the  ratio  of  the  first  triangle  to  the  second  is  that  of 
unity  to 

\dxj       \dy) 

and  is  therefore   independent   of  the   form  of  the   triangle  dU. 
Therefore 

^Tjj LdU 

\dxj       \dyj 
this  may  be  written 


dhz    ^ 
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76.  We  shall  obtain  the  variation  of  the  whole  surface  Uhj 
integrating  the  expression  for  the  variation  of  the  element  dIJ. 
For  this  purpose  we  shall  consider  separately  the  two  parts  of  the 
integral 

and 

Conceive  a  plane  perpendicular  to  the  axis  of  y  such  that  the 
value  of  1/  belonging  to  it  is  comprised  within  the  limit  of  the 
extreme  values  which  y  has  throughout  the  surface  U,  This  plane 
will  cut  the  periphery  Pin  two,  or  four,  or  six, ...  points  of  which 
the  co-ordinates  parallel  to  the  axis  of  x  may  be  denoted  by  x^,  x, 
x\  ...  Similarly  the  other  co-ordinates  of  these  points  may  be 
denoted.  Also  let  the  surface  be  cut  by  a  second  plane  parallel 
to  the  former  and  indefinitely  near  it,  so  that  its  co-ordinate  may 
be  denoted  by  y  +  d^/;  between  these  two  planes  will  be  found 
elements  of  the  periphery  dF\  dP\  dP'\  ...  and  it  will  be  easily 
seen  that 

If,  further,  we  conceive  an  infinite  number  of  planes  perpen- 
dicular to  the  axis  of  x^  then  to  every  element  dx  situated  between 
x^  and  X   or  between  x"  and  x"y  and  so  on,  will  correspond  an 

element  c?Z7such  that  dU=  — r~  .     Hence  it  follows  that  the  part 

of  the  integral  A  which  corresponds  to  the  part  of  the  superficies 
situated  between  the  planes  determined  by  y  and  y-^-dy  will  be 
found  from  the  integral 


dy\ 


^      dx       ^  dx      ^  dx)       ' 


the  integral  being  taken  from  a?  =  a;°  to  a?  =  x\  then  from  x  =  x"  to 
X  =  x",  and  so  on.  The  above  integral,  by  integration  by  parts, 
gives 
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Thus  we  have  in  the  present  case 


4- 


J  \     dx      t,  "y  dx  ^      ^^  dx]- 

This  we  may  denote  by 

where  the  summation  extends  to  all  the  elements  dP  which  are 
situated  between  the  planes  y  and  y-\-dy,  and  the  integration  to 
all  the  elements  JZ7  which  are  situated  between  the  same  planes. 
Hence  the  complete  integral  A  is  equal  to 

J         \     dx      i,  "^dx  ?      ^^dx}' 


where  the  first  integral  is  to  extend  over  the  whole  periphery  P, 
and  the  second  integral  over  the  whole  surface  U. 

77.     In  a  similar  way  we  may  shew  that  B  is  equal  to 

/ 1^  Sx  +  vBz  -  ^±1  B>,\  XdP 

Let  us  assume  that  for  any  point  of  the  periphery  P 
{X^V  +  Yiv"  +  ?)}8x-{Xif  +  ^+  Y^}  Sy 
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and  also  that  for  any  point  of  the  surface  U 

and  we  obtain 

where  the  first  integral  is  to  extend   over   the   whole  periphery 
P  and  the  second  integral  over  the  whole  surface   U. 

78.     The  expressions  given  for  Q  and  V  admit  of  remarkable 
simplification.     By  nsing  the  equation 

the  expression  for  Q  may  be  put  in  a  symmetrical  form;  thus 

In  order  to  simplify  F,  we  observe  that  since 
dz  ?         ^  dz         7) 


it  follows  that 


Hence 


And  since 


thus 


d  ^  ^  d  7] 
dy  ^     dx  ^' 

<^y  ^'~ldy     "^  dy\ 
^  dy        dx  ^' 

^  +  v'  +  ^  =  i, 

dx        dx        dx       ' 


dx      f  dx^      f  dx     dx 

^     d  7]      ^  d^ 
dx\     ^  dx ' 
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Substitute  these  values  in  the  coefficient  of  Bx  in  F,  and  that 
coefficient  becomes 

\dx     dy 
Similarly  the  coefficient  of  hy  in  V  may  be  transformed  into 

\dx     dy)  ' 
Thus  we  obtain 

79.  Before  we  proceed  further,  it  may  be  convenient  to  illus- 
trate the  expressions  obtained  geometrically.  We  shall  refer 
the  various  lines  of  direction  which  occur  to  the  corresponding 
points  on  the  surface  of  a  sphere  with  radius  unity  described 
round  an  arbitrary  centre.  The  directions  of  the  axes  of  x,  y,  z 
will  be  denoted  by  the  points  (1),  (2),  (3)  respectively;  the 
direction  of  the  line  which  is  a  normal  to  the  surface  and  drawn 
outwards,  will  be  denoted  by  the  point  (4);  the  direction  of  a 
line  drawn  from  any  point  of  the  surface  to  the  corresponding 
new  point  obtained  by  variation,  will  be  denoted  by  the  point  (5). 
The  variation  itself  which  is  equal  to  V(8aj)*'*  +  {^y)^  +  (S^)^,  we 
shall  denote  by  &  and  always  take  it  positive.  The  arc  joining 
two  points  of  the  spherical  surface,  as  for  example,  the  points 
(1)  and  (5)  we  shall  write  thus,  (I,  5) ;  this  arc  of  course  measures 
a  corresponding  angle. 

Thus  we  have 

hx  =  &  cos  (1,5),     %  =  Be  cos  (2,  5),     Bz  =  Be  cos  (3,  5), 

All  the  above  notation  applies  to  any  point  on  the  surface. 
On  its  boundary,  that  is  on  the  periphery  P,  we  have  two  other 
directions  that  require  symbols ;  first,  the  direction  of  the  element 
dP  which  we  will  denote  by  the  point  (6) ;  next,  the  direction  of 
a  line  which  is  normal  to  dP,  and  which  touches  the  surface 
^nd  is  drawn  so  as  to  fall  within  P,  and  this  we  will  denote 
V  the  point  (7).  By  hypothesis,  the  points  (6),  (7),  (4)  lie  in 
fte  same  order  as  the  points  (1),  (2),  (3);  also  (4,  6),  (4,  7),  (6,  7) 
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subtend  right  angles,  that  is,  are  quadrants.     Thus  the  relations 
given  above  in  Art.  72  may  be  written 

77^-rr=cos(l,  7),  r^-~^Z=cos(2,  7),  ^F~.i?Z=:cos(3,7). 

And  the  equations  which  determine  Q  and  Fmay  be  written 

^=:- Secos  (5,  7) 

r.  &c„s(4,a)(|4; 

Thus  Q  expresses  the  transference  of  any  point  in  the  periphery 
P,  from  the  plane  which  touches  this  periphery  and  is  normal  to 
the  surface  Z7,  and  the  transference  is  positive  when  in  a  direction 
outwards  from  P.  The  factor  he  cos  (4,  5)  of  V  expresses  the 
transference  of  any  point  of  the  surface  TJ  from  the  plane  touching 
this  surface,  and  the  transference  is  positive  when  in  a  direction 
outwards  from  the  volume  of  which  Cis  a  boundary. 

The  other  factor  of  F  is  also  capable  of  geometrical  illustration. 
For  we  have 


Thus 


'^-^-^{ij  ^[jy, 


dx  da?     dx  dx 

y^^^   ,  #'2j>^^^  ,    u  c.    d^z 


dx^  dix?      ^      dxdy 

dr}         ^d'^z  ,    24. <^^^  .  $.  i.   ^^^ 


dy  dy^        ^  dy^     ^  '^  dx  dy 


dy^      fe  /b  ^^  ^y  • 
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Thus  f  +  f^ 

ax     ay 

^   Ua^  t    "^  \dy)  J      "^  <^«  t?y  <Za;  dfy     <?/  1        WW  J. 
This  expression  is  known  to  be  equal  to 

1+1 

where  R  and  R'  are  the  principal  radii  of  curvature  at  the  point 
of  the  surface  under  consideration.  These  quantities  are  considered 
positive  when  the  convexity  of  the  surface  is  turned  outwards. 

80.  A  careful  examination  of  the  above  investigation  will 
shew  that  throughout  it  has  been  assumed  that  only  one  value 
of  z  corresponds  to  given  values  of  x  and  y,  and  that  f  is  positive 
for  the  whole  surface  K    Nevertheless  the  final  theorem,  namely 

8  ^7=  -/&  cos  (5,  7)  dP-^  JBe  cos  (4, 5)  (^  +  ^^  dU, 

is  true  generally,  and  not  limited  by  the  above  assumption.  If 
we  had  wished  from  the  first  to  have  attained  this  generality  it 
would  have  been  necessary  to  adopt  a  dificrent  method  or  to  enter 
into  some  prolixity.     But  the  result  may  now  be  established  as 

follows. 

The  investigation  does  not  assume  that  the  axis  of  z  is  vertical ; 
the  situation  of  the  axes  is  arbitrary,  and  the  truth  of  the  theorem 
is  established  for  all  surfaces  such  that  the  points  (4)  all  lie  in  one 
hemispherical  surface;  we  may  adopt  the  pole  of  that  hemi- 
sphere for  (3). 

If  there  be  a  surface  which  does  not  fulfil  this  condition  it  may 
^^  separated  into  two  or  more  parts  each  of  which  singly  does  fulfil 
the  condition.  Now  it  will  be  easily  seen  that  if  any  surface  be 
separated  into  two  parts,  the  truth  of  the  theorem  for  the  whole 
surface  follows  immediately  from  its  truth  for  each  part.  For  let 
the  surface  Z7  consist  of  the  two  parts  U'  and  U'\  and  let  F'  be  the 
periphery  of  Z7'  and  P"  the  periphery  of  U";  and  further  suppose 
^'  andP''  to  have  the  common  part  P'",  so  that  P'  consists  of 
P'"  and  P""  and  P"  consists  of  P"'  and  P'"";  it  is  therefore  obvious 
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that  the  periphery  of  U  consists  of  P""  and  P"'".    Thus,  we  shall 

have 

jZe  cos  (5, 7)  dP'  =  /8e  cos  (5,  7)  dP'"  +  /Se  cos  (5,  7)  dP'"\ 
JBe  cos  (5,  7)  dP"  =  JBe  cos  (5,  7)  rfP'"  +  /Se  cos  (5,  7)  dP""\ 

It  must  however  be  observed  that  the  value  of  the  integral 
fBe  cos  (5,  7)  c?P'",  when  it  is  considered  as  a  part  of  the  former  ex- 
pression, is  exactly  the  opposite  of  its  value  when  considered  as  a 
part  of  the  latter  expression ;  for  to  every  point  of  the  line  F", 
which  is  to  be  described  in  different  directions  in  the  two  cases, 
will  correspond  opposite  situations  of  the  point  (7)  and  thus  opposite 
values  of  the  factor  cos  (5,  7).  In  addition  one  of  these  two  parts 
destroys  the  other ;  thus  we  have 

She  cos  (5,  7)  dP'  +  fSe  cos  (5,  7)  dP^^JBe  cos  (5,  7)  dR 

Thus  since  BU=  BU^-+  SU"  we  obtain  for  SZ7  a  value  exactly  cor- 
responding to  that  already  given  at  the  beginning  of  this  article, 
since  that  formula  is  supposed  to  hold  for  the  value  of  BU'  and 
oUU". 

Lastly,  we  may  observe  that  the  truth  of  the  expression  for  BU 
given  at  the  beginning  of  this  article  may  be  shewn  by  geometrical 
considerations,  and  indeed  more  easily  than  by  the  analytical 
method.  But  we  have  adopted  the  method  given  above  in  order 
to  take  an  opportunity  of  throwing  light  upon  a  subject  which 
has  hitherto  been  little  studied,  namely,  the  application  of  the  Cal- 
culus of  Variations  to  a  double  integral  with  variable  limits.  The 
geometrical  method  we  leave  to  the  reader. 

[This  geometrical  method  may  be  seen  in  a  memoir  by  M.  Ber- 
trand  in  Liouville's  Journal  des  MatMmatiques^  Vol.  ix.  page  119.] 

81.  It  remains  to  exhibit  the  variations  which  the  other  terms 
in  W  undergo  in  consequence  of  a  variation  of  the  form  of  the 
space  s  \  and  first  we  will  consider  the  variation  of  the  space  s. 

Eesume  the  two  triangles  considered  in  Art.  73,  and  join  corre- 
sponding points  of  the  sides  so  as  to  form  a  solid.  The  base  of 
this  solid  may  be  considered  to  be  dU^  and  its  height 

^Boo  +  'qBy  +  ^55  =  &  cos  (4, 5) ; 
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this  expression  will  give  the  dliitude  positive  or  negative  according 
as  the  transposed  triangle  lies  outside  or  inside  the  space  s,  that  is, 
according  as  the  whole  solid  lies  outside  or  inside  the  space  0. 
Thus  we  have 

B8  =  JdUBecoB{4:,5). 

Hence  it  follows  that  the  variation  oi  Jzds  will  be 
JzdUSe  cos  (4,  5). 

With  respect  to  the  variation  of  the  quantity  T  we  observe  that 
since  P  denotes  the  common  boundary  of  the  surfaces  T  and  U,  the 
transpositions  of  the  points  in  the  periphery  P  must  satisfy  the 
condition  that  the  new  points  should  be  on  the  surface  of  the  vessel. 
It  is  therefore  obvious  that  by  the  transposition  of  the  element 
dP  the  surface  T  experiences  a  variation  +  dPSe  sin  (5,  6),  and 
speaking  generally  the  sign  of  this  quantity  will  depend  on  the 
sign  of  the  quantity  cos  (4,  5).  But  this  variation  may  be  more 
neatly  expressed  by  introducing  a  new  direction,  namely^  that  of 
the  line  which  lies  in  the  plane  touching  the  surface  of  the  vessel, 
which  is  normal  to  P,  and  drawn  outwards  from  the  space  s.  We 
will  denote  the  point  corresponding  to  this  direction  by  (8),  and  the 
variation  of  the  surface  T  which  arises  from  the  transposition 
of  the  element  dP  will  be 

dPBe  cos  (5,  8). 

Thus  Sr=/(;PSecos(5,  8), 

where  the  sign  of  the  factor  cos  (5,  8)  will  at  once  decide  whether 
the  variation  is  an  increment  or  a  decrement 

As  the  point  (6)  is  the  pole  of  the  great  circle  which  passes 
through  the  points  (7)  and  (8),  and  the  point  (5)  lies  in  the  great 
circle  which  passes  through  the  points  (6)  and  (8),  the  points  (5), 
(7),  (8)  form  a  triangle  right-angled  at  (8) ;  thus 

cos  (5,  7)  =  cos  (5,  8)  cos  (7,  8). 

M^oreover  the  arc  (7,  8)  is  the  measure  of  the  angle  between  two 
planes  which  touch  the  surface  of  the  space  $  and  the  surface  of  the 
Vessel  at  their  intersection  P,  the  angle  being  formed  by  those 
portions  of  the  planes  which  include  a  vacant  space.     This  angle 

4—2 
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we  will  denote  by  *,  and  thus  180^  — e  will  be  the  angle  between 
those  portions  of  the  planes  which  include  the  surface  s ;  thus  the 
above  equation  becomes 

cos  (5,  7)  =  cos  (5,  8)  cos  i. 

88.  From  all  the  above  results  we  have  the  following  equation 
for  the  variation  of  W, 

SW=::jdUBe  cos  (4,  5)  L  +  a"(^  +  ^ 

-  JdPBe  cos  (5,  8)  (a'  cos  t  --  a'  +  2/3') ; 

the  first  integral  is  to  extend  over  all  the  elements  dU  oi  the  free 
part  of  the  surface  of  the  space  5,  or  of  the  free  parts  if  there  are 
more  than  one ;  the  latter  integral  is  to  extend  over  all  the  elements 
dP  of  the  line  or  lines  which  separate  that  free  part  or  those  free 
parts  from  the  other  part  or  parts  contiguous  to  the  surface  of  the 
vessel. 

Now  in  the  position  of  equilibrium  the  value  of  W  ought  to  be 
a  minimum,  and  so  ought  to  be  incapable  of  diminution  for  any 
indefinitely  small  change  in  the  figure  of  the  fluid  which  leaves  the 
volume  8  unchanged,  that  is,  which  makes  h  zero.  Hence  it 
follows  that  in  the  position  of  equilibrium  the  figure  of  the  super- 
ficies CT  ought  to  be  such  that  the  variation 


dU Be  COB  (4,  5)  - 


^  +  a' 


(i-i)) 


should  be  proportional  to  the  variation  &,  that  is,  to 

dUBe  cos  (4,  5), 
Thus  we  must  have 

^  +  a^  { -5  +  -^z  1  =  constant. 


=''(s+i')  = 


For  it  is  manifest  that  if  this  proportion  did  not  hold,  the  value 
of  TF  would  be  capable  of  diminution  by  a  suitable  mutation  of  the 
figure  of  the  superficies  U,  the  limit  P  remaining  unchanged. 

Gauss  then  proceeds  with  the  examination  of  the  question  of 
fluid  equilibrium. 


(    53    ) 


CHAPTER   IV. 

POISSOK 


83.  The  12th  volume  of  the  Meinotres  de  VAcademieRoyale,., 
contains  a  memoir  on  the  Calculus  of  Variations  by  M.  Poisson. 
The  date  of  publication  of  the  volume  is  1833,  but  the  memoir  was 
presented  to  the  Academy  in  November  1831.  The  memoir  ex- 
tends over  pages  223 — 331  of  the  volume. 

Poisson  begins  with  a  sketch  of  the  history  of  the  subject ;  at 
the  end  of  this  sketch  he  indicates  the  object  of  his  own  memoir  as 
follows:  '^It  will  appear  singular  if  we  reflect  on  the  attention 
which  has  been  bestowed  on  the  Calculus  of  Variations  that  an 
essential  part  of  this  Calculus  is  still  in  a  state  of  imperfection, 
which  renders  the  solutions  of  many  important  problems  incomplete. 
In  fact,  if  the  question  be  to  determine  the  maximum  or  minimiim 
of  a  simple  integral,  the  methods  which  Lagrange  has  given  in  the 
4;th  volume  of  the  old  series  of  Turin  Memoirs,  and  also  in  the 
Lectures  on  the  Calculus  of  Functions,  leave  nothing  to  be  desired 
either  as  to  the  indefinite  equation  which  is  to  determine  the  un- 
known function  or  as  to  the  particular  equations  which  must  subsist 
at  the  limits  of  the  integral.  The  general  method  of  the  Calculus 
of  Variations  may  be  applied  also  without  difficulty  to  the  case  of  a 
double  or  multiple  integral  in  which  the  limits  are  fixed  and  given, 
so  that  we  have  only  to  obtain  the  partial  differential  equation  from 
which  the  unknown  function  must  be  determined.  But  the  case  is 
different  when  the  limits  of  the  double  integral  are  variable  and 
unknown.  In  the  present  state  of  the  science  we  know  neither  the 
^^ture  nor  even  the  number  of  the  equations  relative  to  each  of  the 
littiits,  by  which  these  limits  are  to  be  determined,  so  that  they 
^ay  render  the  integral  a  maximum  or  a  minimum.  Lagrange  has 
considered  the  question  of  the  variation  of  a  double  integral  in  three 
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places ;  namely,  in  the  Miscellanea  Taunnensia^  Vol.  ii.  p.  188,  in 
the  Legons  sur  le  Galcul  des  FonctionSy  p.  471,  of  the  edition  of  1806, 
and  in  the  MScanique  Analytique^  second  edition,  Vol.  I.,  pp.  97 
and  148.  He  has  however  never  investigated  in  a  complete  man- 
ner the  terms  of  the  variation  which  correspond  to  the  two  limits, 
and  he  has  not  formed  any  of  the  equations  which  relate  to  the 
limits.  This  defect  in  the  science  deserves  the  attention  of  mathe- 
maticians. It  has  heen  already  pointed  out  hy  M.  Lacroix,  in  tlie 
articles  on  the  Calculus  of  Variations  contained  in  his  treatise  on  the 
Differential  and  Integral  Calculus.  My  object  has  been  to  remove 
this  defect,  and  I  believe  that  I  have  succeeded  in  doing  so  in  the 
memoir  which  I  now  submit  to  the  Academy.  This  memoir  con- 
tains also  some  new  remarks  on  the  conditions  of  integrability  of 
differential  expressions  of  any  order,  and  also  an  expression  for  the 
integral  under  a  finite  form,  by  the  method  of  quadratures  when 
these  conditions  are  satisfied." 

84.     Three  remarks  may  be  made  on  Poisson's  statement. 

(1)  He  says  that  in  a  double  or  multiple  integral  when  the  limits 
jtre  fixed  and  given,  there  is  no  difficulty  in  applying  the  Calculus 
of  Variations.  If  by  the  limits  being  fixed  is  meant  that  the  limiting 
values  of  the  differential  coefficients  which  occur  are  given  as  well  as 
the  limiting  values  of  the  variables  the  remark  is  obviously  true ;  if 
however  it  is  meant  that  only  the  limiting  values  of  the  variables 
are  given  the  remark  seems  scarcely  correct,  for  very  little  appears 
to  have  been  effected  when  Poisson  wrote.  We  have  seen  in  Art. 
60,  that  Ohm  gives  an  expression  for  the  variation  of  a  double  inte- 
gral in  a  particular  case,  but  even  there  the  equations  are  not  given 
which  must  hold  at  the  limits. 

(2)  It  is  not  obvious  in  the  above  statement  to  what  part  of 
the  treatise  of  Lacroix  Poisson  alludes.  But  from  an  article  by 
Poisson  in  the  Bulletin  de  la  SociSti  Fhilomatique  for  1816,  it 
appears  that  the  allusion  is  to  the  part  of  which  we  have  given  an 
account  in  Articles  39  and  40. 

(3)  It  is  curious  that  Poisson  makes  no  reference  to  the  me- 
moir of  Gauss,  which  was  the  subject  of  the  preceding  chapter  of 
the  present  work ;  it  is  the  more  curious  because  Poisson  published 
a  work  on  Capillary  Attraction  in  1831,  and  in  the  preface  he  refers 
to  the  memoir  of  Gatiss. 
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85.  The  memoir  of  Poisson  is  divided  into  two  parts;  the 
first  is  entitled  Variations  of  integrals  relative  to  a  single  inde* 
pendent  variable,  and  determination  of  their  maxima  and  minima. 
The  second  part  is  entitled  Variations  of  integrals  relative  to  two 
independent  variables,  and  determination  of  their  maxima  and 
minima.  The  first  part  extends  from  page  230  to  page  286,  and 
the  second  part  from  page  286  to  the  end  of  the  memoir. 

In  the  first  part  Poisson  begins  by  establishing  the  ordinary 
formula  for  the  variation  of  a  single  integral ;  nothing  new  is  ob- 
tained but  the  method  is  different  from  the  ordinary  method.  As 
it  may  enable  the  reader  more  easily  to  understand  Poisson's  mode 
of  finding  the  variation  of  a  double  integral,  to  which  we  shall 
hereafter  proceed,  we  will  give  at  full  his  treatment  of  the  single 
integral. 

86.  If  JT  is  a  function  of  the  variable  x  and  other  quantities 
dependent  upon  a?,  we  shall  represent  by  K\  K'\  K'",  ...  the 
differential  coefficients  of  K  taken  with  respect  to  x  and  to  every- 
thing which  depends  upon  it ;  so  that  we  shall  have 

^l^^K*     ^^  —  TT"    ^^   =  IT"' 
dx^      ^     dx  "       ^     dx  ' 

Let  the  two  limits  of  an  integral  with  respect  to  x  be  denoted 
by  x^  and  ctJ^,  then  the  values  of  any  quantity  H  with  respect  to 
these  limits  will  be  denoted  by  H^  for  the  limit  x^,  and  by  H^  for 
the  limit  x^^. 

Let  2^  be  a  function  of  the  variable  a?,  and  according  to  the 
notation  above  adopted  we  shall  have 

^-,/         ^^y"        ^=V" 

dx'^^'  dx"^ '  dx  y '  '•• 

Suppose  V  to  denote  a  given  function  of  a;,  ^,  y\  y'\  ...  up  to 
the  differential  coefficient  of  some  determinate  order ;  and  let  x^ 
^nd  x^  be  two  constant  quantities.    Consider  the  definite  integral 


Vdx. 

^0 


If  we  regard  x  and  therefore  also  y  as  implicit  functions  of 
another  variable  u  we  can  suppose  that  t/\  y",  y''\  ...  have  been 
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expressed  in  terms  of  the  differential  coefficients  of  x  and  y  with 
respect  to  u,  by  means  of  the  ordinary  rules  for  changing  the  inde- 
pendent variable.  Thus  Fwill  become  a  function  oi  x  wady  and 
of  their  differential  coefficients  with  respect  to  u.  Denote  by  u^ 
and  u^  the  values  of  u  which  correspond  to  x  =  Xq  and  x  =  x^;  thus 
we  shall  have 


u.j" 


Mo        ClU 


Next  suppose  that  Bx  and  By  are  indefinitely  small  and  arbi- 
trary functions  of  u;  without  changing  u^  and  u^,  put  x+Bx  and 
y  +  By  in  the  place  of  x  and  y  under  the  symbol  /.  Thus  we 
deduce 


BU= 


=  ^8F^^^4.pF^^^ (I). 

Juo       du  Juo      du 


The  new  value  of  jr  as  a  function  of  x  will  result  from  the  eli- 
mination of  u  between  the  values  of  x-^Bx  and  y  4-  By.  [That  is, 
we  may  put  x-\-Bx=^  X  and  y-^By—Y]  then  X  and  Y  are  func- 
tions of  w,  and  by  eliminating  u  we  obtain  F  as  a  function  of  X] 
At  the  same  time  the  new  limits  with  respect  to  x  of  the  integral 
U  will  be  Xq-\-Bx^  and  x^  -\-Bx^\  and  thus  although  we  have  not 
changed  the  limits  u^  and  u^  the  preceding  formula  will  give  the 
complete  variation  of  ?7both  with  respect  to  the  form  of  the  func- 
tion y  and  also  with  respect  to  the  limits  of  the  integration. 

Now  for  shortness  put 

dJl^M     ^~^^N     ^-P      ^-0        • 
dx'^'^'      dy'^^^'      dy'^-^'      dy"'^^'   '"' 

we  shall  have 

SV=-mx  +  NBy  +  PBy'  +  QBy"-\-... 
And  suppose 

By=^y'Bx  +  (d; 

then  it  will  be  shewn  presently  that  we  shall  obtain 

By  ^y"Bx  +  oi)', 
By''^y'''Bx^o,'\ 
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and  generally 

gy«)^yn+i)g^_^^(n, ^2j^ 

Hence 

BV=  {M+N2/'  +  Pf  +  Qf  +  ...)  Bx 

The  coefScient  of  Sx  is  the  differential  coefficient  of  V  with 
respect  to  x  considering  y,  y',  y\  ...  as  functions  of  x\  Tve  denote 
this  by  F'.    And  we  have 

dV    y.,  dx  ^ 
d\i  du^ 

Thus  equation  (1)  becomes 

J  uq  \cCu  au  1 

+  j\Na>+Pco'  +  Qco"+...)~du. 

XT  dV  rs       rrdBx     d.VBx 

-Now  'j-Bx  +  V-T-  = 


and 


du  du  du     ' 

I     -^ —  du  =  V.Bx,  —  VJSx^. 

Juo       du  110      0 


If  then  we  transform  to  the  variable  x  the  second  integral  con- 
tained in  BU,  we  shall  have 

8  ?7=  V,Bx,  -  V,Bx,  +  r\Nco  +  Pco'  +  (Qo)"  + . . .)  dx. 

J  Xq 

By  the  process  of  integration  by  parts  we  can  remove  the  dif- 
ferential coefficients  w\  &>", ...  from  under  the  integral  sign.  For 
we  have 

r^Pwdx  =  P^co^  -  PqWo  -  f^^'P'codx, 

J  Xq  J  J^q 


and 


so  on. 
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Thus  we  conclude  finally  that 

Sir=T+r'ira>dai (3)^ 

where 

+  (p,-^;4-i?/'~...)«,-(Po-^o'+^o''-.-0«o 
+ 

87.    It  only  remains  to  demonstrate  equation  (2). 
We  have 

f  _dy  _dw 

^     dx' 
du 

Put  x  +  Bx  and  y-^By  in  place  of  x  and  y  in  this  fraction, 
subtract  the  original  value  /  and  neglect  indefinitely  small  quan- 
tities of  the  second  order ;  thus 

dBy     d^  dBx 
p.  I  _^  du      du  du 

du       \du) 

But,  by  hypothesis, 

hy  =  y'Zx  +  0) ; 

differentiate  with  respect  to  ^^,  thus 

du      du   ^     du  ^  du  ' 
Hence  we  have 

gy^<^^        ^du      \^  du     du)  du 
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and  ±.  =  ^'=/, 

dx      dot     ^  ' 

du 

d(o 

du        , 

du 

fdx     dy 
^  du     du^ 

thus  the  value  of  hy  reduces  to 

hy'  =  y'hx  +  ft)'. 

Starting  from  this  result  and  from  the  equation 

dy^ 
„      du 

y  =^ 

du 
we  shall  obtain  in  like  manner 

continuing  thus  we  shall  establish  equation  (2)  for  any  index  n. 

In  equation  (3)  we  may  replace  o)  which  is  under  the  integral 
sign  by  its  value 

ft)  =  Sy  —  y'hx^ 
and  in   the   terms  outside    the    integral  sign  wb  may  replace 
©0)  <»ij  «»o'>  ^'v  •••by  ^^^"^  values 

Thus  the  variation  of  the  integral  U  will  be  expressed  ex- 
plicitly in  terms  of  the  variations  of  x  and  y,  and  of  the  variations 
of  the  extreme  values  of  cc,  y,  y\  y\  ...  up  to  the  differential  coeffi- 
cient of  the  order  next  below  the  highest  which  is  contained  in  V. 

88,  We  have  thus  given  Poisson's  method  of  establishing  the 
fundamental  formula  of  the  Calculus  of  Variations  in  the  case  of 
a  simple  integral. 
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Poisson  next  shews  how  this  fundamental  formula  may  also  be 
obtained  by  decomposing  the  integral  C/'into  its  indefinitely  small 
elements.  This  is  in  fact  the  old  method  which  was  used  be- 
fore the  invention  of  the  Calculus  of  Variations,  and  it  is  ex- 
pounded in  Euler's  Methodus  mvemendt....  Poisson  however  extends 
the  old  investigation  so  as  to  include  the  terms  relative  to  the 
limits  of  the  integral;  this  according  to  Poisson  had  not  been 
done  before. 

89.  We  thus  arrive  at  the  end  of  the  fourth  section  of  the 
memoir.  In  his  fifth  section  Poisson  shews  how  his  results  are 
applied  to  find  the  maximum  or  minimum  value  of  the  integral  U, 
He  says  he  will  not  consider  in  this  memoir  the  question  of  the 
distinction  of  a  maximum  from  a  minimum  value.  He  then  makes 
some  remarks  on  the  number  of  constants  which  will  appear  in  the 
solution  of  the  differential  equation  furnished  by  the  condition  of 
maximum  or  minimum,  and  the  manner  of  determining  these 
constants.  He  draws  attention  to  the  obvious  fact  that  the  differ- 
ential equation  may  be  immediately  integrated,  once  if  iV=  0,  twice 
it  N=0  and  P=  0,  and  so  on.  He  states  that  a  first  integral  of  the 
equation  can  also  be  obtained  when  the  independent  variable  does 
not  occur  explicitly  in  V;  because  then  if  we  consider  cc  as  a 
function  of  y,  this  case  is  analogous  to  that  in  which  N=0.  He 
shews  however  that  this  integral  may  be  found  without  changing 
the  independent  variable  in  the  following  manner. 

We  have 

dV=- Mdx  +  My  +  Pdy'  +  Qdf  +  Rdy'"  +  ... ; 

here  the  first  term  Mdx  by  hypothesis  vanishes ;  eliminate  Ndy  by 
means  of  the  equation 

thus 

dV^Pdy'  +  P'dy^  Qdf^  Q"dy-¥Rdy'''  +  R'''dy+... 

But  the  following  are  identically  true : 

Pdy'-^P'dy^d.Py\ 

Qdf-Q"dy^d{Qf--Q'y'), 

Bdy"  +  B'"dy  =  d  {By'''  --B'y"  +  B  "y') 
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Thus 

dV=^d.Py'  +  d{ Qf  -  Q'y')  +  d  {Bf  - R 'y"  +  B, "y')  +  . . . 
and  therefore 

F=  (7+  Py  +  Qy" -  Q'y'  +  By'"  - R 'y"  +  B"y'  +  ... 
where  0  is  an  arbitrary  constant. 

90.  In  his  sixth  section  Poisson  says  that  the  problem  of 
the  maximum  or  minimum  of  an  integral  may  be  decomposed  into 
two  parts  which  may  be  considered  separately.  First  we  may  con- 
sider that  07^5  y^y  yl^ ...  and  x^^  y^,  y/, ...  are  given,  and  proceed  to 
find  the  value  of  y  in  terms  of  x  and  the  given  quantities  which 
makes  ?7a  maximum  or  minimum.  The  value  of  3^  is  then  to  be 
found  from  the  differential  equation 

and  the  arbitrary  constants  must  be  determined  by  means  of  the 
given  values  oi x^^  y^^  y^, ...  a?^,  y^,  y^\  ...  Substitute  this  value  of 
y  and  the  consequent  values  of  y\  y'\  ...  in  V;  then  integrate  Vdx 
from  X  =  Xq  to  x  =  x^;  thus  we  shall  obtain  the  maximum  or  mini- 
mum value  of  U,  with  respect  to  the  form  of  the  function  y,  in 
terms  of  x^,  y^,  y^,  ...  a?^,  y^,  y^,  ....  We  may  then  seek  for  the 
values  of  these  latter  quantities  which  make  U  a  maximum  or 
minimum. 

If  we  are  able  to  integrate  the  differential  equation  and  also  to 
obtain  the  value  of  I     Vdx,  then  this  second  part  of  the  problem 

J  Xq 

can  be  treated  by  the  ordinary  rules  of  the  Differential  Calculus. 
Poisson  then  shews  that  by  the  application  of  these  rules  we  obtain 
the  same  conditions  as  are  found  by  the  Calculus  of  Variations 
when  the  limits  of  integration  are  varied,  and  consequently  those 
terms  are  introduced  which  have  been  denoted  by  the  symbol  V  in 
Article  86. 

[91.  It  is  necessary  to  make  some  remarks  on  this  suggestion 
of  Poisson's  about  dividing  a  problem  in  the  Calculus  of  Variations 
into  two  parts.  Suppose  we  have  a  problem  in  the  Calculus  of 
Variations,  and  that  for  example  the  differential  equation 
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is  the  differential  equation  to  a  circle.  We  then  according  to 
Poisson's  method  take  the  equation  to  a  circle  which  involves  three 
arhitrary  constants,  and  substituting  the  value  of  y  in  terms  of  x 

Caii 

in  V  we  integrate  I     Vdx ;  then  by  ordinary  Differential  Calculus 

we  investigate  the  values  which  must  be  given  to  the  three  arbi- 
trary constants  in  order  to  make  the  last  integral  a  maximum  or 
minimum.  If  suitable  values  cannot  be  determined  we  conclude 
that  a  curve  having  the  proposed  maximum  or  minimum  property 
cannot  be  found.  But  even  if  suitable  values  can  be  found  we 
have  no  right  to  conclude  that  a  circle  does  possess  the  proposed 
maximum  or  minimum  property;  because  we  do  not  compare  a 
circle  with  any  adjacent  curve  in  the  latter  part  of  this  method, 
but  only  one  circle  with  another  circle.  To  determine  whether  a 
circle  does  possess  the  proposed  maximum  or  minimum  property 
we  must  proceed  as  in  Article  5,  or  in  some  similar  way.  In  fact 
Poisson's  method  will  be  unobjectionable  if  we  know  a  priori  that 
a  curve  having  the  required  maximum  or  minimum  property  must 
exist ;  but  it  will  not  be  valid  to  prove  that  we  have  found  such 
a  curve  when  we  do  not  know  a  priori  that  the  curve  must  exist.] 

92.  In  his  seventh  section  Poisson  gives  the  usual  extension 
of  his  preceding  results  to  the  case  in  which  V  contains  two  de- 
pendent variables  y  and  z  and  their  differential  coefficients  with 
respect  to  the  independent  variable  x. 

We  will  give  Poisson's  result,  because  it  explains  the  notation 
which  he  continues  to  use  in  the  next  section.  Let  F  denote  a 
fanction  of  a?,  y,  z  and  the  differential  coefficients  of  y  and  z  with 
respect  to  x ;  also  let 


J  Xq 


Vdx, 

f  Xq 

then      BU=:T  +  (''' {H{By--y'Sx)  +  K{Bz^z'Bx)l  dx, 

where  V  denotes  that  part  of  the  variation  of  (/which  is  free  from 
the  integral  sign. 

93.     We  now  proceed  to  Poisson's  eighth  section. 
In  a  certain  case  a  relation  exists  between  the  quantities  H  and 
K,  which  may  be  obtained  in  the  following  manner. 
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The  case  is  that  in  which  the  variable  x  does  not  occur  ex- 
plicitly in  F,  and  when  we  have  moreover 

TT  being  a  given  function  oiy  and  z  which  contains  likewise 
dy  dz 

Tz'    "IT' 

that  isj  the  quantities 


which  we  will  denote  hj  t',  t", ....  We  shall  have  then 

Now  by  means  of  the  last  expression  for  U,  we  may  exhibit  the 
variation  of  U  by  the  formula  (3)  of  Art.  86,  putting  z  and  W  in 
place  of  a;  and  V,  and  i^',  ^", ...  in  place  oit/\  y\  ...  The  second  term 
of  SCr  will  therefore  be  of  the  form 

r'o{Sy^az)dz, 

J  Xq 

or,  which  is  the  same  thing, 

\      Q  {zBy  —  y'Bz)  dx ; 

G^  being  a  factor  which  is  independent  of  hy  and  Bz.  In  order  that 
this  may  coincide  with  the  second  term  of  the  value  oi  hU  in  the 
preceding  article  we  must  have 

H{hy  -y'Bx)  ■\-K{Bz  -  z'Bx)  =  O  {z'By -y'Bz). 

This  equation  resolves  itself  into 

H^Oz',    K^-Gy%    Ey'-\-Kz'^^) 

ftese  results  we  obtain  by  equating  the  coefficients  of  Bx,  By,  Bz. 
^he  third  of  these  results  may  also  be  obtained  by  eliminating  G 
between  the  other  two,  and  it  expresses  the  relation  between  H 
and  ^  which  was  to  be  obtained. 
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[94.  The  preceding  article  is  clear ;  in  what  follows  there  may 
be  some  difficulty.  Poisson  proceeds  thus.  In  the  general  case 
where  Fis  any  function  of  a;,  y,  y\  y\  »,,  z,  z  z\  ...  let  us  suppose 
X  an  implicit  function  of  another  independent  variable  u,  and  let 
us  replace  therefore  y\  y\  ...z,  z", ...  by 

y       xY'-y'x"  z' 


v"         '••••••  aj' 


and  Vdx  by  Vxdu.  Let  us  denote  relatively  to  x,  x',  x",  ...  by  J 
the  quantity  analogous  to  H  and  iT,  then  we  shall  find  that  these 
quantities  are  connected  by  the  identity 

Xx'  +  Hy'  +  Kz'  =  0. 

Reciprocally  when  a  given  function  of  x,  x',  x',  ...y,  y,  y",  ... 
z,  z\  z",  ...  satisfies  this  equation  it  will  be  reducible  to  the  form 
Vx''f  so  that  without  changing  its  value  we  can  put  a?'=l,  fc"=0,..., 
and  regard  y  and  z  in  the  given  function  as  functions  of  x. 

It  may  be  remarked  here  in  the  first  place,  that  the  last 
sentence,  reciprocally  when  &c.  is  all  that  is  new.  Lagrange  had 
given  the  other  part  repeatedly ;  he  appears  to  have  thought  it  very 
important.  See  Miscel.  Taur.  Vol.  Ii.  page  183,  and  Vol.  iv. 
page  177 ;  also  Legons  sur  le  Galcul  des  Fonctions,  page  412,  and 
page  456.  Lacroix  also  gave  the  theorem  Gah.  Diff,  et  Int.  Vol.  li. 
page  763.  In  the  next  place,  there  is  a  little  difficulty  as  to 
Poisson's  notation,  so  that  it  is  necessary  to  examine  the  point 
in  detail.  Let  V  denote  a  function  of  a;,  y,  s,  and  the  differential 
coefficients  of  ^  and  z  with  respect  to  x.  Transform  these  diff"erential 
coefficients  into  differential  coefficients  with  respect  to  a  new  inde- 
pendent variable  u,  so  that  Fmay  be  transformed  into  a  function  of 
a?,  y,  z  and  the  differential  coefficients  of  these  variables  with  respect 
to  u]  we  will  denote  the  transformed  function  by  v.     Then  put 

J[7==  j  Vdx  ^\V  "f-du^lv  -Y-du. 
J  J      au         J     au 

We  have  now  two  modes  of  expressing  BU;  we  shall  confine  our- 
selves to  the  unintegrated  part.     This  may  be  written  thus 
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or  thus 

Here  Y  and  Z  are  obtained  in  the  ordinary  way  from  V;  and 
Aj  B,  G  are  obtained  in  a  similar  way  from  v  -y-  . 

By  comparing  the  two  results,  remembering  that  the  integration 
in  the  first  is  with  respect  to  x,  and  in  the  second  with  respect  to  u, 
we  obtain 

du         ^  du         ^ 

\     ax         axj  du 

.  dx      y^dy      ^dz 
du  du         du 

The  last  result  will  also  follow  from  the  first  three  by  eliminat- 
ing Y  and  Z. 

The  last  result  must  be  what  Poisson  denotes  by 

his  notation  is  objectionable  however,  because  he  had  previously 
used  U  and  K  for  what  we  denote  by  Y  and  Z. 

Next  let  us  consider  the  reciprocal  theorem  which  Poisson 
enunciates.  Let  ^  denote  any  function  of  x^  x\  x\  ...  y,  y\  y\  . . . 
^)  2',  z\  ...  which  satisfies  the  condition 

Ax  +  By  +  Cz  =  0.     • 
Transform  the  independent  variable  from  uio  x  and  let  -i/r  —  be 
^hat  <^  becomes ;  the  assertion  then  is  that  i|r  will  be  free  from  Uj 

7  72 

"lat  is,  -y^r  will  not  contain  -r-  ,  ^r-a  ?  •  •  •  To  prove  this  we  observe 

that  if  -^  (Ji(J  contain  such  terms  we  should  have,  considering  only 
*n^  nnintegrated  part  of  the  variation,  a  result  of  this  form 
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But  again  taking  the  unintegrated  part  of  the  variation 
sj<l>du==jUiBx^^Bu)  +  B{By^^Su)-hC  {Bz  -  ^By)\du. 

Now  by  supposition  lyfrdx  =  lylr  •-j-du=  j(f)du,  and  therefore 

the  variations  of  the  two  expressions  must  coincide.     But  Bu  dis- 
appears from  BJfpduj  because  by  supposition 

au         du  du 

Hence  Bu  must  disappear  from  BJ-^dx;    and  thus  the  terms 

du     d\  .  .      , 

-J-  ,  --^ , . . .  cannot  occur  m  y- 

This  proves  Poisson's  statement,  but  there  appears  an  exception 

di/     d^u 
to  it  which  he  has  not  noticed.    The  terms  -j- ,  ^  ,.••  might  occur 

in  i|r  provided  they  occurred  in  such  a  manner  that  «/=  0 ;  for  then 
Bu  would  disappear  from  BJ^lrdx,] 

95.  In  his  ninth  section  Poisson  alludes  to  the  case  where  Fis 
a  function  of  x,  y,  z  and  the  differential  coefficients  of  y  and  z  with 
respect  to  x ;  these  functions  and  differential  coefficients  being  con- 
nected by  an  equation  L  —  0.  He  gives  the  ordinary  method  of 
treatment  by  means  of  an  arbitrary  multiplier.  He  has  here  a  slight 
mistake,  for  he  says,  *^  having  regard  to  the  equation  JF=0,  &c." 
Now  there  is  no  such  relation  as  cZF=  0;  thus  the  expressions  for 

dV 
B  V  which  follow  are  incorrect  because  the  term  -7-  Bx  is  omitted, 

dx 

where  -j-  means  the  complete  differential  coefficient  of  V  with  re- 

0^X 

spect  too?;  (see  Poisson's  second  section).     The  final  expression 
for  S  ?7  is  however  correct. 

96.  Poisson's  next  three  sections  are  devoted  to  the  subject  01 
the  conditions  of  integrability  of  functions;  it  will  be  sufficient 
here  to  state  what  Poisson  proves.  Let  F  be  a  function  of 
a;,  y,  y'i  y'\  ..•  which  satisfies  identically  the  relation 
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then  V  is  Integrable  ^er  se.  This  Poisson  proves  Iby  exhibiting 
the  integral  under  the  form 

\Vdx=r\F{x,  0,  0,  0,.,.)dx'i-j  x(w)^2^; 

here  F{x,  0,  0,  0,  ...)  denotes  what  V  becomes  when  in  it  we 
put  y,  y\  y\  ...  all  zero,  and  x  {^)  is  a  complicated   function  of 

^^  ^:  Vj  y\  y?  •••    The   integration   in  1  %(w)  Jz^  is  to  be  made 

''0 

on  the  supposition  that  every  thing  is  constant  except  u.  Next 
Poisson  supposes  Fa  function  of  x^  y,  y\  y'\  ...  z^  z\  z\  ...  Let  the 
equation 

be  denoted  by  H—  0,  and  let  a  similar  equation  with  respect  to  z 
be  denoted  by  i5r=0;  then  Poisson  proves  that  if^=0  be  iden- 
tically true,  and  /f  =  0  be  true  when  y  =  0  whatever  z  may  be,  then 
^Vdx  can  be  expressed  in  a  form  analogous  to  that  just  given. 
Two  forms  can  be  given  to  the  result  according  to  the  order  in  which 
we  consider  y  and  z.  By  comparing  these  two  forms  Poisson 
obtains  an  equation  which  must  hold ;  also  he  infers  that  if  one 
of  the  two  equations  H^  0,  ir=  0,  be  identically  true  and  the  other 
true  when  one  of  the  variables  is  zero  for  all  values  of  the  other 
variable,  then  both  equations  are  identically  true.  These  two  re- 
sults are  verified  in  an  example, 

97.  Poisson's  next  three  sections  contain  some  remarks  on 
the  questions  in  which  one  expression  is  to  have  a  maximum  or 
minimum  value  while  another  is  to  have  a  constant  value,  those 
questions  in  fact  from  which  the  name  of  isoperimetrical  problems 
Was  obtained  and  applied  to  the  problems  of  the  Calculus  of  Vari- 
ations ;  Poisson  compares  the  different  considerations  which  have 
ween  used  in  the  solution  of  such  problems. 

98.  In  his  sixteenth  and  seventeenth  sections  Poisson  adverts 
^^  the  problem  in  which  a  closed  curve  is  to  be  found  which 
possesses  some  maximum  or  minimum  property.  If  we  suppose 
tnat  the  function  V  does  not  contain  the  limiting  values  of  x,  y  or 
*he  differential  coefficients  of  y,  then  the  term  V  of  the  fundamental 

5—2 
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formula  (Art.  86)  will  he  of  the  form  ?i~  f^'  where  f^  and  f^  are 
the  values  which  a  certain  function  assumes  at  the  two  limits. 
Now  when  the  problem  refers  to  a  plane  curve  we  can  use  the 
polar  co-ordinates  r  and  0,  and  if  the  curve  is  closed  we  can  put 
the  origin  within  the  figure ;  then  the  limiting  values  of  0  may  be 
denoted  by  0  and  27r.  Thus  if  the  angle  0  is  only  involved  through 
the  trigonometrical  functions,  as  these  functions  have  the  same  value 
for  the  values  0  and  2ir  of  the  angle  we  obtain  f^  =  f^.  Therefore  V 
vanishes.  And  the  same  result  follows  for  a  curve  of  double  cur- 
vature. 

Thus  in  questions  relating  to  closed  curves  the  equations  which 
depend  on  the  limits  of  the  integral  disappear  and  the  arbitrary 
constants  introduced  by  the  integration  remain  indeterminate. 

99.  For  example ;  required  to  determine  a  plane  closed  curve 
of  given  perimeter  which  shall  include  a  maximum  area. 

Let  I  denote  the  given  perimeter ;  then  with  the  usual  notation 
The  integral  which  is  to  be  a  relative  maximum,  is 

1  r-'' 

J.  -''"■ 

Let  a  denote  an  undetermined  constant ;  put 

then  U\B  the  integral  which  is  to  be  an  absolute  maximum. 

The  quantities  x,  y,  y'  of  the  fundamental  formulae  are  now 
replaced  by  0^  r,  r   respectively ;  thus 

^j     dV  ar 

Jy  =  -j--r  +    , ^  ■ 

dr  v^y2  ^  ^fi ' 

p_dV_      ar' 


dr      Vr^  ^  y'» ' 
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The  otter  quantities  Q,  R,  ...  (Art.  86)  are  zero,  and  the  funda- 
mental equation  becomes 

Thus  dV^Ndr^Pdr 

=  §dr^Fdr', 
Integrate  and  denote  the  arbitrary  constant  by  c ;  thus 

Substitute  in  this  equation  the  values  of  V  and  P,  and  solve  it 

with  respect  to  -y- ;  thus 

d0 r^-2G 

dr^r  ^/AaV-{r^-2cY  ' 
This  may  be  integrated  as  follows 


■/: 


('-?)* 


where  ^  =  r  H . 

r 

Therefore  6  +  A  =  sin"^    ,  , 

V4a'+8c 

where  .4  is  a  constant.     Hence 

^  +  ?£  =  V4a'  +  8c  sin  (d  +  A). 


We  may  write  the  equation 


r^-  2r  Va^+  2c  sin  (^  +  ^)  +  2c  =  0. 

This  is  the  equation  to  a  circle  of  which  the  radius  is  a ;  thus 
«  IS  determined  since  the  perimeter  of  the  curve  is  given.  The  con- 
stants A  and  c  are  indeterminate ;  it  is  obvious  that  they  depend 
on  the  position  of  the  circle  and  have  no  influence  on  its  area  or 
perimeter. 

If  the  curve  instead  of  being  closed  were  required  to  pass 
through  two  fixed  points  and  the  arc  between  those  points  were 
^f  a  given  length,  then  the  three  constants  would  all  be  determined. 
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For  we  should  have  two  equations  arising  from  the  fact  of  the  circle 
passing  through  the  two  given  points  and  one  arising  from  the 
given  length. 

[The  mode  of  integration  in  the  above  solution  is  more  simple 
than  that  used  hy  Poisson.] 

100.  We  now  arrive  at  the  second  part  of  Poisson's  memoir 
which  is  entitled  Variations  of  integrals  relative  to  two  independent 
variables,  and  determination  of  their  maxima  and  minima.  This 
forms  by  far  the  most  important  portion  of  the  memoir ;  it  extends 
from  page  286  to  the  end. 

101.  In  the  eighteenth  section  Poisson  explains  the  notation  to 
be  used.  The  variables  are  denoted  by  x  and  y.  Suppose  K  any 
function  of  x  and  y  and  of  other  quantities  which  depend  on  them ; 
then  K'  denotes  the  differential  coefficient  of  K  with  respect  to  x 
and  to  every  thing  which  depends  on  x ;  and  iT  denotes  the  differ- 
ential coefficient  of  K  with  respect  to  y  and  to  every  thing  which 
depends  on  y.  And  so  generally  accents  above  indicate  differen- 
tiation with  respect  to  x^  and  accents  below  Indicate  differentiation 
with  respect  to  y.     Thus 

aK_j^,     dK_^      ^^^jr"     ^lK^tt'      ^-jr 
ix"      '     dy"     "      dx^~        '     dxdy~~     "      dy''  ~     "' 

and  so  on. 

The  limits  known  or  unknown  of  a  double  integral, 

fjKdxdy, 

will  not  be  indicated.  If  this  double  integral  extends  over  a  zone 
of  a  surface  comprised  between  two  closed  curves  which  will  gene- 
irally  be  curves  of  double  curvature,  then  x,  y,  z  may  denote  the 
co-ordinates  of  any  point  of  the  surface,  and  the  limits  of  the  inte- 
gration will  depend  upon  the  projections  on  the  plane  of  {x^  y)  of 
these  curves.  In  order  to  indicate  what  a  quantity  becomes  at  the 
first  limit  we  shall  enclose  it  in  parentheses,  and  to  indicate  what  it 
becomes  at  the  second  we  shall  enclose  it  in  square  brackets.  Thus 
of  the  following  simple  integrals, 

(l^cfo),   [\Kdy),    \\Kdx\^,    \\Kdy\^, 
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the  first  two  belong  to  the  interior  curve  and  are  to  be  taken 
througliout  its  entire  length,  and  the  last  two  belong  to  the  exterior 
curve  and  are  to  be  taken  throughout  its  entire  length.  The 
equations  to  these  curves  we  will  denote  for  the  present  by  -4  =  0, 
and  5  =  0. 

[Poisson  however  does  not  keep  to  the  meaning  of  the  symbols 
which  he  gives  here ;  hereafter  he  really  uses  the  square  brackets 
for  points  on  the  upper  portion  of  a  curve  and  the  parentheses  for 
points  on  the  lower  portion  of  that  curve.] 

If  we  replace  x  and  y  by  functions  of  two  other  independent 
variables  u  and  t?,  then  z  will  also  become  a  function  of  u  and  v. 
Substitute  these  values  of  x  and  y  in  the  equations  to  the  limiting 
curves  J^  =  0  and  J5  =  0 ;  we  thus  obtain  two  equations  (7=0  and 
i?  =  0,  which  determine  the  limits  of  the  integration  relative  to  u 
and  V.  Conversely  the  equation  to  the  surface  will  be  obtained  by 
eliminating  u  and  v  between  the  values  of  x,  y,  z;  and  the 
equations  A  =  0,  B  =  0,  o{  the  limiting  curves  in  terms  of  x  and  y 
will  be  found  by  eliminating  u  and  v  between  the  values  of  x 
and  y,  and  the  equations  (7=0  and  i>  =  0. 

Now  let  us  denote  by  Bx,  By,  Bz  arbitrary  indefinitely  small 
functions  of  u  and  v ;  and  suppose  that  x,  y,  z  become  respectively 
^•^rBx^y -\-By,  z  +  Bz.  Then  the  equation  to  the  new  surface  will 
be  found  by  eliminating  u  and  v  between  the  values  oi  x  +  Bx, 
y  +  By,  z  +  Bz;  so  that  its  form  will  differ  in  an  infinitesimal  but 
perfectly  arbitrary  manner  from  the  form  of  the  original  surface. 
At  the  same  time  if  the  equations  (7=0  and  D  =  0  have  not  been 
changed,  the  equations  to  the  new  limiting  curves  will  result  from 
the  elimination  of  u  and  v  between  the  values  oi  x-^Bx  and  y  +  By, 
and  these  equations  (7=0  and  JD  =  0.  Hence  these  curves  will 
differ  in  an  infinitesimal  but  perfectly  arbitrary  manner  from  the 
pnmitive  limiting  curves  which  were  given  by -4  =  0  and  J5=0. 
Ihus  by  varying  x,  y,  z  without  varying  the  limits  relative  to  u 
and  V,  the  zone  of  surface  over  which  the  double  integral  extends 
undergoes  an  arbitrary  variation  both  in  its  form  and  its  boundaries. 

102.  In  his  nineteenth  section  Poisson  gives  some  important 
formulae  in  variations.     Suppose  z  a  function  of  x  and  y,  and  let 
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Fbe  a  given  function  of  cc,  y,  z,  z\  z^^  z\  z',  z^^,  ...  Denote  the 
complete  differential  of  Fthus 

dV=  Ldx  +  Mdy  +  Ndz  +  Pdz  +  <9J^^ 

-^Rdz"  +  8dz;-^Tdz^,-{- 

so  that  L,  M,  N,  P, ...  are  the  partial  differential  coefficients  of  V 
with  respect  to  cc,  7/,  z,  z', ...  The  complete  variation  SFof  Fmay 
be  obtained  from  c?F  by  changing  d  into  8;  and  if  we  regard 
Sx,  Sy,  Sz  as  functions  of  x  and  y  which  are  arbitrary  and  indepen- 
dent of  each  other,  we  shall  have  to  form  the  corresponding  ex- 
pressions for  Bz,  Bz^,  Bz",  Bz^\  ... 

Consider  x  and  y  and  consequently  z  as  implicit  functions  of 
two  other  independent  variables  u  and  v.  Differentiate  z  with  re- 
spect to  u  and  v ;  thus 

dz  __    ,  dx  dy 

du         du       '  du  ^ 

dz  ^   ,  dx         dy 
dv         dv        '  dv' 

From  these  we  obtain 

'  -_  ^  (^^  ^y    ^^  ^y\ 

^  \du  dv     dv  du)  ' 

__  1  fdz  dx     dz  dx\ 
'      ^  \dv  du     du  dv)  ' 

r  y  _^dx  dy     dx  dy 

du  dv  dv  du  " 
Now  if  we  represent  by  Bx,  By,  Bz  three  arbitrary  and  indefinitely 
small  functions  of  u  and  v,  we  may  suppose  without  varying  u  and  v 
that  07,  y,  z  become  simultaneously  x-\-Bxy  y  +  By,  z  +  Bz.  If  we 
differentiate  relatively  to  the  characteristic  B  the  preceding  value 
of  z'  and  make  use  of  the  value  of  z^  we  obtain 

^  '  —  1  (^  ^8g     dy  dBz\ 
?  \dv    du      du    dv  J 

—  f!  (^  ^^  _  ^y  dBx\ 
?  \dv   du      du    dv  J 

_^fdy  dBy^^dy^  dBy\ 
?  \dv   du      du    dv  )  * 
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But  we  may  also  consider  u  and  v  and  consequently  Bx,  By,  Bz 
as  functions  of  x  and  y ;  then  we  have 

dBx  ^  dBx  dx     dBx  dy 
du        dx  du      dy  du ' 

dBx  _  dBx  dx     dBx  dy 
dv        dx  dv       dy   dv ' 

dBy  __  dBy  dx     dBy  dy 
du       dx  du      dy  du ' 

dBy  __  dBy  dx      dBy  dy 
dv       dx  dv       dy  dv  ' 


dBz     dBz  dx     dBz 

dy 

du       dx  du  ^  dy 

du' 

dBz      dBz  dx      dBz 
dv       dx  dv      dy 

dv  ' 

From  these  we  obtain 

dy  dBx 
dv  du 

dy  dBx 
du  dv 

ydBx 
^  dx  ' 

dy  dBy 
dv  du 

dy  dBy 
du  dv  " 

dBy 
^  dx' 

dy  dBz     dy  dBz  __  ^dBz 
dv  du      du  dv         dx 


By  means  of  these  values  that  of  Bz  becomes 

Bz 
For  shortness  put 


^  ,  __  dBz       ,  dBx         dBy 
"^  dx  dx        '  dx  ' 


Bz  —  zBx  —  z^By  =  co, 
thus 

Bz'  =  z'Bx  +  z'By  -\-  0)'. 

In  the  same  manner  it  may  be  shewn  that 

Bz^  =  zJBx  +  z^py  +  «, . 

These  simple  expressions  for  Bz  and  Bz^  are,  as  we  see,  inde- 
pendent of  any  particular  relation  which  may  be  established  between 
^  and  y  and  the  auxiliary  variables  u  and  r. 


(1) 
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We  can  easily  deduce  expressions  for  8z\  Sz',  Bz^^,  ... 

For  since  -7-  ==  w'  and  -y-  =  eo^,  we  have  by  putting  its  value 

for  G) 

js  ,       „s  ,^       d  {Sz  -  zBx  -  g^Sy)  ^ 

cs          ,r.          o       d  (Sz  —  z'Sx  —  zSy) 
Sz^  -z'Sx-  zBy  =  —^ = i-^  , 

These  equations  hold  for  any  function  z  oi  x  and  y,  so  that  we 
may  substitute  successively  z\  z^,  z", ...  in  place  of  z.  Put  z'  in 
place  of  ^  in  the  first  of  equations  (1),  thus 

But  by  differentiating  the  same  equation  with  respect  to  x,  we 
obtain 

d  {Sz  —  z"Sx  —  ^/%)      d^(o  ^ 
dx  dd(? ' 

thus 

Bz^  —  z'^Bx  —  z'/By  —  0)". 

Similarly  if  we  put  z^  in  place  of  z  in  the  second  of  equations 
(1),  we  shall  obtain 

Bz^^-zJBx-'zJy=^(o,^. 

Again,  put  z'  in  place  of  z  in  the  second  of  equations  (1) ;  thus 

rs  ,        „rj  ,rs       d{Bz  -z'Bx  —  z'By) 

Sz^  —z,  ox  —  z,,  by  =  — ^ ^ '—^  . 

"  ^  dy 

By  differentiating  the  first  of  equations  (1)  with  respect  to  y, 
we  obtain 

d{Bz'-z"Bx-z;By)  ^  d^co  , 
dy  dxdy ' 

therefore 

Bz^  —  z'/Bx  —  zJBy  =  ft)/. 

It  is  easy  to  see  that  by  continuing  this  process  we  shall  obtain 
for  all  values  of  the  indices  m  and  n 
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This  result  Poisson  says  he  had  arrived  at  on  a  former  occasion 
and  had  used  in  explaining  a  difficulty  in  the  Mecamque  Analytique. 
See  Bulletin  de  la  Society  PMlomatique  ann^e  1816,  page  82. 

[These  formulae  supply  the  corrections  of  the  errors  indicated  in 
Arts.  39—41.] 

By  means  of  the  general  formula  proved  atove  the  variation 
of  F  takes  the  form 

S  F=  {L  +  Nz'  +  Pz"  +  Qz;  4-  Rz"  +  Sz'/  +  Tz,;  +  . . .)  So; 

+  CM  +  Nz,  +  Pz;  +  Qz,,  +  Rz;'  +  8z,;  +  Tz^^^  +  ...)hy 

or,  which  is  the  same  thing, 

SF=  V'hx  4-  F;S3/  +  ^0)  +  Pft)'  +  Qw, 

+  Rco"+Sco;  +  Tay^^  + (2). 

103.  The  twentieth  section  contains  some  reductions  of  the 
variation  of  a  double  integral.     Consider  the  definite  integral 

U=:ffVdxdy. 

By  the  known  rides  for  the  transformation  of  double  integrals, 
if  we  consider  x  and  y  as  functions  of  two  other  variables  u  and  t?, 
we  must  put 

,     ,       fdx  dy     dx  dy\  ^     , 
dxdy  =^\-^ — f-  —  -y-  'Y'\audvi 
^      \du  av     dv  duj 

so  that  we  have 

J  J      \du  dv      dv  duJ 

Now  put  x-\-hx^  y-^^y-,  ^  +  ^z  in  place  of  x,  y,  z  under  the  in- 
tegral sign.  From  what  was  said  above  it  will  be  sufficient  that 
^^,  8y,  hz  should  be  arbitrary  functions  of  u  and  t?,  and  it  will  not 
be  necessary  to  vary  the  limits  relative  to  u  and  v  in  order  that  the 
integral  U  may  vary  in  the  most  general  maimer  both  with  re- 
spect to  the  limits  relative  to  x  and  y^  and  with  respect  to  the  form 
of  the  function  z.    The  complete  variation  of  C7  will  then  be 

J  J  \du  dv     dv  duj 

[Udx  %_^^^%  ^^^  ^"j  Vdudv. 
J  J  \du   dv      dv    du      dv   du      du   dv  J 


76 


POISSON. 


But  by  the  formula  of  the  preceding  article  we  have 

dx  dly  _  dx  dZy  _  fdx  dy  __dx  dy\  dZy 
~du  ~dv  ^  dv    du^  \du  dv     dv  du)  dy  ' 

dy  dBx     dy  dhx  __  fdx  dy  ^dx  dy\  dhx 
dv    du      du    dv       \du  dv     dv  du)  dx 

Hence 
that  is,  by  restoring  the  variables  x  and  y 

In  this  formula  the  limits  are  the  same  as  those  of  U.    Now 
substitute  the  value  of  SF  given  by  equation  (2),  and  observe  that 

.dhx     d.  Vhx 


V'hx^  V 


dx 


dx 


^^^^^-'-w^-- 


thus 


hU= 


\vhxdy\-{\vhxdy\ 

+fj{N'(o  +  Pw'  +  Qm^  +  Rm"  +  8<o;  +  Tec,,  +  ...)dxdt/ (3)- 

By  the  method  of  integration  hj  parts  we  may  remove  the 
differential  coefiBcients  of  a  from  under  the  double  integral  sign. 
For 

(jPio'  dx  dy  =  NPtt)  dy\  -  i  fPoo  dy\  -  (jp'ot)  dx  dy, 
llQ(i),dxdy=    JQwdx    —  (JQa)dx\  —  jJQ^mdxdy. 
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By  two  successive  integrations  we  have 
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[lEco"dxdy  =     JEco'dy]  -  (JBco'dy) 

-  JB'cDd7A  +  (JB'a)dy]+jJB''a)dxdi/, 
jJT(oJxdy=:    JTco^dx^-fJTco^dx) 

-  JT^codxl  +  fJT^codx)  +jJT^^codxdy. 

By  integrating  first  with  pespect  to  y  and  then  with  respect  to  x 
we  obtain 

1 1 Sco'dx (%=     I  Sco'dx    —  (  1  /S'ft)'c?cc j 

-  jS^oodT/    -\-n8^wdy\-\-i\8lwdxdy] 
by  performing  the  integrations  in  the  reverse  order,  we  obtain 

\\  Smldxdy=     jSco^dy    —(jSco^di/] 

-  jS'oodx    +(ls'(odx]-h  ijSJoodxdy. 

For  the  sake  of  symmetry  we  may  use  the  half  sum  of  these 
equivalent  expressions,  that  is 

jjScldxdy  =  1  ^jSco'dx'j  +  1  ^jSco^ d^  --  \  (^jSc^dx)  -  I  [^jSco^dy 

+  I  ISIcodxdy, 

The  subsequent  terms  in  the  last  part  of  the  formula  (3)  may 
be  transformed  in  a  similar  manner.  Thus  the  expression  for  S  U 
^iU  become  finally 

m=^T+jJHmdxdy (4), 
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where  for  shortness, 

+    jPoody  +  JQcodx—  JE'cody-"-  J8^cody  —  -\8'o}dx—  j T^codx-h,.. 
—  (jP(ody-\-  JQcodx—  lE'cody—  ~  j S^codt/—  ~  iS'codx—  j  T^codxi-... 
JBQ)'dy  +  --iSco'dx+lT(o^dx  +  -  ISoo^dy-... 
(jBco'dy  +  --  jSoo'dx+i  TcD^dx  +  ~  ISco^dy-  ...  j 


+ 


+  . 


The  two  expressions  which  have  been  found  for  jjSco'dxdy 
must  be  identically  equal ;  hence  we  have 

jSco'  dxl  ^  fjSco' dx)  -    J8^cod7/~\+  fjs^co  dy\ 

=    \8cD,dy~\^({8(^,dy\^     {8'(od^+(\8'wdc^. 
This  may  be  written 

{(8co'  +  8'(^  c?J  -  [\i8oi  +  8'c^  dx) 

^    j(^8co,  +  8,myy'j  -  (j(^8co,  +  8^co^  dy^ (5). 

This  will  be  verified  presently  (see  Art.  106).  We  may  ob- 
serve here  that  800  +  8'(o  is  the  partial  differential  coefficient  of  ^o> 
with  respect  to  x  before  substituting  the  value  of  y  obtained  from 
one  of  the  limiting  equations.  But  the  value  of  {8(0  -{■  8' w)  dx 
after  we  substitute  for  y  its  value  is  no  longer  a  complete  differential 
with  respect  to  x  and  thus  cannot  be  integrated  immediately* 
Similar  remarks  apply  to  the  term  {8(d^  +  8^(^  dy. 

[This  remark  guards  against  the  error  indicated  in  Art.  27.] 
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104.  The  twenty-first  section.  For  Z7  to  be  a  maximum  or 
minimum  we  must  have  S  U=^  0.  The  double  integral  included  in 
equation  (4)  cannot  be  reduced  to  simple  integrals  because  (o  is  an 
arbitrary  function  of  x  and  y ;  it  will  therefore  be  necessary  that 
the  two  parts  of  this  formula  should  separately  vanish.  Thus  we 
obtain 

r  =  o,  £r=o, 

for  the  equations  which  must  be  satisfied  in  order  that  the  double 
integral  which  we  are  considering  should  have  a  maximum  or 
minimum  value.  The  second  equation  will  serve  to  find  z  in  terms 
of  X  and  y ;  this  equation  will  be  in  general  a  partial  differential 
equation  of  the  order  2n  if  V  be  of  the  order  n.  The  first  equation 
will  decompose  into  others  the  number  and  nature  of  which  in  the 
different  cases  which  may  occur  we  will  investigate  in  the  sub- 
sequent articles.     This  is  the  most  delicate  part  of  the  question. 

The  preceding  analysis  may  be  extended  without  difficulty  to 
triple  and  quadruple  integrals,  &c.  In  the  case  of  a  triple  integral, 
for  example,  we  shall  obtain  for  the  variation  an  expression 
analogous  to  that  in  equation  (4) ;  this  expression  will  consist  of  a 
triple  integral,  and  of  another  part  containing  only  double  integrals 
which  relate  to  the  limits  of  the  triple  integral  we  are  considering. 
We  might  also  suppose  that  the  quantity  under  the  triple  integral 
sign  involves  unknown  functions  of  the  independent  variables,  and 
that  these  functions  are  independent,  or  that  they  are  connected  by 
given  partial  differential  equations.  We  shall  not  stop  to  consider 
these  questions,  since  they  present  no  new  difficulties  and  no  useful 
applications. 

The  determination  of  the  relative  maxima  or  minima  of  mul- 
tiple integrals  can  be  reduced  to  the  determination  of  absolute 
maxima  or  minima  by  the  method  of  the  thirteenth  section,  which 
is  obviously  applicable  whatever  may  be  the  number  of  the  inde- 
pendent variables.  Thus,  for  example,  if  the  first  of  the  double 
integrals 

jjvdxdy,    jJTdxdy,    jjwdxdy,... 
IS  to  be  a  maximum  or  minimum,  and  at  the  same  time  the  others 
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are  to  have  given  values,  the  problem  amounts  to  investigating  the 
absolute  maximum  or  minimum  value  of 


[l{V+aT+bW+&c.)dxdt/; 


where  a,  &, . . .  are  unknown  constants  which  must  be  determined 
by- means  of  the  given  values  of  the  integrals.  We  suppose  here 
that  these  integrals  and  the  first  integral  are  all  taken  between 
the  same  limits. 

105.  The  twenty-second  section.  [The  results  from  this 
point  to  the  end  of  the  memoir  were  not  known  before  the 
publication  of  the  memoir.]  Let  us  now  examine  the  equations 
relative  to  the  limits  of  U  which  are  necessary  for  the  maximum  or 
minimum  of  this  double  integral,  and  which  must  be  deduced  from 
the  condition  F  =  0. 

In  order  to  render  the  reasoning  easier  to  follow,  we  will  sup- 
pose that  X,  y,  z  are  the  rectangular  co-ordinates  of  any  point  of  the 
surface  determined  by  J3'=0,  and  that  the  integral  U  corresponds 
to  a  zone  of  this  surface  comprised  between  two  closed  curves 
which  will  be  given  or  which  will  have  to  be  determined.  Let 
ABC  be  the  projection  of  the  exterior  curve  upon  the  plane  of 
{x,  y)^  and  BEF  that  of  the  interior  curve  upon  the  same  plane 
(see  fig.  2).  The  integral  relative  to  x  and  y  which  S  ?7  represents  will 
extend  to  all  the  elements  dx  dy  of  the  plane  area  intercepted  be- 
tween these  two  curves.  It  may  however  also  be  considered  to 
represent  the  excess  of  a  double  integral  extended  to  all  the  ele- 
ments of  area  enclosed  by  the  curve  ABC  over  the  same  double 
integral  extended  to  all  the  elements  of  area  enclosed  by  the  curve 
DEF.  Now  SCr  reduces  to  V  since  by  supposition  77=0;  and 
r  =  r^^^~r^^^  where  r<^>  denotes  that  part  oi  W  which  arises 
from  the  area  bounded  by  ABC  and  V^'^  that  which  arises  from 
the  area  bounded  by  DEF.  Since  these  two  limits  ABC  and 
DEF  are  in  general  independent  of  each  other,  the  equation  F  ==  0 
will  decompose  into  two  others,  namely, 
F<^)  =  0,     F^'^  =  0. 

It  will  be  sufficient  to  consider  one  of  these ;  the  other  will  be 
of  the  same  form  and  susceptible  of  the  same  transformations. 
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We  had  in  the  twentieth  section  the  equation 

[It  has  been  already  intimated  in  a  remark  on  Art.  101,  that 
Poisson  does  not  use  his  symbols  in  the  sense  which  he  assigned  to 
them;  the  terms  in  square  brackets  refer  to  the  upper  portions  of 
a  curve,  and  those  in  parentheses  refer  to  the  lower  portions  of  the 
same  curye.] 

If  this  double  integral  relates  to  the  area  ABO,  the  integration 
relative  to  y  which  has  been  effected,  is  to  be  extended  from  one  to 
the  other  of  the  two  ordinates  JPM  and  PJf ',  which  correspond  to 
the  same  abscissa  x.  We  will  suppose  that  it  is  extended  from 
the  smaller  ordinate  PM'  to  the  greater  PM;  that  is,  we  consider 
the  variable  y  to  increase  and  so  dy  to  be  positive.  As  the  element 
of  area  dx  dy  is  essentially  positive,  it  follows  that  dx  must  be 
regarded  as  positive  in  the  two  simple  integrals  which  are  indicated. 
The  first  will  correspond  to  the  part  AMB  of  the  curve  ABG  and 
the  second  to  the  part  AM'B  supposing  that  A  and  B  are  the  two 
points  of  the  curve  where  the  tangents  are  parallel  to  the  axis  of  y. 
Let  s  denote  the  length  of  an  arc  of  the  curve  ABC  measured  from 
any  fixed  point  of  the  curve  up  to  the  point  Ji",  and  let  I  be  the  com- 
plete perimeter  of  the  curve.  Then  we  shall  consider  s  to  increase 
from  5=0  to  s=^l,  and  thus  the  differential  ds  to  be  positive, 
bet  /3  be  the  angle  comprised  between  the  exterior  normal  MN  and 
the  produced  part  of  the  ordinate  PM,  Since  dx  is  the  projection 
^^ds  on  the  axis  of  aj,  we  shall  have 

dx  =  ±  cos  /9  ds ; 
the  upper  or  lower  sign  must  be  taken  according  as  cos  /3  is  positive 
^r  iiegative.   But  the  angle  y3  is  acute  in  all  the  part  AMB  of  the 
curve  ABO  and  obtuse  in  all  the  part  AM'B)  hence  we  shall  have 

^«==  cos  ^ds  throughout  the  extent  of  the  integral     I  Vhy  dx    ,  and 

^^-"-coB^ds  throughout  the  extent  of  the  integral  (iVBydxj  , 

^ence  we  conclude  that  their  difference  will  reduce  to  a  single 
^^tegral  relative  to  s  which  will  extend  throughout  the  whole 
'^^ve;  that  is,  we  shall  have 

6 
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IjVBydx    '-(JvBtfdx]^fVco^/3S7/ds. 

Similarly  we  shall  have 

\Vhxdy    —i\Vhxdy\=^\    Vco^aBx ds, 

where  a  denotes  the  angle  which  the  exterior  normal  MN  makes 
with  the  produced  part  of  the  abscissa  of  the  point  M,  By  similar 
reasoning  we  may  reduce  to  a  single  integral  each  of  the  differences 
of  two  homologous  integrals  of  which  the  expression  T  is  composed. 
Thus  the  equation  F  ^^^  =  0  will  be  transformed  into  the  following : 

1    Ff  cos  a  Saj  +  cos  ^Bj/jds 

+  |T(^P- JS'-.  1  S^  +  ...)  cos  a  +  ^^~  r,  -.  i  ^'  H-  ...)cosy8   (ods 

+  1  ( B  COB  a '\- ~  8  00^/3- ...joo'ds 

+  1    f  rcos^4--r  8  COB  a—  ...jco^ds 

+  ...=0 ....(6). 

The  figure  supposes  that  each  line  parallel  to  the  axis  ofy 
meets  the  closed  curve  ABO  in  only  two  points ;  but  this  trans- 
formation of  the  equation  T  *^^  =  0  would  still  hold  if  the  number 
of  intersections,  which  must  be  even,  were  greater  than  two ;  we 
should  then  take  successively  for  the  two  ordinates  FM  and  PM' 
which  correspond  to  the  same  abscissa,  those  of  the  first  and  second 
intersection,  those  of  the  third  and  fourth,  and  so  on. 

106.  In  his  twenty-third  section  Poisson  verifies  equation  (5) 
of  the  twentieth  section. 

In  fact,  as  we  have  just  seen,  the  part  of  this  equation  wliic'i 
belongs  to  the  exterior  curve  is  the  same  thing  as 
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where  the  parentheses  denote  that  each  partial  differential  coefficient 
is  taken  with  respect  to  one  of  the  variables  x  or  y  before  we  sub- 
stitute in  /S'ft)  the  value  of  the  other  variable  deduced  from  the 
equation  to  the  curve  ABG,  If  we  differentiate  with  respect  to  x 
after  substituting  the  value  of  y,  we  have 

d.  8 CO  __  /d,8co\      /d.S(o\  dy 
dx        \   dx   )      \   dy   )  dx^ 

,    .  d,  Sco     d .  8a)  dx     d.  8co        ^ 

and  since  — ^ —  =  — j r-  =  — j —  cos  p, 

ds  ax      as        ax 

it  follows  that 

nfd.8co\        r,j        ['d.8co.       n/d.8o)\dy        r,. 


Now 


I  __l^ —  ds=^8(o  +  constant ; 


and  since  Sco  has  the  same  value  at  the  two  limits  5  =  0  and  s  =  l 
which  belong  to  the  same  point  of  the  closed  curve  ABG,  it  follows 
that 

''d.8co 


f 

Jo 


ds-0. 


ds 
Hence  the  equation  reduces  to 

By  help  of  this  result  we  see  that  the  equation  which  we  are 
to  verify  may  be  written  thus, 

But  if  a  and  h  denote  the  angles  which  the  tangent  at  any 
point  if  of  the  curve  ABG  makes  with  the  axes  of  x  and  7/,  we  can 
take  in  this  equation  where  the  differentials  dx  and  dy  may  be 
positive  or  negative, 

dx  =  cos  a  dsj     dy  =  cos  h  ds. 

6-2 


h\   dy   ) 
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Thus  the  equation  is  transformed  into  the  following : 

,  ,  cos  a  cos  a  4-  cos  5  cos  j}-  =  0 : 

ay   J  \  J  cos  a 

this  result  is  obviously  true  since  the  factor  cos  a  cos  a  4-  cos  ^  cos  h 
is  the  cosine  of  the  angle  comprised  between  the  tangent  and  the 
normal  at  the  same  point  M  of  the  curve  ABG,  and  is  therefore 
equal  to  zero.  It  is  evident  this  verification  applies  in  the  same 
way  to  the  part  of  equation  (5)  which  belongs  to  the  interior 
curve. 

107.  In  his  twenty-fourth  section  Poisson  effects  some  trans- 
formations of  the  equation  (6)  of  Art.  105.  The  applications  of  tlie 
preceding  formulae  to  geometry  and  mechanics  relate  to  problems 
where  the  function  V  depends  on  the  inclination  of  tangent  planes 
and  on  the  magnitude  of  radii  of  curvature.  In  order  then  to  avoid 
useless  complication,  we  will  suppose  that  the  highest  differential 
coefficient  contained  in  V  is  of  the  second  order.  In  this  case  the 
equation  JE[=  0  involves  partial  differential  coefficients  of  the  fourth 
order,  and  the  first  member  of  equation  (6)  is  reduced  to  its  first 
four  terms.  But  in  order  to  be  able  to  deduce  from  this  equation 
(6)  the  conditions  relative  to  the  second  limit  of  U,  it  is  necessary 
to  transform  its  third  and  fourth  terms,  and  to  reduce  the  three 
variations  o),  co',  and  oo^  to  two  only. 

All  the  terms  of  equation  (6)  are  integrals  relative  to  the  arc  s 
of  the  curve  ABO,  where  s  is  the  independent  variable  and  ds  is 
constant  and  positive.  Under  the  integral  sign  z  is  regarded  as  a 
function  of  x  and  y,  which  is  obtained  from  the  equation  to  the  re- 
quired surface,  that  is,  from  the  complete  integral  of  the  equation 
il=  0.  The  variables  x  and  y  are  implicitly  supposed  to  be  functions 
of  8  determined  by  the  equation,  known  or  unknown,  of  the  curve 
ABO.    Thus  by  differentiating  oo  with  respect  to  s,  we  have 

dco  ^    ,dx  dy 

ds  "^      ds        '  ds' 

hence  since  da?  +  dy^  =  ds\  we  may  write 

,     dx  dd)     ^  dy  dy  dco      ^  dx 

ds  ds         ds'       '     ds  ds^     ds' 
where  0  is  an  indeterminate  variation. 


POISSON.  85 

The  differentials  dx  and  dy  are  as  in  the  preceding  article 
capable  of  changing  sign  in  the  course  of  the  integration,  that  is, 
as  we  proceed  from  point  to  point  of  the  curve  ABG.  Since  the 
angles  a  and  ^  relate  to  the  exterior  part  of  the  normal  MN  it  is 
easy  to  see  that  we  shall  have  at  any  point  if, 

dy  ^     dx 

cosa  =  — r-j     cosp=-7-. 
as  as 

Substitute  these  values  and  those  of  w'  and  w^  in  equation  (6), 
and  it  becomes 

Jo  \  J  as  as   as 

[By  some  accident  Poisson  himself  omits  the  last  line;  the 
error  is  noticed  by  Bjorling.  In  consequence  of  this  omission  two 
of  Poisson's  subsequent  formulae  in  this  section  are  incorrect ;  the 
necessary  alterations  have  accordingly  been  made.] 

By  integration  by  parts  we  have 
*^o  as   as  as 

01'  the  terms  outside  the  integral  sign  vanish  since  they  are  the 
ifference  of  two  values  of  the  same  quantity,  one  relating  to  the 
ittiit  s  =  0,  and  the  other  to  the  limit  s  =  Z,  that  is  to  the  same  point 
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of  the  closed  curve  ABC,     [Similar  treatment  may  Be  applied  to 
the  term  which  Poisson  omits.]     Moreover 

da  ds         *  ds^    ds  ds         *  da  ^    ds  da        '  ds' 

Let  us  suppose  for  shortness  that 

1  ^,  dx  dy     1  „  d^  _  a^  _  Y 
~2^   d^  d^~2^''d?     ^ds'~    ' 


«-l*'-''.('+S^^.i<+(^-^)S 


1  „,  dx'     i  a  dx  dt/       a  d^x  _  Y 
"2^  ^""2    '^&"      &^~    ' 

[The  value  of  Z  agrees  with  Poisson's ;  those  of  X  and  Y  differ 
since  Poisson  omits  the  last  three  terms  of  each.] 

Thus  equation  (6)  finally  becomes 

+  fz0ds  =  o (7); 

and  this  is  the  simplest  form  it  can  take. 

108.  The  twenty-fifth  section  relates  to  the  case  in  which 
some  condition  is  given.  In  the  problems  to  which  this  equation 
can  be  applied,  it  will  sometimes  happen  that  the  length  of  the 
exterior  curve  to  which  it  relates  is  to  have  a  given  value ;  or  more 
generally  that  one  or  more  integrals  taken  throughout  this  length 
are  to  have  given  values.  It  will  be  sufficient  to  consider  one  oi 
these  integrals ;  for  similar  remarks  would  apply  to  the  others,  e  or 
greater  simplicity  we  will  suppose  that  the  differential  function 
which  occurs  under  the  sign  of  integration  is  only  of  the  first  order. 

At  any  point  of  the  exterior  curve  then,  let 
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let  W  denote  a  given  function  of  x,  y,  z,  x,  y\  and  suppose  that 

(J  being  a  given  constant,  and  the  integral  extending  throughout 

f^      dz 
this  curve,  so  that  it  is  the  same  thing  as  I  W--r-ds.     In  order  to 

introduce  this  condition  it  will  be  sufficient  according  to  the  remark 
in  the  thirteenth  section  to  add  to  f/' the  integral /TFif^  multiplied 
by  an  undetermined  constant  which  we  will  denote  by  c.  Thus 
the  first  member  of  equation  (7)  is  augmented  by  the  term  ch^Wdz, 
Now  if  we  put 

dW  dW  dW  dW 

-^  =  ^'     -^^^^     ^  =  ^'    -^^^^ 
this  term  has  for  its  value 

considering  x  and  y  as  functions  of  z  in  the  formula  of  the  seventh 
section  (Art.  92)  and  observing  that  the  part  outside  the  integral 
sign  vanishes  because  the  curve  which  we  are  considering  is  a 
closed  curve. 

Suppose  that  this  curve  is  to  lie  on  a  surface  which  we  will 
denote  by  the  differential  equation 

dz  =  pdx  +  q^dy^ 
where  p  and  q^  are  given  functions  of  a?,  y  and  z.  "We  shall  see 
presently  (Art.  114)  how  the  case  of  a  curve  unrestricted  is  com- 
prised in  the  present.  The  co-ordinates  x^  y,  z  of  any  point  in 
this  curve,  and  also  the  varied  co-ordinates  x-\-hx,  y  +  By,  z  +  Bz 
niust  satisfy  the  equation  to  the  given  surface ;  we  may  therefore 
differentiate  that  equation  relatively  to  the  characteristic  B;  thus 
We  shall  have 

Bz  =j)Bx  +  qBy 
^s  well  as 

dz  =jpdx  +  qdy. 

Hence  g^^^'g^^^^j^Jsoj- Js^/)  , 
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If  then,  for  abbreviation,  we  put 

dm      ^  dn      J 

the  term  which  is  to  he  added  to  equation  (7)  becomes 

Thus  it  has  the  same  form  as  the  first  term  of  this  equation; 
consequently  in  order  to  introduce  the  condition  that  the  integral 
/  Wdz  is  to  have  a  constant  value,  we  have  only  to  change  in 
equation  (7)  Finto  V+  c{kp'—hq).  The  constant  e  will  have  to 
be  determined  in  every  case  from  the  value  a  of  the  integral 
J  Wdz. 

109.  The  twenty-sixth  section.  Let  us  now  observe  the  re- 
sults which  may  be  deduced  from  equation  (7)  thus  modified  if 
necessary.     Let  us  put 

co-Bz-  zBx  —  zfy  =  (p's/TT'T^l^, 

The  point  M  of  the  curve  ABG  whose  co-ordinates  are  x  and  y 
being  transferred  to  the  position  indicated  by  the  co-ordinates  a?  +  & 
and  y  +  By,  we  see  by  the  value  of  e  that  this  variation  denotes  the 
displacement  of  M  projected  on  the  normal  MN.  The  cosines  of 
the  angles  which  the  normal  to  the  required  surface  at  the 
point  (a?,  y,  z)  makes  with  the  co-ordinate  axes  are  respectively 


VI + ^'^ + ^; '     Vi + s'^4-  ^; '  Vi  +  z" + ^; 

Thus  the  variation  <jf>  is  the  projection  on  this  normal  of  the 
displacement  of  this  point  {x,  y,  z)  when  its  co-ordinates  become 
x-j-Sx,  y-^By  and  z-^Bz;  and  in  equation  (7)  this  displacement 
belongs  to  any  point  of  the  exterior  curve.  As  to  the  third  arbi- 
trary variation  contained  in  equation  (7),  namely  6,  this  depends 
on  the  change  of  inclination  experienced  by  the  tangent  plane  io 
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the  required  surface  at  any  point  of  the  exterior  curve.     [In  fact 
we  have  from  the  equations  in  which  6  first  occurred 

'as  as 

and  if  we  insert  the  values  of  m^  and  a>  from  Art.  102  we  have 

e  =  [hz^  ^  z;hx  -  z^^hy)  J  ~  (8/  -  z"Zx  ~  z:hy)  J  . 

Thus  6  involves  hz^  and  hz  and  is  thus  connected  with  the 
change  of  inclination  of  the  tangent  plane.] 

Now  if  the  second  limit  of  U  is  not  restrained  by  any  given 
condition,  the  three  variations  e,  ^,  6  will  be  completely  arbitrary 
and  independent ;  hence  in  order  that  equation  (7)  may  subsist  it 
will  be  necessary  that  the  coefficients  of  these  variations  under  the 
integral  sign  should  be  separately  zero.  Thus  we  shall  obtain 
three  equations, 

''=''•  ^i-^i-».  ^"> w- 

When  the  second  limit  of  U  has  to  satisfy  some  given  con- 
ditions the  three  variations  e,  <^,  9  are  no  longer  independent ;  then 
the  equations  (8)  or  at  least  one  or  two  of  them  will  not  hold  and 
must  be  replaced  by  others.  The  following  are  the  principal  cases 
which  may  arise.  [Five  cases  are  considered  which  will  occupy  the 
following  five  articles,  extending  to  the  end  of  Poisson's  twenty- 
sixth  section.] 

110.  Suppose  that  the  exterior  curve  is  fixed  and  given,  and 
let  us  represent  its  two  equations  by 

f{x,y,z)=0,     F{x,y,z)=0 (9). 

From  the  signification  of  e  and  cf)  it  follows  that  these  quantities 
now  vanish;  thus  the  first  two  terms  of  equation  (7)  disappear. 
Ihe  first  two  equations  of  (8)  will  now  no  longer  be  necessary  and 
^faey  will  be  replaced  by  the  equations  (9). 

Let  us  further  suppose  that  the  required  surface  is  to  touch 

^^iighout  the  perimeter  of  the  exterior  curve  a  fixed  and  given 

'^^^'^ce,  as  for  example   the  surface  which  has  for  its  equation 
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F{x,  y,  z)  =0,  and  the  differential  equation  of  which  we  will  repre- 
sent by 

dz  =  pdx  -|-  qdy. 

It  will  be  necessary  on  account  of  this  contact  that 

p=.z\  q=-z^ 

for  every  point  of  the  exterior  curve.  These  however  are  not 
two  new  independent  equations ;  for  since  the  curve  is  already  the 
intersection  of  the  required  surface  and  the  given  surface,  the  dif- 
ferential dz  taken  along  its  direction  has  the  same  value  whether 
it  be  obtained  from  the  equation  to  the  first  surface  or  from  the 
equation  to  the  second  surface;  thus  we  have  already  the  rela- 
tion 

pdx  +  qdy  =  zdx  +  z^dy ; 

and  by  means  of  this  relation  one  of  the  equations  ^  =  ^'  and  q  =  z^ 
is  a  consequence  of  the  other. 

On  the  other  hand  the  variation  ^  and  consequently  «  will 
be  zero,  not  only  for  all  the  points  of  the  exterior  curve,  but  also 
for  all  those  of  an  indefinitely  narrow  zone  of  which  this  curve  forms 
part ;  we  may  therefore  diflferentiate  the  equation  w  =  0  along  the 
direction  of  this  curve  and  along  any  other  direction  ;  thus  we  shall 
have  throughout  the  whole  perimeter  of  the  curve 

^  =  0,    «=0,    «,,  =  0; 

thus  the  quantity  6  which  occurs  in  the  twenty-fourth  section 
vanishes,  and  the  third  term  of  equation  (7)  vanishes. 

Thus  in  this  first  case  the  three  variations  e,  <^,  6  being  zero, 
the  equation  (7)  vanishes ;  the  equations  (8)  which  were  deduced 
from  (7)  do  not  hold,  and  they  must  be  replaced  by  the  equations 
(9)  which  will  be  given  in  each  particular  problem,  and  by  one  of 
the  equations  p  —  z\  q  =  z^, 

111.  Suppose  that  the  exterior  curve  is  fixed  and  given,  so  that 
6  =  0  and  ft)  =  0,  and  suppose  that  the  second  limit  of  TJ  is  n<^^ 
restrained  by  any  other  condition.  The  equation  o)  =  0  can  now  h^ 
differentiated  only  along  the  direction  of  the  given  curve;  ^® 
have  then 
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the  factor  &  remains  indeterminate,  and  we  must  have  Z=  0  in  order 
to  satisfy  equation  (7)  which  now  consists  of  only  its  third  term. 

In  this  second  case  the  third  of  the  equations  (8)  holds,  and  the 
other  two  are  replaced,  as  in  the  first  case,  hy  the  two  given  equa- 
tions of  the  exterior  curve. 

112.  If  this  curve  is  not  fixed  hut  only  constrained  to  lie  on  a 
given  surface  which  is  determined  by  the  equation 

F{x,2/,z)=0. (10), 

then  the  co-ordinates  x,  y,  z  and  also  cc  +  S^,  y  +  ^y,  ^  +  Bz  must 
satisfy  this  equation.  We  may  therefore  differentiate  with  respect 
to  the  characteristic  B ;  thus  if  we  represent  the  ordinary  differential 
equation  by 

dz  =^^dx  +  qdy, 
we  shall  also  have  simultaneously 

Bz  =pSx  +  qBy. 
Hence  the  variation  w  will  be  given  by  the  equation 
co=  {p  —  z')Bx+  {q  —  z)  By. 
Suppose  moreover  that  the  required  surface  is  to  touch  the  given 
surface  throughout  the  perimeter  of  the  exterior  curve.     We  shall 
have  the  two  relations  j?  =  ^'  and  q  =  z^,  one  of  which  is  a  conse- 
quence of  the  other,  as  we  have  shewn  in  the  first  case.     These 
relations  will  make  ew  vanish  for  all  points  in  an  indefinitely  nar- 
row zone  comprising  the  exterior  curve ;  hence  as  in  the  first  case 
we  conclude  that  ^  =  0.     Since  the  variations  o)  and  6  are  zero  the 
equation  (7)  is  reduced  to  its  first  term ;  and  in  order  that  it  may 
^old  whatever  may  be  the  value  of  the  indeterminate  variation  e  we 
»iust  have  F=  0 ;  or  rather 

F+c(%>~%)=0 (11), 

y-  we  suppose,  as  before,  that  the  value  of  a  certain  integral  JWdz 

^s  given. 

Thus  in  this  third  case  the  equations  (8)  are  replaced  by  the  equa- 
^^^s  (10)  and  (11)  together  with  one  of  the  two  relations  p  =  z' 
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113.  Suppose  that  the  exterior  curve  is  still  constrained  to  lie 
on  the  surface  determined  by  equation  (10),  but  that  the  tangent 
plane  to  the  required  surface  is  not  subject  to  any  restriction 
throughout  the  perimeter  of  the  exterior  curve ;  the  expression  for 
(0  given  in  the  preceding  case  will  still  hold,  but  there  will  be  no 
resulting  limitation  for  the  quantity  6,  which  will  remain  altogether 
arbitrary  and  independent  of  Sx  and  By ;  the  coefficient  of  6  in 
equation  (7),  that  is  Z,  must  therefore  be  zero.  Substitute  the 
expression  for  co  in  this  equation  and  it  will  become 

/.■[(^S-'^S)(i'-'>-4?]^'^ 

But  as  the  two  variations  Bx  and  Bt/  are  arbitrary  and  inde- 
pendent their  coefficients  must  be  separately  zero ;  if  we  add  then 
to  V  the  part  which  arises  from  supposing  the  integral  jWdz  to 
have  a  given  value  we  shall  obtain 

But  one  of  these  equations  is  a  consequence  of  the  other ;  for  if 
we  multiply  them  crosswise  and  suppress  the  factor  common  to  the 
two  products  we  obtain 

and  this  equation,  as  we  have  seen  in  the  first  case,  follows  from 
the  fact  that  the  required  surface  and  the  given  surface  intersect  in 
the  exterior  curve  which  we  are  considering.  These  equations  may 
be  written  in  the  following  manner 

Y{p-z')  dx^[X{p--z')  +  F+  c  {Jcp-qh)]  dy, 

X{q-z)dy^{Y{q-^z)^-V+c{hp--qK)]dx; 

multiply  these  equations  and  reduce,  thus  we  obtain 

]74.c(/fcp~j^)  +  Z(p-^')+F(?~^,)-0..; (12). 
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Thus  in  this  fourth  case  the  third  of  equations  (8)  holds,  and 
the  two  others  will  be  replaced  by  equation  (12)  together  with  that 
of  the  given  surface  of  which  the  differential  equation  is  represented 
by  dz  =^pdx  +  qdy, 

114.  Lastly,  suppose  that  the  tangent  plane  to  the  required 
surface  may  vary  arbitrarily  throughout  the  perimeter  of  the  ex- 
terior curve,  and  that  this  curve  is  not  constrained  to  remain  upon 
a  given  surface.  The  equation  -2^=  0  will  still  hold.  We  may  write 
equation  (12)  in  the  form 

V^c  ihz'  -^  hz)  +  [X^ck)  {p--z')  +  (F-cA)  (^~ ^^)  =0 ; 

multiply    by   dx^    and  put    [z^  —  q)  dy  for    (j?  —  ^')  dx ;    thus    we 
have 

[F+  c  {k.^  -  }iz)'\  dx  +  [  Ydx  -  Xdy  -  c  {]idx  +  My)]  {q  -  z)  =  0. 

But  the  quantity  q  is  altogether  arbitrary,  since  now  the  surface 
which  had  for  its  differential  equation  dz  —pdx  +  qdy  is  not  given ; 
the  preceding  equation  must  therefore  separate  into  two,  and  con- 
necting them  with  Z=^  0  we  shall  have  for  the  three  equations  be- 
longing to  this  fifth  and  last  case 

F+c(7^^'-A^j  =  0,  1 

Ydx-  Xdy-c{hdx-\'My)  =0,  I (13). 

Z=0.  J 

These  equations  coincide,  as  they  should  do,  with  the  equations 
(B),  when  we  put  c  =  0;  this  amounts  to  suppressing  the  condition 
relative  to  a  given  value  of  the  integral  jWdz ;  so  that  now  there  is 
no  longer  any  given  condition  by  which  the  second  limit  of  U  is 
restricted. 

115.  The  twenty-seventh  section.  The  reasoning  already 
given  applies  equally  to  the  first  limit  of  Z7;  and  by  the  details 
which  have  just  been  given  we  see  that  the  conditions  of  a  maxi- 
mum or  minimum  of  this  double  integral  consist  in  this,  that  for 
^^ch  limit  the  required  surface  must  satisfy  simultaneously  three 
known  equations  which  will  either  be  directly  given,  or  which  may 
be  formed  for  the  different  cases  which  can  occur  In  the  manner  we 
"^ve  explained.     These  two  systems  of  three  equations  will  serve 
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for  tlie  determination  of  the  four  arbitrary  functions  involved  in  the 

complete  integral  of  the  equation  £"=  0. 

When  the  differential  function  V  is  only  of  the  first  order  we 

shall  also  have 

i?==0,    S=0,    T=0; 

the  partial  differential  equation  J3'=  0  will  not  be  of  a  higher  order 
than  the  second ;  we  shall  have 

X=P,    Y=Q,    Z=0; 
and  the  equations  of  the  preceding  article  will  simplify  and  will 
reduce  to  two  for  each  limit  of  U. 

If  we  wish  to  apply  the  formulae  of  the  preceding  article  to  the 
case  of  a  single  integral,  we  must  suppose  that  the  quantity  F  is  a 
function  only  of  x,  b,  z\  z"  ;  hence  we  shall  have 
^=0,    8^0,    T=Q. 

It  will  be  necessary  at  the  same  time  that  the  zone  of  tlie 
required  surface  to  which  the  integral  U  will  belong,  should  be 
comprised  between  two  planes  parallel  to  that  of  {y,  z).  The 
curve  ABG  will  then  reduce  to  two  straight  lines  parallel  to  the 
axis  of  y,  the  limits  of  two  oval  curves  of  which  one  dimension  is 
indefinitely  increased ;  and  as  in  the  equations  with  which  we  are 
concerned  the  differentials  of  x  and  y  relate  to  this  curve  and  the 
differential  ds  is  supposed  constant,  we  must  put 

dx  =  0,    d'^x  =  0,   dy  =  ds,    d^y  =  0. 

The  condition  relative  to  the  length  will  no  longer  hold,  so 
that  we  also  must  suppress  the  terms  which  thence  arise,  that  is, 
put  c  =  0.  Under  these  circumstances  the  equations  of  the  twenty- 
sixth  section  will  coincide  in  all  cases  with  those  which  would 
be  derived  from  the  fifth  case  (Art.  114),  observing  that  the  quan- 
tities which  were  represented  by  y  and  Q  in  that  section  are  now 
represented  by  z  and  B,  and  that  the  function  F  being  supposed  of 
the  second  order,  the  quantities  B,  S,  &c.  of  that  section  are  zero. 
This  coincidence  would  supply,  if  that  were  needful,  a  confirmation 
of  our  analysis  with  respect  to  double  integrals. 

116.  In  his  twenty-eighth  section  Poisson  makes  some  remarks 
on  the  mode  in  which  the  arbitrary  functions  are  to  be  determined 
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in  some  problems.  There  are  particular  problems  in  whicli  tlie 
curve  which  forms  the  inner  boundary  of  the  required  surface  accord- 
ing to  the  hypothesis  of  the  twenty-second  section  (Art.  105)  does 
not  exist,  and  in  which  consequently  the  conditions  relative  to  this 
curve  must  be  replaced  by  others,  in  order  that  the  arbitrary  func- 
tions which  are  involved  in  the  general  integral  of  the  equation 
H=  0  may  not  remain  undetermined,  and  that  these  problems  may 
be  completely  solved. 

This  circumstance  might  occur,  for  example,  in  the  question 
wliere  we  have  to  find  a  surface  of  which  the  area  should  be  a 
minimum  between  certain  limits.  The  equation  11=0  is  then  a 
partial  differential  equation  of  the  second  order,  and  its  integral 
involving  two  arbitrary  functions  is  known  in  a  finite  form.  Now 
if  the  minimum  area  is  to  be  a  zone  included  between  two  given 
curves,  we  see  that  these  two  curves  through  which  the  required 
surface  is  to  pass  will  theoretically  serve  to  determine  the  two' 
arbitrary  functions  which  occur  in  the  equation  to  the  surface,  that 
is,  in  the  integral  of  the  equation  11=  0,  the  only  difficulty  being 
that  which  arises  from  the  complicated  form  of  this  integral.  We 
see  too  that  these  two  curves  might  be  exchanged  for  other  pairs 
of  conditions.  But  if  we  require  that  the  minimum  area  should  be 
all  that  portion  of  the  surface  which  is  bounded  by  the  exterior 
curve,  it  seems  then  that  the  integral  of  the  equation  ^=0  will 
have  a  greater  degree  of  generality  than  the  problem,  and  that  the 
given  curve  will  not  be  sufficient  for  the  determination  of  the  two 
arbitrary  functions. 

117.  In  order  to  remove  this  apparent  indeterminateness,  sup- 
pose we  exchange  the  rectangular  co-ordinates  x  atid  y  for  polar  co- 
ordinates r  and  0,  where  r  is  the  radius  vector  and  d  the  angle  which 
^  makes  with  a  fixed  line  drawn  through  the  origin  in  the  plane  of 
(^)  y)»  Put  the  origin  within  the  boundary  formed  by  the  projec- 
tion DEF  of  the  interior  curve  (Art.  105)  when  such  curve  exists. 

Let  r=fi0),     z  =  ^{6), 

"6  the  two  equations  of  this  curve ;  and 

r  =  F{e),     z  =  ^{6), 
'hose  of  the  exterior  curve  of  which  ABC  is  the  projection. 
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For  the  zone  of  minimum  area  the  values  of  r  will  extend  from 
T  =/(0)  to  y  =  Fiff),  and  those  of  6  from  <9  =  0  to  ^=  27r,  and  the 
arbitrary  functions  which  occur  in  the  integral  of  ^=  0  must  te 
determined  so  that  z  should  become  ^{Q)  and  ^{Q)  for  T—f[Q] 
and  r  =  F{6)  respectively.  Outside  the  zone,  that  is,  for  vahies 
of  r  less  than/(^)  or  greater  than  F  {6)  whatever  6  may  be,  the 
ordinate  z  will  be  subject  to  no  limitation  and  can  become  infinite. 
But  if  the  minimum  area  is  to  be  all  that  portion  of  the  surface 
the  projection  of  which  is  bounded  by  the  curve  ABG^  the  values 
of  r  will  extend  from  9*=0  to  r  —  F{6)  for  every  value  of  0,  and 
throughout  this  extent  the  ordinate  z  must  be  finite.  We  shall 
therefore  suppress  in  this  case  that  portion  of  the  integral  oi  E=Q 
which  would  become  infinite  when  r  =  0;  and  the  integral  thus 
modified  will  be  reduced  to  the  degree  of  generality  which  the 
problem  has  j  so  that  the  single  condition  that  z  should  be  equal 
to  €>(5)  when  r  is  equal  to  F{6)  will  sufiice  for  completing  the 
solution  of  the  problem. 

Thus  the  solution  of  the  question  of  the  minimum  area  and  of 
similar  questions,  separates  into  two  problems  which  are  quite  dis- 
tinct so  far  as  relates  to  the  determination  of  the  arbitrary  functions. 
I  only  here  indicate  this  distinction  which  I  will  take  up  on 
another  occasion. 

If  the  required  surface  is  closed  on  all  sides,  so  that  for  example 
we  have  to  find  the  surface  of  greatest  area  which  incloses  a  given 
volume,  the  conditions  for  this  relative  maximum  will  not  furnish 
any  equation  suitable  for  determining  the  two  arbitrary  functions 
which  the  complete  integral  of  the  equation  11=  0  when  applied 
to  this  problem  will  involve.  It  is  by  means  of  other  considerations 
that  this  integral  must  be  reduced  so  as  to  contain  only  three 
arbitrary  constants,  namely  the  three  co-ordinates  of  the  centre  oi 
the  sphere  which  solves  the  problem ;  the  radius  of  the  sphere  wul 
be  determined  by  means  of  the  given  volume.  I  propose  to  con- 
sider this  particular  question  in  another  memoir. 

[It  does  not  appear  that  Poisson  ever  returned  to  the  two 
problems  which  he  proposed  in  the  above  section  to  consider  at  a 
future  period.] 
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118.     In  the  remaining  three  sections  of  the  memoir  Poisson 

discusses  an  example.      In   an  addition    to    the   work    entitled 

Methodus  invemendi    Itneas.,.,  Euler  determines  the  figure  of  the 

elastic  lamina,  properly  so  called,  by  means  of  a  principle  commu- 

{ds 
nicated  to  him  by  Daniel  Bernouilli,  namely,  that  the  integral    -^ 

taken  throughout  the  length  of  the  curve  should  be  less  than  for 
any  other  curve  of  the  same  length ;  ds  being  the  differential 
element  of  the  sought  curve  and  p  its  radius  of  curvature.  In  order 
to  give  an  example  of  the  employment  of  the  preceding  formulas, 
we  will  extend  this  principle  by  induction  to  the  figure  of  equi- 
librium of  an  elastic  lamina  which  is  curved  in  every  direction  and 
the  points  of  which  are  not  acted  on  by  any  given  force.  Thus 
denoting  by  p  and  ^  the  two  principal  radii  of  curvature  at  any 
point  of  this  surface,  or  more  generally  the  radii  of  curvature  of 
two  normal  sections  at  right  angles,  and  by  da  the  difierential 
element  of  the  surface,  we  shall  suppose  that  among  all  surfaces  of 
the  same  area  the  elastic  surface  is  that  which  gives  a  minimum 

value  to  the  integral  (((-  +  t)  ^^*     [This  is  what  Poisson  says, 

hut  he  really  takes  the  integral  \\[- -i- -^  dx dy,  the  two  however 

comcide  to  the  order  of  approximation  which  he  finally  preserves.] 

By  the  theory  of  the  curvature  of  surfaces  we  know  that  the 

^^^"^4-^  has   the  same  value  for  every  pair  of  normal  sections 

at  right  angles  passing  through  the  same  point.  With  the  notation 
already  adopted,  we  have 

1  ^  1  _  (1  +  zf)  z"  --  2z'z^  ^;  4-  (1  +  z'^)  z^^ 

%  which  is  the  same  thing, 
1      1 


^\+z^-Vzy  Vl+^"''4-^; 
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We  have  also 


Let  c  denote  an  undetermined  constant,  and  put 


then  the  question  amounts  to  making  the  integral  fJVdxdy  an 
absolute  minimum.     (See  Art.  104.) 

The  quantity  N  oi  the  nineteenth  section  (Art.  102)  will  he  zero, 
and  P,  Q,  B,  8,  T,  will  have  for  values 

e-2("'+»,)(^+|)+2<». 

It  will  he  sufficient  to  substitute  these  values  and  their  first 
and  second  differential  coefficients  with  respect  to  x  and  y  in  the 
equation  ^=0  of  the  twenty-first  section  (Art.  104),  in  order  to 
obtain  the  indefinite  equation  to  the  elastic  surface ;  this  equation 
will  be  a  partial  diflferential  equation  of  the  fourth  order.  We  must 
also  substitute  these  same  quantities  in  the  equations  of  the  twenty- 
sixth  section,  in  order  to  obtain  the  equations  relative  to  the  peri- 
meter of  the  elastic  Surface  in  all  the  cases  which  can  occur. 

We  will  confine  ourselves  to  writing  these  equations  for  the 
case  where  the  elastic  surface  difiers  but  little  from  a  plane  figure 
parallel  to  the  plane  of  x  and  y ;  and  we  shall  neglect  consequently 
the  terms  in  V  of  the  fourth  degree  with  respect  to  partial  differ- 
ential coefficients  of  z.  Thus  the  values  of  P,  (3, ...  and  therefore 
the  equations  in  question  will  be  exact  as  far  as  quantities  of  the 
third  order. 
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Thus  we  have,  simply 

from  which  we  obtain 

J\r=0,    P=^2cz\     Q^2cz^,    Ji^T^2{z''+zJ,    8  =  0; 
thus  the  equation  J3  =  0  will  become 

If  we  denote  by  ?  a  new  variable,  we  may  replace  this  equation 
by  the  following  system  of  two  equations  of  the  second  order : 

^"+^.=  5;     r+L  =  c? {a). 

In  consequence  of  these  values  of  B,  S,  T,  the  quantity  Z  of  the 
twenty-fourth  section  (Art.  107)  will  be  equal  to  2f.  In  order  to 
fix  our  ideas,  I  will  suppose  that  the  limits  of  the  elastic  surface 
in  equilibrium  are  curves  fixed  and  given,  but  that  the  tangent 
plane  to  this  surface  is  not  restricted  by  any  condition  throughout 
the  perimeters  of  these  curves;  hence  it  will  follow  from  the 
soiond  case  of  the  twenty-sixth  section  (Art.  HI),  that  we  must 
combine  with  the  two  equations  of  each  limiting  curve  the  equation 
^=0  or  5'=0,  in  order  to  form  the  two  systems  of  simultaneous 
equations,  which  with  the  given  area  of  the  elastic  lamina  will 
serve  to  determine  the  constant  c  and  the  arbitrary  functions  con- 
tained in  the  integrals  of  equations  {a).  The  area  of  the  lamina 
cannot  differ  much  from  that  of  its  projection  on  the  plane  of 
^  and  y]  denote  the  area  of  the  projection  by  X,  and  that  of  the 
lamina  by  X  (1  +  g)  so  that  ^  is  a  very  small  positive  fraction ;  we 
shall  have 

^  (1  ^9)  =  jJVlTTM^'  dxdy, 
^r  to  that  order  of  approximation  which  we  have  adopted 

^9-=^\\\{^''-^<)dxdy (5). 

119.  We  may  give  another  form  to  the  equations  {a)  and  (5) 
7  changing  the  rectangular  co-ordinates  Jnto  polar  co-ordinates, 
^t  >•  be  the  radius  vector  of  the  projection  of  any  point  of  the 

7—2 
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surface  upon  the  plane  of  x  and  y,  and  d  the  angle  which  ttis 
raditis  makes  with  the  axis  of  a?,  so  that 

x=^r  cos  0,    iif  =  r  sin  0, 

The  ordinate  z  will  become  a  function  of  r  and  0,  and  we  shall 
have 

-^  :=^z  cos  0  +  «^  sm  0y 


hence 


Td 

=  z,r  cos 

e- 

-  sir  sin  6 ; 

z' 

dz 

cos 

e- 

sin^ 
r     ' 

dz    ,    ^     dz  cos  5 
z=^sm0  +  ^-^; 

and  as  the  element  dx  dy  will  be  replaced  by  rdr  d0^  the  equation 
(5)  will  become 


^^=i//{(ST+?(iy. 


'rdrd0 (c). 


If  we  put  z  in  the  place  of  z  in  the  value  of  ^',  we  shall  have 
„     dz'        ^     dz'  Bm0 

by  differentiating  the  value  oiz  in  succession  with  respect  to  r  and  6, 
we  obtain 

^  —  ^        /Q       ^^^     sin^     dz  mn0 
dr  -^dr'""^^^     'dTm'ir'^dBli^' 

dz  _  d'^z  ^     d'^z  sin  0     dz    .    ^     dz  cos^ 

d0''dFd0''''^^'"W  "T~~"^^'''^~^^T^' 
hence 

"     ^^^  ^^«2  /J     d  ^'^    sin  0  cos  ^     e^'^^j  sin'  0 

z  =^cos  ^-.2^:^  —7—  +  ^  -7~- 

^  s^^'^      2^  sin^cosf 
dr      r  d0 
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We  shall  find  in  the  same  way  that 
d^z  .  2^        d^z   .^mOomQ     d^z  cos^g 


dz  cos^fl         dz  sin  ^  cos  0 


.2 


dr      r  dd         r 

The  same  transformations  will  apply  to  the  differential  coeffi- 
cients ^"  and  f^^ ;  thus  the  equations  (a)  will  be  changed  into  the 
foUdwing : 

J^      1  ^     1  dz_ 

dr^'^r'  de^'^r  dr'^^ 


[d). 


dr^^r"  dO'^'^T  dr'^^^ 

From  the  hypothesis  of  the  preceding  article  and  the  supposition 
that  the  exterior  and  interior  curves  which  bound  the  required  sur- 
face are  determined  by  the  same  equations  as  those  in  the  twenty- 
eighth  section  (Art.  117),  it  follows  that  the  value  of  z  which 
we  shall  obtain  by  the  integration  of  equations  [d)  must  satisfy 
simultaneously  the  three  equations 

r^Fid),    z^^ifi),     ?=0 {e) 

relative  to  the  exterior  limit  of  the  surface,  and  must  satisfy  simul- 
taneously the  three  equations 

r^fiO),    z^4>{e),     ?=0 (/) 

relative  to  the  interior  limit.  In  the  most  usual  case  this  second 
limit  will  not  exist ;  according  to  what  has  been  explained  above 
^e  shall  then  replace  the  equations  (/)  by  the  condition  that  the 
value  of  z,  which  corresponds  to  r  =  0,  shall  not  become  infinite ; 
and  the  same  must  hold  with  respect  to  ?,  since  we  have  supposed 
in  the  preceding  article  that  the  partial  differential  coefficients  of  «, 
and  therefore  f,  are  very  small  quantities  through  the  whole  extent 
^^  surface  which  we  are  considering.  In  order  that  there  may  not 
^^ttiam  any  doubt  on  this  last  case  I  will  complete  the  investigation 
l^n  the  simplest  hypothesis,  namely,  supposing  that  the  elastic 
^niina  is  circular  and  that  its  figure  of  equilibrium  is  that  of  a 
surface  of  revolution. 
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120.  If  we  take  the  axis  of  the  surface  for  that  of  5j,  the 
quantities  ^  and  z  will  he  independent  of  0,  and  the  equations  {d) 
will  reduce  to 

d?'^  rdr'^^'      dr'^rdr     ""^ ^^^' 

Let  a  denote  the  given  radius  of  the  projection  of  the  lamina 
on  the  plane  of  the  co-ordinates  r  and  6 ;  we  shall  have  X  =  Tral 
[It  does  not  appear  why  a  is  said  to  be  given.']  The  double  in- 
tegral contained  in  equation  (c)  will  extend  from  ^  =  0  and  r  =  0 
to  ^  =  27r  and  r  =  a,  and  this  equation  will  become 

dz 
where  /3  denotes  the  value  of  -7-  when  r  =  a,  or  in  other  words  the 

inclination  of  the  tangent  plane  of  the  lamina  to  the  plane  of  pro- 
jection at  any  point  of  the  perimeter.  When  this  inclination  is 
given  we  can  immediately  deduce  the  value  of  \^g,  which  is  the 
ratio  of  the  area  of  the  lamina  to  the  area  of  its  projection;  and 
reciprocally.  [It  is  difficult  to  comprehend  this  equation  g-W\ 
the  equation  (c)  is 

Poisson  seems  to  put  this  =  tt  f  j- j  1    rdr^  which  is  not  justifiable. 

However  he  only  refers  to  this  equation  once  again,  see  page  104. 
Moreover  if  he  takes  /9  as  given  he  has  no  right  to  the  equation 
f=0  at  the  limit;  see  the  first  case  of  the  twenty-sixth  section, 
Art.  110.]  We  may  suppose  that  the  plane  of  the  co-ordinates 
r  and  6  is  that  of  the  boundary  of  the  lamina;  the  equations  {e) 
will  then  be 

r==a,     ^  =  0,     ?=0 (^)' 

According  to  what  I  have  found  in  another  memoir  {Journal 
de  VEcoU  Polytechntque  W  cahier^  page  475)  the  complete  integral 
of  the  second  equation  {g)  is 

f  =  a  f V*'^^"'^^^'"  dm-^-h  f V^^^'^^*"^  log  (r  sin'  m)  d(o ; 

J  0  J  0 
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where  a  and  h  are  two  arbitrary  constants,  and  e  the  base  of  the 
Napierian  logarithms.  It  is  indeed  easy  to  verify  that  this  value 
of  \  satisfies  the  second  equation  {g) ;  for  we  deduce  immediately 

^f+l|.^=ao  fV'"^^'^-cos^ «(?«-—  fV''^*^««cos«^^ 
+  he  fV*'^^"''*'  cos^  o)  log  {r  sin^ «)  do) 

Jo 
^  \ll  r^-rsTcooB,.  (jQg  ^  log  (^  gj^s  ^)  J^ 

By  integration  by  parts  we  have 

—  re-^'Jc^o..  coswcZo)  =  -  c  fV''^^"'^^^"  sin'^  Wo); 

I^j\'r^ccos.  ^^g  ^  l(^g  (^  gi^2  ^)  ^^  =  _  L-f  JV''^^^^"  cos  ft)(?© 

-  c  pe^'-^^os'^  sin'* « log  {r  sin'*  co)  e?a). 

Thus  the  preceding  equation  is  reduced  to 

J+  i  J  -  ac  f  V**^^^^"  c7a)  +  5c  fV'"^^"'^^"  log  (r  sin^  o))  e?«; 

and  this  coincides  with  the  second  equation  (c)  by  reason  of  the 
value  of  f. 

I  put  5  =  0  and  suppress  the  second  term  of  the  value  of  ?; 
otherwise  ^  would  become  very  large  near  the  centre  of  the  lamina 
and  infinite  at  the  centre  itself.    We  have  then  simply 

f  =  a  fV^^^**  doo, 

J  0 

%  which  is  the  same  thing, 

J  0  Jo 


104  POISSOK. 

By  reason  of  the  third  equation  Qi)  we  shall  have 

W  IT 

•'0  ^  0 

and  if  we  replace  ca'  by  another  constant  —  7^,  we  shall  have  for 
determining  7  the  equation 

IT 

1    COS  (7  cos  O))  Jo)  =  0  ({). 

•'0 

The  value  of  ?  will  become 

'2      7r  COS  ct)  , 
cos aft), 


where  ^  is  put  instead  of  a.     I  substitute  this  value  in  the  first 
equation  {g) ;  then  integrating  we  have 


a 


It  IT 

dz     aoL  n  .    ryr  COS  ft)    ^ft)       aa^  f  ^  / 
dr      y  J  a       cos  00     rfrJ^X 


ryr  COB  (o\     dco    ,  G 
.  COS-^^ T"  +  7' 

a      J  COS  0)     r 


(7  being  the  arbitrary  constant.  In  order  that  -j-  should  not  be- 
come very  large  for  very  small  values  of  r,  and  infinite  for  r  =  0, 
we  must  have  (7  =  0.     For  r  =  a  we  shall  therefore  have 


rr  IT 

^  =  —     sm  (7  cos  ft)) ■ 2      {1  -  cos  (7  cos  ft))  j 

7^0  ^  cos  ft)       7    Jo 


dco 


2    > 

cos  ft) 

this  equation  will  serve  to  determine  the  constant  a,  from  the  known 
value  of  y8  or  V2^.  Integrate  again,  and  denote  the  arbitrary  con- 
stant by  /;  thus  we  shall  have  for  the  equation  to  the  required 
surface 

yr  cos  G)\    doi 


J.    aoc  fVi  7rcosG)\    d(L 

;  =  -f -^  1  _  COS 2 

•^      7   io  \  a      /  c^^ 


tta'*  f  2  r  r/.  7^  cos  ft)\  <fr1    ift> 


cos  ft) 

in- 


If  we  suppose  that  the  integral  with  respect  to  r  which  is 
dicated  in  the  last  term  of  this  formula  begins  with  r,  the  cons  an 
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/will  be  the  sagitta  of  this  surface,  that  is  to  say,  the  value  of  the 
ordinate  z  corresponding  to  its  centre,  that  is,  to  r  =  0.  From  the 
second  equation  {h)  the  value  of/ will  be 

77*  cos  G}\  dr\     dco 


IT 

-  ^  [1  -  COS  (7  COS  G))] 


cos    ft) 


We  can  replace  by  convergent  series  the  definite  integrals  which 
occur  in  these  different  formulae.  In  this  manner  the  equation  (^) 
will  becojne 

^ -'^+ (A?- (tIW^  ■"•••=' ^'^' 

where  27  has  been  put  for  7.  The  values  of  7^  which  can  be  de- 
duced from  this  equation  are  known  to  be  infinite  in  number,  and 
all  real  and  positive ;  the  least  of  them  is,  very  nearly, 

7^=1-46796491. 

This  number,  which  occurs  in  several  problems,  has  been  cal- 
culated by  M.  Largeteau,  secretary  of  the  Bureau  des  longitudes, 
[Poisson  gives  no  reference  with  respect  to  the  roots  of  the  equation 
just  considered;  the  statements  are  proved  in  the  memoir  by 
Fourier  entitled  TMorie  du  Mouvement  de  la  Chaleur.  Mem.  de 
I' Acad.    Tome  IV.  1819,  1820,  page  432.] 

We  shall  have  at  the  same  time 

o^TmJ       7V         7V  7V         ,       I 

2  r~'^+"(r:2)v  (i.2.3ra^^-')' 

^^TTOrf        yV  i'r' 7V^  1 

dr       4    t        2"o?"^3(1.2)^a*     4  (1 .  2.3y^a«"^  •*')' 


^         8 


f ""  i^"^9ir:2)v""  16  (1 . 2.3ra«^  •••)  • 
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The  equations  on  whicli  the  values  of  a  and  /depend  will  be 

^^    4    I        2  "^3(1.2)^     4(1. 2. 3)^  "^•••J' 

*^"*'     8     \         4^9(1,2)^      16(1.2.3)'"^  '"J' 


Traa 


[thatis,/+^  =  Oby(Z.)]; 

this  shews  that  cceteris  paribus  the  sagitta  f  will  be  proportional 
to  the  radius  of  the  lamina  a ;  if  we  take  the  smallest  value  of  7^ 
we  shall  have 

/=-a^  (1-60197). 

For  this  value  of  7^  the  ordinate  z  will  have  the  same  sign  as  / 
throughout  the  lamina ;  and  there  will  be  no  sinuosity  in  the 
lamina;  hence,  disregarding  the  sign,  z  will  decrease  continually 
from  the  centre  to  the  perimeter ;  and  thus  it  is  that  /  has  the 
contrary  sign  to  /8. 

dz 
[We  have  to  shew  here  that  -^  cannot  be  zero  for  the  smallest 

dr 

value  of  7^  except  when  ^  =  0.     Let  F{r^)  denote  the  left-hand 

member  of  equation  {h),  so  that 

tten  ^■(,).-.,{,.|  +  _JL^-...}. 

dz 
Hence  if  -7-  could  vanish  for  a  value  of  r  between  0  and  a,  we 
dr 

should  have  F'{i)  =  0  for  a  value  of  7'  less  than  1-46796491.    But 

this  is  impossible  for 

jP  (ry)  =  -    I       COS  (27  COS  (O)  do), 
It 

4  riT 
F'{y)=i I    sin  (27  cos  w)  cos  o)da> ; 

and  F'{y)  is  certainly  negative  so  long  as  27  cosoi  is  less  than  tt, 
and  is  therefore  negative  if  7^  lies  between  0  and  1*4679649. 
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We  may  add  tliat  the  equation  F'  (7)  =  0  will  hare  real  roots, 
namely,  a  root  between  each  consecutire  pair  of  roots  of  F{^)  =  0 ; 
this  will  be  useful  to  remember  in  reading  Poisson's  next 
paragraph.] 

If  we  substitute  successively  in  the  expression  for  z  different 

values  of  7^  derived  from  equation  {K)  we  shall  obtain  as  many 

different  figures  of   equilibrium   of   the   circular  lamina.     Their 

number  will  be  infinite  like  that  of  the  figures  of  the  ordinary 

lamina  which  is  curved  in  only  one  direction ;  and  the  number  of 

their  sinuosities  will  augment  more  and  more  with  the  value  of  7^ 

which  is  used.    This  number  will  be  zero,  as  just  stated,  and  there 

will  be  no  inflexion  of  the  lamina,  for  the  smallest  value  of  7^.    In 

all  cases  the  inclination  of  the  tangent  plane  will  be  zero  at  the 

dz 
centre  of  the  lamina;   for  from  the  value  of  z  we  have  -7-  =0 

dr 

when  r  =  0. 

121.  Here  Poisson's  memoir  closes.  The  last  eleven  pages  of 
the  memoir  have  been  spent  on  a  problem  which  is  only  a  case  of 
a  single  integral.  It  may  be  useful  then  to  give  a  solution  of  the 
problem  in  a  simpler  form  than  Poisson's. 

Let  O0,  Or  be  two  axes  at  right  angles  and  suppose  a  surface 
formed  by  the  revolution  of  a  curve  round  the  axis  of  z,  (See 
figure  3.)  The  principal  radii  of  curvature  at  any  point  of  a  sur- 
fece  of  revolution  are  the  radius  of  curvature  of  the  generating 
curve  and  the  length  of  the  normal  at  the  point  between  the  point 
and  the  axis  of  revolution.     Denote  these  by  p^  and  p^ ;  then 

d'^z  dz^ 

1  _         1?  1^ dr 

The  expression  which  we  have  to  make  a  minimum  is 
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If  we  adopt  the  approximation  of  Poisson,  that  is,  if  we  reject 
terms  of  the  fourth  degree,  we  get 

Thus  we  may  put 

dz  f 

where  j?  =  ^  ;  and  we  have  to  make  /  Vdr  a  minimum.    By  ordi- 
nary rules  then  we  have 

therefore  c^  _  .£  _^  =,  a  constant  =  (7 ', 


d^z     1  dz  ^, 

dr      T  dr 


C 
Now  put  z =  v ;  thus 

d^v  ,  1  ^^  __ 
dr^      r  dr 


Hence  assuming  Poisson's  integral  of  this  differential  equation 
we  get  the  value  of  v ;  and  thus  finally 

z^A  f  V'^^^^"  ^Qj  +  P  f  V'^^  -  log  (r  sin'  m)  dm  +  C, 

where  -4,  jB,  C  tire  arbitrary  constants. 
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The  integrated  part  of  S  I  Vdr  is 

We  have  now  to  determine  the  constants  A,  B^  C  and  c. 

We  may  obviously  give  C  any  value  we  like,  for  this  amounts 
to  pushing  the  surface  along  the  axis  of  z  without  making  any 
change  in  the  value  of  any  element  of  fVdr,     Suppose  then 

(7=0. 

Now  by  hypothesis  the  area  is  given,  that  is,  to  our  order 
of  approximation  the  value  of  the  integral 


'IH$)] 


^■^   \i  +  7ihz)\rdr, 


extended  over  all  admissible  values  of  r  is  given.  Let  us 
suppose  with  Poisson,  that  the  boundary  of  the  surface  is  a  circle 
of  radius  a ;  then 

SttI    -jl  +  nf^)*  ^^^  ==  ^  given  finite  quantity. 

Now  unless  B  =  0  this  integral  will  be  infinite  and  therefore 
cannot  be  equal  to  a  given  finite  quantity.  We  must  therefore 
have  B=0,  and  then  the  fact  of  the  area  being  given  supplies 
a  condition  for  determining  A  in  terms  of  c.  We  must  examine 
the  integrated  part  of  the  variation.  Since  the  limits  of  r  are 
fixed,  namely  0  and  a,  the  variation  Sr  is  zero  at  both  limits. 

Also  y-^ -1-^  =  0  when  r=0;  thus  to  make  the  integrated  part 

vanish  all  that  is  necessary  is  that  r  -^  +j>  should  vanish  when 
^=a.    This,  by  reduction  as  in  Poisson,  leads  to 


J  0 


and  shews  that  c  must  really  be  a  negative  quantity ;  from  this 
equation  c  must  be  found  in  terms  of  a. 
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The  results  of  this  solution  are  thus  the  same  as  those  of 

dz 
Poisson's  if  we  omit  that  statement  of  his  that  -j-  is  gimn  at 

dz 
the  limit.     If  -j-  were  given  at  the  limit  the  integrated  part  of 

hlVdr  would  all  vanish;  and  instead  of  the  equation 

for  determining  c  we  should  have 

—  A  \    e  "-  ^^^^"^  JccoBcodQ)=l3, 

•^  0 

dz 
where  ^  is  the  given  value  of  j-  when  r  =  a.     The  constant  a 

in  Poisson's  solution  ought  to  he  found  from  the   circumstance 
of  the  area  being  given. 

It  should  be  observed  that  some  of  Poisson's  expressions  might 
be  put  in  a  simpler  form  than  he  has  adopted.  For  from  the  values 
of  ^  and  z  at  the  bottom  of  page  105  we  see  that 

This  might  also  be  obtained  from  equations  (g);   for  they  will 
give 

d'i^^cz)      1  d{^--cz) 
dr'       ^r        dr       "~    ' 

and  by  integrating  and  determining  the  constants  we  shall  obtain 
the  above  value  of  z.    And  with  that  value  of  z  we  can  give  simpler 

forms  for  ^  ,  /3,  0,  and/,  in  terms  of  a  definite  integral,  than  those 

on  pages  104  and  105. 


(  111  ) 


CHAPTER   V. 

OSTROGRADSKY. 


122.  On  the  24th  of  January  1834,  a  memoir  was  communi- 
cated by  M.  Ostrogradsky  to  the  Academy  of  Sciences  of  St  Peters- 
burg, entitled  MSmoire  sur  le  Calcul  des  Variations  des  IntSgrales 
multiples.  This  memoir  is  published  in  the  sixth  series  of  the 
memoirs  of  the  Academy  of  St  Petersburg ;  the  volume  is  dated 
1838,  and  is  called  the  third  volume  of  the  section  comprising  the 
mathematical,  physical,  and  natural  sciences ;  it  is  also  called  the 
first  volume  of  a  section  including  only  the  mathematical  and 
physical  sciences.  The  memoir  occupies  twenty-four  pages.  The 
memoir  is  also  published  in  Crelle's  Journal,  Vol.  XV. 

We  shall  give  here  the  whole  of  Ostrogradsky's  memoir;  its 
object  will  be  seen  from  the  introductory  paragraphs.  Ostrogradsky 
confirms  some  of  the  results  obtained  by  Poisson  which  have 
been  given  in  the  preceding  chapter  of  the  present  work ;  and  he 
points  out  the  error  of  Euler  and  Lacroix  which  has  been  alluded 
to  in  Articles  39  and  40.    We  now  proceed  to  the  memoir. 

123.  The  application  of  the  method  of  variations  to  functions 
™ch  comprise  integrals  with  respect  to  only  one  variable  may 
"6  considered  perfect  with  respect  both  to  simplicity  and  to  gene- 
^^hty.  But  this  is  far  from  being  the  case  when  we  have  to  obtain 
the  variation  of  a  multiple  integral  which  involves  different  vari- 
ables. Certain  questions  relating  to  this  case  seem  to  require  more 
generality  than  is  possessed  by  the  Calculus  of  Variations  as  La- 
S^ange  has  exhibited  it.  This  might  lead  us  to  believe  that  the 
P^nciples  of  that  great  mathematician  have  not  been  Suitably 
applied,  or  that  the  principles  themselves  are  not  always  sufficient. 
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It  is  doubtless  for  this  reason  that  M.  Poisson,  in  a  memoir 
which  he  read  to  the  Academy  of  Sciences  at  Paris,  on  November 
10th,  1831,  thought  it  necessary  to  add  to  the  principles  of  the 
Calculus  of  Variations  which  were  established  by  Lagrange,  a  sort  of 
new  principle,  which  consists  in  regarding  the  independent  variables 
of  the  question  as  functions  of  other  auxiliary  variables.  The  latter 
disappear  of  themselves  in  the  course  of  the  investigation ;  but  by 
making  use  of  them  in  the  case  of  two  independent  variables  x  and 
y,  M.  Poisson  has  not  been  compelled  to  consider  the  variation  hx 
as  a  function  of  x  only,  and  the  variation  hy  as  a  function  oiy  only; 
a  limitation  which  all  mathematicians  who  have  investigated  the 
variation  of  the  partial  differential  coefficients  of  a  function  of  two 
variables  have  been  in  some  way  forced  to  make  by  the  nature  of 
their  process. 

Nevertheless  the  supposition  that  hx  is  independent  of  ^,  and  that 
hy  is  independent  of  a;,  seems  to  follow  from  the  most  simple  and 
elementary  principles  of  the  differential  calculus ;  and  so  long  as  it 
remains  unproved  that  these  principles  are  insufficient  or  that  an  in- 
accurate application  has  been  made  of  them,  it  would  be  a  question 
whether  the  formulae  given  by  M.  Poisson  for  the  variation  of  the 
partial  differential  coefficients  of  a  function  of  two  variables  ought 
to  be  preferred  to  those  of  Euler  and  other  mathematicians  which 
have  the  same  object.  It  is  true  that  the  latter  are  a  particular  case 
of  the  former ;  but  perhaps  this  particular  case  is  that  which  must 
always  exist. 

We  now  decide  this  question  Jn  favour  of  the  formulae  of  M. 
Poisson.  We  shall  shew  that  the  mathematicians  who  have 
treated  of  the  variation  of  double  integrals,  including  Euler  himself, 
have  not  differentiated  the  partial  differential  coefficients  of  the  prin- 
cipal variable  with  regard  to  the  symbol  S  correctly.  But  at  the 
same  time  it  will  be  seen  that  the  introduction  of  auxiliary  variables 
into  this  kind  of  question  is  not  necessary.  The  memoir  of  M. 
Poisson  on  the  Calculus  of  Variations  will  always  be  cited  in  the 
history  of  differential  analysis.  There  for  the  first  time  was  given 
the  complete  variation  of  a  double  integral ;  it  is  deduced  from  the 
consideration  of  auxiliary  variables.  But  it  is  quite  possible  to 
restrict  ourselves  to  the  principles  of  the  immortal  author  of  the 
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Mkanique  Analyttgue ;  for  those  principles  combine  extreme  sim- 
plicity with  all  the  necessary  generality. 

We  will  first  point  out  the  inaccuracy  which  has  escaped  the 
notice  of  mathematicians  who  have  investigated  the  variation  of  the 
partial  differential  coefficients  of  a  function  of  two  variables ;  and 
we  will  then  indicate  a  method  for  finding  the  variation  of  any  mul- 
tiple integral. 

124.     Let  us  denote  by  z  any  function  of  the  two  independent 

variables  x  and  y :  and  put  -7-  =  ^',     -r-  =  ^  »    -t-t>  =  z'\    ^ — t-  =  ^/, 
^  ^     ax  dy       ' '    dx^  dxdy      ' 

T~2  =  ^,/?  3;nd  so  on.     Then  let  us  give  to  the  quantities  x^y^  z, 

respectively,  the  simultaneous  increments  Bx,  By,  Bz,  which  we  will 
regard  as  indefinitely  small  arbitrary  function^  of  x  and  y ;  in  con- 
sequence of  these  increments  the  quantities  z',  z^ ,  z", . . .  will  become 
respectively  z'  -j-Bz',  z^  +  Bz^,  z"  -f  Bz'\  ... ;  we  propose  then  to  de- 
termine the  variations  Bz',  Bz^,  Bz",  ... 

dz 
Consider  first  Bz'.     Since  z'  ^-j-  it  was  supposed  that  in  order 

to  obtain  Bz'  it  was  necessary  to  differentiate  in  the  common  way 

the  quantity  -7-  with  respect  to  B;  and  this  gave  the  inaccurate  re- 
(tx 

suit  hz'=^~-z'^.     [See  Art.  39.]      In  order  to  discover  the 
CiX  ax 

source  of  this  error  we  have  only  to  ascend  to  the  origin  of  the 

quantity  Bz  ;   let  us  denote  for  an  instant  x-{-Bxyy  +  By,  2;  -f  Bz, 

respectively  by  X,  Y,  Z;  we  shall  then  have  obviously 

.     r.  ,      dZ 

and  8^'=:g_s'. 

The  partial  difFerential  coefficient  z  is  taken  on  the  supposition 

that  y  is  invariable ;  and  the  partial  differential  coefficient  ^  on 

*he  supposition  that  F  is  invariable,  that  is,  on  the  supposition 

8 
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that  ^  +  Sy  is  invariable.    But  it  was  supposed  that  the  differential 

coefficients  z'  and  -y^  were  both  obtained  on  the  same  supposition, 

namely,  that  d'y  =  0 ;  and  this  is  the  inaccuracy  to  which  we  have 
referred. 

Kestore  for  X,  F,  Z  their  values  x-\-hx^  y  +  %,  «  +  S^.     We 
shall  obtain 

^  ,  __d{z-^lz)       ,  _d{z-\'hz)  -zd{x  -f-  Ix)  ^ 
""  df  (a?  +  Sa?)         "~  d{x-\-  Bx)  ' 

the  differentials  d  {z  +  Bz)  and  d{x+  Bx)  are  to  be  taken  on  the  sup- 
position that  d{y  +  By)  =  0. 

But       d{z  +  Bz)  =  (.'  +  ^)dx+(z,  +  ^)dy, 
d{x  +  Bx)  =  (^l  +  ^)dx  +  ^dif, 

substitute  these  values  of  €?  (^f  +  Bz)  and  d  {x  +  Bx)  in  the  last  value 
of  Bz' ;  we  shall  obtain 

fdBz  ^  ,  dBx\  7    ,  /      ,  dBz  ^  ,  dBx\  , 
rs  ,_  \dx  dx )  \   '      dy  dy )   ^ 

"  ( ^   .  dBd6\  J       dSx  y  ' 

and  at  the  same  time 

Eliminating  dx  and  di/,  we  have 

(dSz  _   , ^ _    %^  A   ,  ^\  _  fdBz      ,dSx       Sy\  d^ 
.,     \dx      ""  dx     '''dxJK^  dy)      [dy     '''dij'^' dy)  dx 

/i+^Vi7^i-— -^/ — 

V        dx  J  \         dy)      dy    dx 
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And  from  this   by  including  only  small  terms  of  the  first 

order  we  have 

^  t     dhz  ^  ,  dSx        dSi/ 

dx  dx       '  dx  ' 

If  we  compare  this  value  hz'  with  the  former,  namely, 


dhz       ,  dBx 
dx  dx 


Bz'^~^z'-^  , 


we  see   that   by  assuming  dy  =  0  instead  of  d{y  +  St/)  =  0,   we 

suppress  in  Bz'  the  term   z^  --^  which  is  of  the  same  order  of 

magnitude  as  Bz',  and  which  by  the  principles  of  the  Differential 
Calculus  ought  to  be  retained. 

Suppose  that  the  quantity  By  is  independent  oi  x;  we  shall 

have  -T^  =  0,  and  Bz'  =  -^  —  z'  —^ ,  which  is  the  result  obtained 
dx  dx  dx 

dz 
by  differentiating  in  the    ordinary   way  the   quantity  -j-  with 

respect  to  B.     And  it  is  easy  to  see  that  on  the  hypothesis 

■^  =  0  the  common  differentiation  is  allowable;   for  since  then 

^  (2/  +  Sy)  =  ( 1  +  -T^j  dyy  if  we  put  d  {y-\-  By)  =  0,  we  have  ob- 
viously dy^O)   then  in  the   expression  ^^'  =  ^L+gJ  "^^'>  *^® 

partial  differential  coefficients  z'  and  ^^^gjy  ^^^  '^^^^  formed 
on  the  same  supposition,  namely,  that  dy  =  0. 

It  is  evident  that 

^,     dBz       ,dBx        dBy      „.    ,     ,.    .  djBz-zBx'-z^By) 

We  shall  obtain  in  the  same  manner 

Bz,  =  z,Bx  +  z,py  + -^ 

8—2 
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For  the  differential  coefficients  of  the  second  order  we  have 

d{z'  +  Bz') 
^^  -d{x  +  hx)      "  ' 

.,     d{z'  +  hz')      ..,      d{z,  +  Sz) 
^^•=d[y  +  By)~^'  -d{x+Sx)      "•' 

Then  we  shall  obtain  the  variations  hz",  Sa/,  Ss„  by  changing 
z  into  z'  or  z,  in  the  values  of  8a'  and  8z,.     Thus  we  shall  have 

,  t.  t.       dlBz,  —  z'Bx  —  zSy) 

K  =  «'»8^  +  ^..^  +  -^ — '^ — '^  ■ 

Therefore 

And  similarly  we  can  find  the  variations  of  the  differential 
coefficients  of  the  higher  orders. 

[These  results  agree  with  Poisson's;  see  Art.  102.] 

125.  The  preceding  method  shews  sufficiently  how  by  ^^^^ 
application  of  the  characteristic  8  to  the  partial  differential  coeffi- 
cients z\  z^,  z'\  ...  we  can  find  the  variations  of  these  differentia 
coefficients.  But  it  is  better  to  seek  the  variations  hz\  &,,  ^^  '  " 
by  the  use  of  total  differentials. 
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In  order  to  consider  the  subject  with  due  generality,  let  us 
designate  by  w  a  function  of  as  many  quantities  x^y^z,  ..•  as  we 
please,  and  suppose  that  the  variable  u  and  the  independent 
quantities  a;,  y,  ^,  ...  receive  simultaneously  the  increments  Sw, 
&,  8y,  &, ...  which  we  shall  consider  as  arbitrary  functions  of 
all  the  independent  variables. 

In  order  to  find  the  variations 

^du     ^du     ^du 
dx^     dy^      dz  ^  *** 

due  to  the  increments  8u,  8x,  Sy,  S^, ...  let  us  take  the  funda- 
mental equation 

Sdu  =  d8u ; 
put  for  dSu  its  value 

dBu  y       dSu  ,       dBu  ,    . 

and  for  du  its  value 

du  J        du  J    ,   du  J    . 

develop  hdu^  that  is, 

in  the  following  manner ; 

Tiff    -^(Ts^     ^^  ^^ 4-  —  ^^  4-  ^  —  4-       \dx 
^""V  ^     ^  cfcc      dy  dx      dz  dx      '*  / 

/  ^  du     du  dSx     du  dZy     dw  dZz  \  , 

\  dy     dx  dy      dy  dy      dz  dy      "*  / 

/rv  du     du  dSx     du  dSy     du  dBz         \  j 
\  dz     dx  dz      dy  dz      dz  dz      *"  J 
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Now  equate  the  coefficients  of  the  arbitrary  quantities  efej, 
efo,  ...  and  we  have 

^du  ^  dBu     du  dhx     du  dhy     du  dBz 
dx^  dx      dx  dx      dy  dx      dz  dx  *■•*•' 

^du ^  dSu     du  dSx     du  dBy     du  dSz 
^y^  ^y      ^^  dy      dy  dy      dz  dy  "^ '"^ 

c.du_  dSu  ^  du  dSx  ^  du  dSy     du  dBz 
dz"^  dz      dx  dz      dy^dz  '^'Sz^dz  "^ ''"* 


It  is  easy  to  give  to  these  expressions  the  following  form  ; 
^du      d\  ^        d\    ^    ^    d%   ^ 


dx 


^du      d\  ^        d'u  ^         d^u    , 


dv 


ay 

^du       d\   5,     ,     d%    ^        d%  ^    , 

dz 

For  abbreviation  put 

thus     sf^=?^&«  +  /^8y  +  ^!?^S.+      +^ 
dx      d^  dxdy'^y^dxdz^'^^-'^^b^' 
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dy"" dxdy  dy^    ^     dydz  "*       dy    ' 

^du       d^u    ^     .    d^u    ^    ,    d%   ^     ,         ,  dDu 
dz      dxdz  dydz  ^       dz"^  dz 


We  may  remark  that  the  terms  which  do  not  involve  Du  in  the 
preceding  formulae  are  the  ordinary  differentials  of  the  quantities 

du    du     du  .11/.,.  n  1 

«*,  "T- ,  ^  ,  ^  , ...  considered  as  functions  of  cc,  j^,  «, ...  and  sup- 
posing that  the  differentials  of  cc,  y,  2j, ...  are  8a?,  8^,  82?, ...  If  then 
we  denote  by  the  symbol  A  the  differential  of  a  function  of  a?,  ^, «,  ... 
due  to  the  increments  8a?,  8y,  S^j,  ...  we  shall  have 

8te  =  A?^  +  Du^ 

^du  _^  .du     dDu 
dx  ^      dx       dx   ^ 

^du  ^  .  du     dDu 
dy"      dy       dy   ' 

^du  ^  .  du'  dDu 
dz  ^      dz       dz    ^ 


It  is  not  difficult  to  find  the  variations  of  the  higher  differential 
coefficients -7-2  ?  j  3  »  •••  5  1*  ^^7  ^^  easily  seen  that  we  shall 
We  generally, 

d^dy'^dz''...  "     doidy'^dz^...     doidy'^dz''../ 

[The  method  of  this  Article  appears  less  clear  than  that  in 
Art.  124 ;  there  is  a  want  of  definition  of  what  is  meant  by  such 

a  symbol  as  8  ^ .     In  the  first  method  definition  is  given  and 
dx 

consequences  deduced  firom  it;  the  formulae  given  in  the  present 

Article  may  be  obtained  by  the  fitrst  method.    An  additional 

advantage  in  the  first  method  is,  that  we  can  see  more  easily  to 

what  order  of  approximation  the  results  are  true.] 
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126.    What  has  now  been  given  will  suffice  for  finding  the 
variation  of  a  function  U  which  involves  u.  x,y,z,...  and  the 
differential  coefficients  of  m  with  respect  to  the  variables.  We  have 
only  to  take  the  differential  of  Z7  supposing  that  all  the  quantities 
^  ,,  .        „  ^....   receive    their    variations    denoted    by   the 
symbol  i.     But  since  the   variations  of  each  of  the  quantities 
M  —    ...  is  composed  of  two  indefinitely  small  quantities,  we  may 
by  the  principles  of  the  Differential  Calculus  augment  x,  y,  s,  ... 
by  Sx,  By,  Bz, ...   and  give  to  u,  g, ...  at  first  only  the  former 
parts  of  their  variations,  namely  Am,  A  ^ , ...    Thus  we  shall  ob- 
tain an  increment  for    U  which  will  form  the  first  part  of  the 
variation  BU.    Then  without  changing  x,  y,  z, ...  we  can  augment 
u  and  its  differential  coefficients  by  the   second  part  of  their 

variations  Du,  ^,  -  J  ^^^  increment  which  the  function  U  will 
in  consequence  receive  will  form^  the  second  part  of  the  variation 
oiU. 

The  first  part  of  the  variation  8^7  will  evidently  be 

where  ^  means  the  complete  differential  coefficient  of  U  with  re- 
dx 

spect  to  a;,  and  ^the  compUte  differential  coefficient  with  respect 
to  y,  and  so  on.  Let  us  denote  by  X>?7the  second  part  of  the 
variation  8  ?7;  this  part  is  due  to  the  increment  Du  of  the  quantity  «, 
this  increment  being  ascribed  to  u  wherever  it  occurs  in  TJ.  We 
shall  then  have 

iU^^^Bx  +  ^^By  +  ^Bz+..,+DU. 
ax  ay   ^       dz 

We  abstain  from  writing  tte  development  of  the  differentia 
DV. 
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127.  Let  us  now  proceed  to  find  the  variation  of  the  definite 
integral 

F=  \Udxdydz ... 

taken  for  all  the  values  oix,  y,  z  ...  which  satisfy  the  inequality 

L  <0, 
L  being  a  function  of  x,  y,  z,... 

The  variation  of  the  integral  / Udx dydz  ...  is  obviously  equal 
to  the  sum  of  the  variations  of  all  its  difierential  elements ;  thus  in 
order  to  obtain  SFwe  have  only  to  take  the  integral  of  the  variation 
h  ( Udx dydz  ...);  this  will  give 

BV==JB{Udxdydz,..). 

But  by  the  principle  of  the  Differential  Calculus 

h{Udxdydz  ...)  =^hUdxdydz  ...  +  Uh{dxdydz  ...) ; 
thus  by  the  preceding  article 

B{Udxdydz  ...)  =  (-j-Bx-}'--j-Sy+  -^Sz  +  ...jdxdydz  ... 

+  UB  {dx dy  dz  ...)  -^  DUdx dy  dz ... 
Therefore 

+  jDUdxdydz ... 
We  shall  presently  prove  that 

hence  it  will  follow  that 

J  \     dx  dy  dz  ) 

+  \BTJdxdydz  ... 

The  differential  coefficient  ^ ,  ^^  is  total  with  respect  to  a;, 
and  -^     ^'  is  total  with  respect  to  y,  and  so  on. 
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128.  We  will  now  investigate  the  variation  S{dxdi/dz  ,,.), 
Suppose  x  +  Bx  =  X,  y-\-By=^Y,  z  +  Bz  =  Z,  .,.;  we  shall  have 

h{dxdydz  ...)  =dXdYdZ ...  -dxdydz  ... 

The  quantities  X,  Y,Z...  are  functions  of  x,  y,z,...\  to  obtain 
dX  we  have  only  to  differentiate  X  in  the  ordinary  way  and  sup- 
poseF,  Z,  ...   constant.     Thus 

,^-     dX  7    .  dX  7    .  dX  J 

,     dY  ,    .  dYj  ^  dY,  ^ 
«  =  ^^  +  ^^^  +  -^^' ■*■•••' 

^     dZ  ,    ,  dZ  J    ,  dZ  J    , 


From  these  we  shall  derive 

^fdX  dY  dZ    \^^ 
y^         \dx  '  dy'  dz  '") 

^^-      „  (dY  dz    \     ' 

b    -7—.  -y-  ... 
\ay    dz      J 

We  have  followed  the  notation  of  M.  Cauchy,  and  denoted  by 

8{a,h,c...) 

the  result  of  eliminating  the  quantities  p,  q,  r,  ... 

which  satisfy  the 

equations 

Q  =  ap-\'a^q-\-a^T-\-  ..., 

0  =  5p  +  6,2  +  *2^  +  ---» 

0=  cp+  0^2'+  C/+  ..., 

We  suppose  that  the  term  a\c^...  in  the  result  is  taken  with 
the  positive  sign. 

To  obtain  c?Fwe  must  differentiate  Fand  suppose 
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that  is,  dx  =  0,  dZ^  0,  •.. ;  thus 


^     dZ  ,      dZ  ^ 


jgfdY  dZ    \^ 
whence  dY=        ^.jJ    .        . 

We  shall  obtain  in  the  same  manner 

and  so  on.     The  denominator  of  the  last  differential  will  be  unity ; 
for  if,  for  example,  Zwere  the  last  variable,  we  should  have  had 

dZ=^dz. 


Now  form  the  product  dX.  dY.dZ...;  we  have 

therefore 


dX.dY.dZ,.,  =  S{-^.-^.-^..Adxdydz  ... ; 


H^dydz...)^\8(^^.^^.^..)-l]dxdydz... 

The  principles  of  Differential  Analysis  require  that  in  calcu- 
lating the  coefficient 

fdX.   dY  dZ    V  ^ 
\dx  ^  dy  '  dz  "  / 

we  should  take  account  only  of  infinitely  small  quantities  of  the 

first  order,  because  ^(f^fyf^'")  is  an  indefinitely  small  quantity  of 
dxdydz,.. 

*lie  first  order.    But  except  the  term  -j- . -j- .  -^  ...  all  the  terms 
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.      ^(dX  dY  dZ    \         ^f  the  second  order  at  least;  thus  the 
^  ^[d^'  dy-dz"-J  _       .  ,     ^    .     ^ 

following  is  true  as  far  as  quantities  of  the  first  order . 

^fdX  dY  dZ    \^dX  dY  dZ    ^ 

^\dx'  dy'  dz'")      dx'dy'dz 

Hence      M^^.'^-)  =  (ff  f  -  "  ^)  ^-'^^^- 

Eestore  for  X,Y,Z,...  their  values  x  +  hx,  y +  ^y,  ^  +  ^^>-' 
we  shall  then  have 

s(«,*...)-{(i.t)(>+f)0+S)--'}'*^**- 

Therefore  retaining  only  small  quantities  of  the  first  order 

[This  result  may  he  simply  found  as  follows;   suppose  for 
example  three  variables,  and  take  the  equations 
,^     dX;.    ,  dX.      dX, 

„     dY,    .  dY,      dY, 

„     dZ  ,    ,  dZ  ,      dZ  , 
""^l^^^Ty^y^Tz^'^ 

The  second  and  third  equations  shew  that  dy  and  ds  are  oi 

the  second  order  compared  with  cfo;  for  -^  and  ^  are  indefinitely 

small  while  ^  and  ^  are  finite.     Hence  if  we  reject  terms  of 
dy  dz 

the  third  order 

dX=  -T~dx. 
dx 

Similar  equations  hold  for  dY  txsA  dZ;  therefore 

dXdYdZss.  -J- ,--_.__  dx  dy  dz 
dx    dy    dz         " 
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where  terms  of  the  second  order  are  rejected.     Thus 

8(*.**).{(.^f)(.H.f)(l  +  f)-x},fc..*. 

With  respect  to  some  of  the  points  suggested  by  this  article 
the  student  is  referred  to  Chapter  xi.  of  the  Treatise  on  the  Integral 
Calculus.] 

129.  Before  proceeding  further  we  will  determine  the  limits 
of  the  variables  a?,  ?/,  2? ...  in  the  integral 


I  Udxdydz  ... 


when  extended  to  all  the  values  of  cc,  y,  0...  which  satisfy  the 
inequality  i  <  0  so  that  at  the  limits  of  the  integral  we  have  L  =  0. 
We  propose  to  integrate  first  with  respect  to  a?,  then  with  respect 
to  y,  then  with  respect  to  z,  and  so  on. 

Assume  that  the  equation  i  =  0  when  solved  with  respect  to  x 
gives  only  two  values  for  this  variable  x^  and  x^.  These  values 
are  the  limits  of  the  variable  x,  and  supposing  that  the  function  L 
continues  negative  for  values  of  x  comprised  between  x^  and  aj^, 
we  must  integrate  the  expression 


I  Udx  dydz  . . 


from  x  —  x^  iox  —  x^^  supposing  x^  less  than  x^^ .  As  to  the  quan- 
tities ?/,  2?,  . . .  we  must  ascribe  to  them  all  values  which  allow  x^ 
and  x^  to  be  real,  and  we  must  exclude  all  values  which  make  x^ 
and  x^  imaginary ;  but  in  passing  from  real  to  imaginary  values 
the  roots  x^  and  x^  become  equal,  as  we  know  from  the  theory  of 
equations;  therefore  at  the  limits  of  y^  0, ...  we  shall  have  simul- 
taneously 

T      ^     dL 

If  we  eliminate  x  between  these  two  equations  we  shall  obtain 
^n  equation  in  3/,  «, . . . ;  this  equation  we  will  suppose  gives  two 
values  of  y,  say  y^  and  y^,  which  will  be  the  limits  between  which 
ye  must  integrate  jUdxdydz...  with  respect  to  y;  we  take  the 
Integral  from  the  less  of  the  two  values  y^  and  y^  to  the  greater. 
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We  shall  arrive  at  the  same  result  in  the  following  manner ; 
after  having  integrated  with  respect  to  x  we  ought  to  integrate 
with  respect  to  y  obviously  from  the  least  to  the  greatest  value  of 
this  variable,  supposing  x  and  y  connected  by  the  equation  Z  =  0, 
and  considering  0,..,  as  constant;  differentiating  on  this  hypo- 
thesis we  have 

_  dL      dL  dy  ^ 
dx      dy  dx^ 

in  order  that  y  may  be  a  maximum  we  must  have  j^  =  0,  and  this 

gives  to  determine  the  limit  of  y  the  equation  -7— =0;  this  coin- 
cides with  the  result  already  found. 

To  obtain  the  limits  with  respect  to  z  we  must  treat  the  equa- 
tion  which  results  by  eliminating  x  between  i  =  0  and  ^7  ~  =  0 

precisely  as  we  have  already  treated  the  equation  Z  =  0.     But  we 
may  suppose  that  this  result  of  the  elimination  of  the  variable  x 

between  i  =  0  and  -r-  =  0  is  the  equation  i  =  0,  in  which  we  put 

for  X  its  value  found  from  -^-  =  0.     In  order  then  to  find  the 

ax 

limits  of  z  we  must  differentiate  the  equation  i  =  0  with  respect 

to  y,  considering  a?  as  a  fanction  of  y ;  this  will  give 

dL     dL  dx  ^ 
dy      dx  dy~^    ' 

rIT  JJT 

and  therefore  ^  =  0  since  ^  =  0.     By  eliminating  y  between 

i  =  0  and  ^  =  0  we  shall  obtain  an  equation  which  will  furnish 

the  limits  for  z.    By  proceeding  in  this  way  we  shall  find  the 
limits  for  all  the  variables  which  occur  in  the  integral 


/  Udx  dydz,. 


Thus  we  have  the  following  conclusion ;  the  limits  of  x  are 
given  immediately  by  the  solution  of  the  equation  X^Owith 


OSTRGEOADSKY.  127 

respect  to  x;  the  limits  of  y  are  determined  by  solving  with 
respect  to  y  the  equation  which  results  from  the  elimination  of 

X  between  L  =  0  and  ^  =  0 ;  the  limits  of  z  are  determined  by 

solving  with  respect  to  z  the  equation  which  results  from  the 
elimination  of  x  and  y  between 


and  so  on. 


y.     ^    dL     ^    dL 


We  have  supposed  that  the  equations  relative  to  the  limits 

of  the  integral 

/  XJdx  dydz  , .  • 

give  only  two  values  for  each  of  the  quantities  a?,  ^,  ^,  ...  but  it 
would  be  easy,  from  what  has  been  given,  to  treat  the  case 
where  the  equations  have  more  than  two  roots.  The  number 
of  limiting  values  for  each  variable  a;,  y ,  z,  ...  including  if  ne- 
cessary infinite  values,  must  be  an  even  number. 

130.     We  now  return  to  the  variation 

i\     dx      .       dy  dz  j 

+  jBUdxdydz  ...  ; 

for  shortness  put  UBx^P,  UBy^  Q,  UBz^^B,,..;  we  shall  have 
then 

SV=  K^  +^  +  ^  +  ,..)dxdydz  ...  +fDUdxdydz.... 
J\dx      dy       dz  I        "^  J 

Consider  first  the  part 

of  the  preceding  variation ;  suppose  that  x^^  is  the  greater  of  the 
two  values  x^  and  x^  which  are  ol^ained  by  solving  the  equation 
^  =  0  with  respect  to  x.    We  have 

j^dxdydz  ...      =j{P,-Po)  dydz  ... 
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By  P^  we  denote  the  value  of  P  when  x^  is  put  in  it  for  a?, 
and  by  P^  the  value  of  P  when  x^  is  put  in  it  for  x. 

Since  the  functiou  L  has  a  positive  value  before  it  vanishes 
when  a;  =  a? ,   and    a  negative   value   before   it   vanishes   when 

a;  =  a?j,  it  follows  that  the  differential  coefficient  -j-  is  negative 

f^j,   x=zXq,  and  is  positive  for  x=^x^]  therefore  if  we  take  the 

radical  K/i-j-i)  positively  we  shall  have 

dx 

-P„=    IfdLK     "^^^'°-^  =  ^o^ 

dx 

Substitute  these  values  in  the  equation 

j-j-dxdydz  ...       —  \{P^  —  F^)dydz  ... , 


and  we  shall  have 


dL 


.y^dydz..., 

the  integral  on  the  right-hand  side  includes   only  those  values 
of  X,  y,  z,  ..,  which  satisfy  the  equation  L  =  0. 
In  the  same  way  we  shall  obtain 

dL 


-p  dxdydz  .,.      =    /       )/Ji^^\  ^^ ^^  ' 


f 


j^dxdydz...      =   j..-^dxdy 

V  v^v 


UK 
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^^+^"*"S+--'^^^^^^-- 


dydz...      +  /        .   Wg.   dxdz 


dxdy  ,..  +  ... . 


The  integrals  on  the  right-hand  side  must  be  taken  for 
those  values  of  x,  y,  z,,.,  which  satisfy  the  equation  I/=:0. 
Consider  two  of  these  integrals,  for  example, 

P—  rg^ 

'yr^dydz,.,      and    /      //^tK  ^^^^ 
d?) 


from  the  preceding  article  we  may  easily  see  that  their  limits 
with  respect  to  ^, ...  are  the  same;  further  we  have 

dL   J        dL  , 

for  all  the  elements  of  these  integrals  in  which  the  variables  ^,  ... 

remain  the  same ;  so  that  the  differentials  -j-  dx  and  -7-  dy  are 

G^ual,  neglecting  the  sign.     Thus  if  we  take  the  increments  dx 
^nd  dy  positively  and  also  the  radicals,  we  have 

dy  dx 

\/{d^V    \/\df) 
ft^d  therefore  multiplying  by  dz  ..., 

dy dz  ...       dvdz,,, 

y\M)    y\df) 
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It  is  easy  to  deduce  that  in  general  we  shall  have 
dydz,.,       dxdz  ...  __  dxdy  ,,»  ^ 

Hence,  if  for  shortness  w©  put 

ds==^{dy'dz\..+dx''dz\.,+dx'df...+  ...), 
dy  dz  ,,,        dxdz  ...  _^  dxdy  ...    __ 


By  means  of  these  equalities,  equation  (A)  will  become 

ax  ay  dz 

/(dU     dU     dU  \ 

y\dx''^dy''^dz'  "*"•"; 

We  may,  in  order  to  facilitate  the  integration  of  the  differ- 
ential 

/  ^  dL      ^  dL      TT,  dL  \   _ 

yUx^'^df'^dz'  "^  -7 

instead  of  the  variables  a?,  y,  0,  ...  connected  by   the  equation 
i  =  0  introduce  other  variables  a,  b,  c,  ...  which  are  independent. 

We  must  transform  by  the  usual  method  all  the  elements 
dydz,.,,  dxdz,,.y  dxdy,..,  into  elements  proportional  to  the 
product  da  db  ...;  we  shall  have  such  results  as  dy  dz  ... 
=  A  da  db  ...,  dxdz  ...  =Bdadb  ...,  dxdy ...  =  Gdadb  ...,  where 
J.,5,  0,...  ,  are  finite  functions  of  a,  J,  ...;  thus 

ds^dadb  ...  VU'  +  5'+  0'  +  ...). 
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If  for  example  we  wish  to  integrate  with  respect  to  the 
variables  y,  z,  .,,  we  must  observe  with  respect  to  the  elements 
dxdz  .,,^  dxdy  ,,*^ ,,,  that  we  must  take  the  differential  of  the 
variable  x  in  the  first  considering  y  alone  as  variable,  in  the 
second  considering  z  alone  as  variable,  and  so  on ;  hence 

dxdz  .^.^-j-dydz  ,•.,      dxdy  ,,,  =:-j-  dydz  ,^,y  *,*\  thus 
/(dU     dU     dU         \ 


so  that 


=  dydz jj^ 

\dx^) 


v 


\dxV 


In  the  formula  (B)  restore  for  P,  Q,  B,  ...  their  values  VZx, 
UBt/,  UBz,  .,.;  we  shall  then  have 

ji^iim^iim+^jm+_}d.dydz.... 

(^Sx+^By+^z  +  ...)ds 
■dt     dU     dU' 


that  i 


IS, 


V  W  '^  df      d^  ^"") 


mhd^ 


dL'     dU     dU 
dx''^  df"^  dz'^"" 

9—2 
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and  therefore 

SF=  f-_— -— ^ii-- r  +  JDUdxdydz, 


131.  We  now  proceed  to  indicate  the  reductions  to  be  made 
in  the  term  jDUdxdydz  ...  of  the  variation  SF;  these  reductions 
consist  in  making  as  many  as  possible  of  the  partial  differential 
coefficients  of  the  quantity  Du  disappear  under  the  integral  sign. 

By  means  of  the  formula  (B)  of  the  preceding  article  it  will  be 
easy  to  replace  the  integral  /D Udx dydz  ...  by  the  sum  of  the  two 
integrals  jWDudxdydz ...  and  /@&,  the  first  of  which  like 
/J9 Udx dydz...  relates  to  all  the  values  of  x,  y,  z, ...  which  satisfy 
the  inequality  L<0,  and  the  second  of  which  comprises  only  those 
values  of  the  variables  which  satisfy  the  equation  L  =  0.  The 
function  W  does  not  include  the  variation  Bu ;  on  the  other  hand, 
the  function  @  does  include  it  as  well  as  its  partial  differential 
coefficients  with  respect  to  x,  y,  z,...-,  the  differential  ds  is  the 
same  as  in  the  preceding  section ;  that  is, 

ds-^/{dy^dz^ . . .  +  dx^dz'^ . . .  +  dx'^dy'^ ...  +  ...)• 

Thus  we  shall  have 

j DUdxdy  dz  ...  ==  j WBudxdy  dz  ...  +  j@d»; 

and  therefore 

dx'^  df'^  dz''^' 


The  integrals        1  WDu  dx  dy  dz 
and 


mids 
dU 


are  not  susceptible  of  any  reduction,  but  the  integral  i%ds  may  ^^ 
still  reduced. 
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To  effect  the  reduction  of  J@ds,  we  must  first  of  a-U  replace  the 
variables  x,  7/,  z,  ...  which  are  connected  by  the  equation  £  =  0 
by  other  quantities  a,b,,,.  which  are  independent.  The  number 
of  these  quantities  a,  b,,..  must  be  one  less  than  the  number  of  the 
original  variables  x,  y,  z^  ... 

Now  considering  cc,  ^,  ^,  ...  as  functions  of  a,  J, ...  let  us  trans- 
form the  element  ds  into  an  element  proportional  to  the  product 
dadb  ,..;  we  shall  thus  obtain 

ds  =  Kda db  ,,, 

where  jfiT  is  a  finite  function  of  a,  5, ...     Let  us  also  transform  the 

,.^        .  ,         ^  .     .     dDu     dDu     dDu  d^Du     d'^Du 

ditierential   coemcients  —^ — ,    --j — ,   -j— ,  ....      ,  g  ,     ,    ,  ?  »»»» 
diX        dy         dz  ax        (tx(ty 

.  ,     dDu     dDu  d'^Du     d^Du  i    n  i  n      ^i . 

into  -^ — .   —77-,  ....     ,  „   ,  T— jr>"->   we  shall  have  lor  this 
da  ^     db    ^  da^    '    dadb 

end 

dDu     dDu  dx     dDu  dy  .  dDu  dz 

da        dx   da       dy    da       dz   da 

dDu  _  dDu  dx     dDu  dy     dDu  dz 
db        dx   db       dy    db       dz    db 


d^Du     d^Du  dx^     ^  d^Du  dx  dy 

__. L.  2 4- 

dd^         dx^   dc?        dxdydada 

d'^Du  _  d^Du  dx  dx     d^Du  fdx  dy^.dx  dy\ 
da  db  ~   dx^   da  db      dx  dy  \da  db      db  da) 


But  since  the  preceding  equations  are  not  enough  to  obtain  the 

,,„!        /.    11    1  ,...      dDu    dDu    dDu        d^Du    d^Du 

value  of  all  the  quantities  -^,-^,-^,  ...-^-,  ^, ... 

some  of  these  differential  coefficients  will  remain  indeterminate; 
the  others  can  be  expressed  in  terms  of  these  and  of  the  quantities 

da  '  ~db'-"--d^'  d^^  •■"    1°^*^^^  «^  considenng  some 

^i  the    differential    coefficients    -^ — ,    — j— ,    -7 — .......  -  ^  a- ? 
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-T--T-  5 ....  as  indeterminate,  it  is  convenient,  for  the  sake  of  sym- 
metry, to  introduce  as  many  linear  functions  p,  g',  r,  ...  of  — 7— , 
dDu     dDu  d^Bu     d^Du  .,,  , 

-df^  -w^  ••••  w  ^^'  ••••  ^'  ^^^^  ^'  ^'"'^'^^  ^^  °'^^^' 

„    ,T               ,.  -       dDu      dDu      dDu  d^Du 

to    express    all   the   quantities    -^,    -^,    -^, -^, 

d^'  ^^  *'™'  "^^'  ^'  "' '  -d^'   ^T' -^' 

,    77  ? ?  and  it  will  be  the  quantities  p,  g',  r,  ....  which  will 

remain  arbitrary. 

But  the  introduction  of  the  quantities  p^  q,  r, ,,.  amounts  to 
imagining  among  the  variables  a,  b^ ,.,  one  variable  more  co ;  thus 
the  number  of  quantities  cd,  a,  b, ,..  is  equal  to  that  of  the  variables 
a?,  y,  ^, ....  Considering  then  x,t/,z,,.,  as  functions  of  co,  a^h, .,, 
we  have  the  equations 

dDu  _  dDu  dx     dDu  dy      dDu  dz 
d(o        dx   dw       dy   d(o       dz    da>     '*'* 

dDu  _  dDu  dx     dDu  dy      dDu  dz 
da        dx  da       dy  da       dz    da     *"' 

dDu  _  dDu  dx     dDu  dy     dDu  dz 
db   '^'d^M'^~lfdb'^'~dz'M'^'''' 


d'Du^d^d^        d'Dudxdy 
rfa>'         d^    dw^^    dxdydmdw'^'*'' 

^^ ^^Dudxdx     d^Du  /dx  dy     dxdy\ 
dad(o       dx^    dmda'^dxdyKdmda'^  dadeo)'^'" 

There  will  be  as  many  of  these  equations  as  are  necessary  in 
order  to  express  ^,^,^         ^^    ^'^^'        in  terms 
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really  does  not  exiBt  we  must  look  upon  the  differential  coefficients 

dx     dy     dz  ^. ..         ,  .  ,  , 

T-,   -J- J   -T- 1 as  quantities  wmch  we  may  assume  at  our 

,  X      •      TP   xi  •        /»  dDu    dDu    dDu 

pleasure  so  as  to  simpliiy  the  expression  01  —^ — ,  —i — ,  —^ — ,  ... 

d^Du     d^Du  n^,      ,-/v.       X-  1        iM  •     X    <^^^     d^Du 

-7-2-5  -7 — 7-J--      ^he  differential  coeincients  —=— .      -,  o  , .... 
c?ir^  '   dxdy^  dco  '     aw''  ' 

remain  entirely  indeterminate. 

Having  expressed  the  differential  coefficients 

dDu     dDu     dDu         d'^Du     d^Du 
dx  ^     dy   ^     dz    ^  '"    dx^  ^   dxdy^  '" 
in  terms  of 

dDu     dDu     dDu         d^Du     d^Du 
dco  ^     da  ^     dh    ^  **'     d(i?  '    dcoda^ 

we  must  put  these  values  in  the  integral 

i@d8^\®^dadh.,.. 

Then  by  making  use  of  the  formula  (B)  and  putting  for  short- 
Hess 

ds:=-^/{db\..+da\..+  ...) 

we  can  replace  the  integral  J^Kdadb  ...  by  the  sum 

The  first  of  these  integrals  is  not  susceptible  of  reduction ; 
the  second  may  be  reduced  in  the  same  way  as  J&ds. 

Thus  we  shall  have 

W==^WDudAcdydz  ...  +  {■    hdu     djj'dt N 

JyW'^df'^dz''^-) 

■^j[PI>u-,Q'~^^B^^..)<^adB...+j^ds' 
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We  may  treat  the  integral  j^ds  as  we  treated  /0cfe ;  we  may 
decompose  it  into  two  integrals,  the  first  of  which  is  completely 
reduced,  and  the  second  is  susceptible  of  reduction;  proceeding 
in  this  way  we  shall  exhaust  the  reductions  which  can  be  effected 
in  the  integrals,  and  thus  the  variation  S  V  will  be  in  the  proper 
shape  for  applications. 

132.  Since  the  integral  /0c?5  of  the' preceding  article  relates 
to  the  values  of  a?,^,^, ...  which  satisfy  the  equation  Zi  =  0,  we 
may  consider  one  of  these  quantities  as  a  function  of  all  the  others, 
and  the  latter  as  independent.  Suppose,  for  example,  that  we 
consider  oj  to  be  a  function  of  y,  0,  ... ;  we  shall  have  (by 
Article  130) 

/(dU.dU     dU 
^_     \/  \d^'^  dy^'^  dz""  "^ 


IW 


dydz.. 


^dxV 
put  for  shortness 

we  shall  have 

l®ds=i-9dydz.... 

We  shall  obtain  the  equation  relative  to  the  limitsof  y,2,  ■■■ 

IT 

by  eliminating  x  between  i  =  0  and  j-  =  0. 

(toe 

The  function  ^  contains  the  partial  differential  coefficients 

dPu     dPu     dPu         d^Du     d^Du 
dx  '     dy  '     dz  '  •••     dx^  '  dxdy'  '*' 

taken  relatively  to  x,  y,  z,  ...  on  the  hypothesis  that  these 
variables  are  all  independent ;  but  after  the  differentiation  we 
must  put  for  x  its  value  furnished  by  the  equation  L-0,  B 
is  advisable  to  eliminate  these  partial  differential  coefficients  as  far 
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as  possible;   to  this  end  considering  a?  as  a  function  of  y^z^  ... 
we  shall  have 

dPu  ^  fdDu\      fdDu\  dx 


dy       \dy  )^\dx  )dy' 
dz       \dz  )'^\dxj  dz' 


d 


dR 


'u\ 


dx  1  ^  fd^'DuX      (d^\  dx 


d 


dy  \dxdy)      \  dx""  I  dy  ' 

fdDu\ 

\  dx  I     /d'Du\  .  rd^Du\  dx 


+ 


dz  \dxdz)  ^\dx^  )  dz' 


(d^Du\ 
\  dx^J 


d^_fd^I>u\  ^  ^  fd'Du\  dx      fd'Du\  dx"     fdDu\  (Tx 


df       V  df  )'^\dxdy)  dy^\  d^  J  df  ^  Kd^j  ^ 

dWu  ^  (dWu\      /d'Du\  dx     /d'Du\  dx 
dy  dz      \dy  dz)      \dx dy)  dz      \dx dz)  dy 


fd^Du\  ^  dx     fdDu\ 
\  dix?  )  dydz      \  dx  J 


d'x 


dydz' 

d^Bu  ^  (d^Du\        fdWu\  dx     fdWu\  d^     (dDu\  d^x 
dz''        \  dz'  )^    \dxdz)  dz^Xdx'^  )  dz''^\dx)'d?' 


the  brackets  indicate  partial  differential  coefficients  of  Du  taken 
<^n  the  supposition  that  x^y^z^  ...  are  independent. 

From  the  preceding  equations  we  deduce  the  following,  putting 

for  abbreviation  v  for  i-j-)  and  (■~\  for  (~^-t-) 

/dDu\  ^  dDu       dx 
\dy)'^  dy      '^ dy' 

fdDu\  _  dDu  ^    dx 
\  dz  )'^   dz         dz' 
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\dxdyj 


dv      (dv\  dx 
\dx)  dy  ' 


dy 


fd^Du\  _dv  ^  fdv\  dx 
\dxdz)  ""  dz      \dx)  dz  ' 

(d'^Du\  _  d^Du  ^     dvdx      fdv\  d^  _     d^x 
\df)  ^"df    "^dylJy^X^ldy'      ^  df  ' 

fd^Du\      d^Du     dv  dx     dv  dx      fdv\  dx  dx 
\dy  dz)  "~  dy  dz     dy  dz      dz  dy      \dx)  dy  dz 

/d^Du\  _  d'^Bu        dv  dx     (dv\d^_ 
\  dz^  J  "^    dz^  dz  dz      \dx)  dz^ 


d^ 
dz'' 


Put  for 


dx     dx 
dy^   dz^  " 


d^x       d^x 
dy  dz  '    dz'  ' 


their  values  found  from  the  equation  X  =  0 ;  thus 

dL  fdDu\  __  dL  dDu        dL 
dx\dy)      dx    dy  dy  ' 

dL  /dl)u\  _  dL  dPu         dL 
dx\  dz  )"  dx    dz  dz  ' 


dL  f^DiA  ^dLdo_     dZ/dif 
dx  \dxdy)  "*"  dx  dy      dy  \dx, 


dL  /d'Bu\ 
dx  \dxdzj 


__  dL  dv     dL  rdv\ 
'"  dx  dz      dz  \dx)  ' 


dll 
dx^ 


d'Du 


df 


^^dL 
I      dx 


dzdy ' 


dU  d^Du      ^§LdIj^d^     dU 
dx^    dy'  dx  dy  dy      dy'' 


.dx)) 


^  (dU  d'L     ^  dL  dL  d^L  ^  dL^  dm 
\dx'  dif         dx  dy  dxdy     dy''  dx'}  ' 

dL^  fd'Du\  ^ dL  (dU d^Du     dLdLdo^     dLdLdv^     dLdLfd^ 
dx^  \dy  dz)      dx  \dx^  dydz      dx  dz  dy     d^  dy  dz      dy  dz  \dx, 

\ 


da?  dydz 


dLdL  d^ 
dx  dz  dxdy 


dLdL  d'L 
dx  dy  dxdz 


dLdL£L 
dy   dz  dx' 
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dx'  \  dz^  )     dx  \dx^    dz^    ^    dx  dz  dz'^  dz^  \dx)) 
\ddi?  dz^  dx  dz  dxdz      dz^  dx 


Substitute  these  values  in 

/©&=  {-^dydz... 

and  use  the  formula  (C)  of  Art.  130;  thus  we  replace  the  integral 
I'^dydz,..  by  the  sum  of  two  integrals,  namely, 

the  first  of  these  integrals  is  completely  reduced,  the  second  is  still 
susceptible  of  reduction.  The  second  integral  is  with  respect  to  the 
variables  ^,  ... ;  its  limits  depend  on  the  equation  which  will  be 
obtained  by  eliminating  x  and  y  between 

^"^^'   dx^^^    Ty^^^ 

In  fact  this  integral  resembles  the  integral  f^dydz  ...  and  may 
be  treated  in  the  same  way. 

We  have  merely  indicated  the  transformations  which  must 
be  applied  to  the  portion  ^DVdxdydz  ...  of  the  variation  SF; 
because  since  these  transformations  reduce  to  integration  by  parts 
they  belong  to  the  Integral  Calculus  rather  than  to  the  method 
of  variations.  It  is  true  that  one  of  the  fundamental  principles  of 
this  method  consists  in  removing  as  much  as  possible  the  dif- 
ferential coefficients  of  the  variations  which  occur  under  the  in- 
tegral sign;  but  the  calculus  of  variations  only  indicates  this 
operation  and  refers  the  execution  of  it  to  the  Integral  Calculus. 


CHAPTER  VI. 

DELAUNAY. 

133.  The  Academy  of  Sciences  at  Paris  proposed  the  follow- 
ing as  the  subject  of  competition  for  their  great  mathematical  prize 
in  1842 ;  To  find  the  limiting  equations  which  must  be  combined 
with  the  indefinite  equations  in  order  to  determine  completely  the 
maxima  and  minima  of  multiple  integrals,  the  formulae  to  be  applied 
to  triple  integrals. 

Four  memoirs  were  sent  in  which  were  examined  by  MM. 
Liouville,  Sturm,  Poinsot,  Duhamel,  and  Cauchy.  The  prize  was 
awarded  to  M.  Sarrus,  and  honourable  mention  was  made  of  M. 
Delaunay. 

With  respect  to  M.  Sarrus  the  judges  said  that,  by  the  aid  of  a 
new  symbol,  which  he  calls  a  sign  of  substitution,  he  has  esta- 
blished elegant  and  general  formulae  which  furnish,  under  a  conve- 
nient form,  the  variations  of  multiple  integrals  and  enable  us  to 
apply  in  all  cases  the  process  of  integration  by  parts ;  he  has  thus 
contributed  in  a  remarkable  manner  to  the  improvement  of  analysis, 
and  deserves  the  great  prize  for  mathematics. 

With  respect  to  M.  Delaunay  the  judges  said  that,  although  he 
has  not  given  to  his  processes  all  the  generality  which  could  be 
desired,  yet  he  deserves  honourable  mention  on  account  of  the 
elegance  of  his  formulae,  especially  by  reason  of  the  applications 
which  he  has  made  of  them,  and  his  researches  upon  the  distinction 
of  maxima  and  minima. 

{Comjptes  Bendusj  Vol.  xviii.  page  315.) 

We  shall  give  an  account  of  the  memoir  of  Delaunay  in  the 
present  chapter,  and  of  the  memoir  of  Sarrus  in  the  next  chapter. 
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134.  The  memoir  on  the  Calculus  of  Variations,  by  M.  Charles 
Delaunay,  was  published  in  the  29th  Cahier  of  the  Journal  de 
VEcole  Poly  technique,  which  is  dated  1843.  The  memoir  extends 
over  pages  37 — 120.  Some  introductory  observations  are  given  in 
the  first  seven  pages.  Delaunay  refers  to  the  method  which  was 
used  in  the  solution  of  problems  in  the  Calculus  of  Variations  by 
those  who  first  studied  the  subject;  these  writers  considered  any 
proposed  integral  as  the  sum  of  an  indefinitely  large  number  of 
terms  depending  on  the  values  of  the  ordinates  of  the  different 
points  of  a  curve,  and  they  investigated  the  change  produced  in  the 
sum  by  varying  one  or  more  of  the  ordinates.  By  this  method  they 
obtained  the  differential  equation  of  the  required  curve,  but  they  did 
not  obtain  the  equations  which  must  hold  at  the  limits.  It 
was  first  shewn  by  Poisson  in  his  memoir,  which  was  presented 
to  the  Academy  of  Sciences  in  1831,  that  the  old  method  could  be 
made  to  furnish  the  equations  which  must  hold  at  the  limits  as  well 
as  the  general  differential  equation. 

The  method  of  Lagrange  gives  the  terms  which  exist  at  the 
limits  in  the  case  of  a  double  or  multiple  integral,  but  not  in  a  con- 
venient form ;  they  require  transforming  so  as  to  shew  how  many 
arbitrary  variations  they  involve,  and  to  put  them  in  a  convenient 
shape  for  application.  Poisson  led  the  way  in  these  researches,  by 
giving  in  the  memoir  already  cited  the  terms  at  the  limits  in  the 
case  of  a  double  integral.  Delaunay  concludes  his  introductory 
observations  with  the  following  sentences.  The  Academy  having 
proposed  for  competition  the  question  of  determining  the  terms  at 
the  limits  for  multiple  integrals,  I  have  investigated  the  subject,  and 
I  present  this  memoir  as  the  result  of  my  researches,  which  I  hope 
leaves  nothing  to  be  desired.  After  my  task  was  completely 
finished,  I  became  acquainted  with  a  memoir  by  M.  Ostrogradsky, 
m  which  he  overcomes  the  principal  difficulties  of  the  question  pro- 
posed by  the  Academy;  and  his  method  is  nearly  the  same  as 
^me.  But  he  stops  there,  and  does  not  deduce  from  his  method 
the  formula  which  may  be  used  in  applications.  M.  Ostrogradsky 
and  myself  have  taken  for  a  guide  in  our  researches  the  memoir  of 
M.  Poisson ;  the  coincidence  of  our  results  proves  then  only  one 
thmg,  and  that  is  that  the  course  had  been  so  well  traced  out  by  the 
Illustrious  French  mathematician,  that  it  was  impossible  to  wander 
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from  it,  and  thus  to  him  must  belong  the  merit  of  the  subsequent 
discoveries.  [The  memoir  by  M.  Ostrogradsky,  to  which  allusion 
is  made,  is  that  which  we  have  given  in  Chapter  V.] 

135.  The  first  part  of  the  memoir  is  called  variation  of  a  defi- 
nite integral;  it  extends  over  pages  43 — 79.  Delaunay's  investiga- 
tions apply  to  multiple  integrals ;  his  method  will  be  sufiiciently 
illustrated  by  the  case  of  a  triple  integral,  to  which  we  shall  confine 
ourselves,  and  we  shall  not  use  exactly  the  same  notation  as 
Delaunay. 

Let  there  be  a  definite  triple  integral 
fffdx  dy  dz  K, 

,  .  ,     ^^  .  -I       ^      ^-         p  du     du     du 

m  which  K  is  supposed  a  function  ot  ^>  3^?  ^?  ^^  ^ '  T" '   X ' 

d\       d!^u 
dx^ '    dxdy^ 

The  integration  is  supposed  to  extend  over  all  the  values  of  x^  y^ 
and  z  which  render  a  certain  function  f{x,  j/,  z)  negative.  We 
shall  denote  the  triple  integral  by  U. 

If  we  put  a  given  function  of  x,  y,  z  in  the  place  of  u,  and  if 
/(ic,  y,  z)  be  a  known  function,  then  ?7can  be  calculated.  It  will  be 
necessary  to  efiect  successive  integrations,  and  to  take  each  integral 
between  appropriate  limits,  and  these  can  be  determined  in  the  fol- 
lowing manner. 

The  order  of  the  successive  integrations  being  arbitrary,  we  can 
suppose  that  we  integrate  first  with  respect  to  ^,  then  with  respect 
to  y,  and  then  with  respect  to  x.  In  the  first  integration  y  and  x 
are  regarded  as  constants,  and  the  integration  with  respect  to  z 
extends  over  all  the  values  of  z  which  render  f{x,  y,  z)  negative; 
so  that  we  must  take  for  limits  the  values  of  z  which  satisfy 

f{x,y,z)=^0 (1). 

The  result  of  the  first  integration  will  be  a  known  function  of  x 
and  y  and  will  form  the  element  of  a  new  integral  with  respect  to 
these  variables,  and  this  integral  must  extend  over  all  the  values  of 
X  and  y  which  make  the  values  of  z  found  from  (1)  real.     These 
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limiting  values  of  x  and  y  then  axe  such  that  if  we  give  one  of 
them  a  suitable  indefinitely  small  change  the  roots  of  (1)  pass  from 
real  values  to  imaginary  values.  The  limiting  values  of  x  and  y 
must  therefore  Ibe  such  as  to  introduce  equal  roots  into  (1),  so  that 
(1)  must  have  some  roots  in  common  with  the  derived  equation 
relative  to  z. 

The  limiting  values  of  x  and  y  must  therefore  satisfy  the 
equation 

/K2/)  =  0 (2), 

which  is  obtained  by  eliminating  z  between 

If  the  sign  of  the  left-hand  member  of  (2)  has  been  properly 
chosen  we  may  say  that  the  new  definite  integral  must  extend  over 
all  the  values  of  x  and  y  which  render /^  {x,  y)  negative. 

There  is  no  difficulty  in  determining  the  limits  of  the  integra- 
tions which  remain  to  be  effected.  For  by  proceeding  as  before 
we  find  that  we  must  integrate  with  respect  to  y  considering  x 
constant,  and  then  the  limits  of  y  are  given  by  (2).  Lastly  the 
Hmits  of  X  are  given  by  the  equation 

/.H  =  0 (3), 

which  is  obtained  by  eliminating  y  between 

/,(x,2,)=0  and  ^^1^  =  0. 

Suppose  that  the  equation  (1)  gives  only  two  values  of  z,  and 
denote  them  by  z^  and  z^-,  suppose  that  equation  (2)  gives  only 
two  values  of  y,  and  denote  them  by  y^  and  y^ ;  suppose  that  equa- 
tion (3)  gives  only  two  values  of  x^  and  denote  them  by  x^  and  x^. 
Then  the  definite  triple  integral  may  be  thus  written  with  the 
hmits  expressed, 

c^\     [vi     r^i 

if7=       dx  \    dv  \     dzK, 


f^i       ft/i       f^i 
=  I     dx  I     dy  I 

J  Xq  J  l/o  J  Zq 


Here  z^  and  z^  are  functions  of  x  and  y ;  y^  and  y^  are  functions 
^f  ^ ;  Xq  and  x^^  are  constants. 
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If  any  of  the  equations  (1),  (2),  (3)  give  more  than  two  vakies 
of  the  unknown  quantity  with  respect  to  which  it  is  to  he  solved, 
then  in  order  to  express  the  limits  of  the  integrations  it  will  be 
necessary  to  decompose  U  into  several  definite  integrals,  and  the 
limits  for  these  integrals  will  be  determined  by  the  equations  (1), 
(2),  (3).  This  decomposition  of  U  presents  no  difficulty,  and  we 
will  not  delay  upon  it ;  we  shall  reason  hereafter  on  the  supposition 
that  each  equation  (1),  (2),  (3)  has  two  roots,  and  it  will  be  easy  if 
necessary  to  modify  this  supposition. 

136.  Suppose  that  after  having  give'n  to  w  a  particular  value 
in  terms  of  x,  y,  z,  we  augment  the  value  of  u  corresponding  to 
each  system  of  values  of  x,  y,  z  by  an  indefinitely  small  quantity ; 
or,  which  comes  to  the  same  thing,  suppose  that  we  augment  the 
general  expression  for  u  in  terms  of  x^  y,  z  by  an  arbitrary  inde- 
finitely small  function  Zu  of  the  quantities  x^  y,  z.  Suppose  more- 
over that  we  give  an  indefinitely  small  variation  to  the  function 

f{x^  y^  z).  By  these  changes  the  triple  integral  ?7will  assume  a 
new  value  which  differs  by  an  indefinitely  small  quantity  from  its 
original  value;  this  indefinitely  small  difference  we  shall  now 
calculate. 

The  part  depending  upon  the  variation  of  K  is  easily  expressed 

by  well-known  methods,     lip  denote  any  of  the  quantities  u,  -7-? 

-J-, then  the  corresponding  term  in  the  variation  of  /iT  is 

137.  The  only  part  oi  BU  to  which  we  need  give  special 
attention  is  that  which  arises  from  the  variation  of  the  limits  of 
the  integrations.  The  part  of  8  Z7  which  arises  from  the  variation 
of  the  limits  of  z  is  obviously 

I     dx  j    dyK^Bz^—j     dx  I     dyK^hz^^ 

where  K^  and  K^  represent  what  K  becomes  when  we  put  z^  and  "0 
respectively  for  z. 
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To  obtain  the  terms  arising  from  the  variation  of  the  limits  y 

and  7/q  we  must  in  the  integral  1    dzK  replace  y  by  y^  and  y^ 

respectively,  then  multiply  the  first  result  by  St/^  and  the  second 
by  8^0  and  subtract  the  second  product  from  the  first,  and  finally 
integrate  with  respect  to  x  between  the  limits  x^  and  x^^. 

But  when  y^y^  and  also  when  y  =  yQ  the  limits  z^  and  z^ 

become  equal,  so  that  the  integral  I     dzK  vanishes;    thus  the 

terms  in  S?7  which  arise  from  the  variation  of  y^  and  y^  are  zero. 
Similarly  S  U  will  not  contain  any  term  arising  from  the  variation 
of  Xq  and  x^.     Thus 

BU=l    dx\    dy\   ^dzX-j-Bp 

Jwo       Jt/o       J^o  dp 

+  j'^'dxf^'dyK.Sz^-^r'dxj^'dyKSz^. 

138.     A  remark  may  be  made  with  respect  to  the  result  just 

obtained,  namely,  that  it  is  only  the  variation  of  the  limits  of  the 

first  integration  which  gives  rise  to  a  term  in  B  U.     The  student 

may  easily  provide  himself  with  a  geometrical  illustration ;  sup- 

C(?     ii^     ^ 
pose  that /(a?,  2^,  z)  is  -2  +  ^+-^~l>  so  that  the  triple  integral 

extends  throughout  the  interior  of  a  certain  ellipsoid.  Let  the 
value  oif{x,y,  z)  be  changed  by  variation  into 

a       o       c 

^here  ii  may  be  supposed  indefinitely  small,  so  that  the  varied  triple 
integral  extends  throughout  the  interior  of  a  new  ellipsoid  which 
18  Similar  to  the  former  and  similarly  situated  and  concentric  with 
^^*  Then  the  part  of  Sf7  which  arises  from  the  variation  oi  y^  and 
Vi  will  be  easily  seen  to  be,  not  absolutely  zero,  but,  an  indefinitely 
small  quantity,  which  may  be  called  of  the  second  order  if  that 
part  which  arises  from  the  variation  of  z^  and  z,  be  called  of  the 
flrst  order.     Also  that  part  oi  BU  which  arises  from  the  variation 

10 
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of  x^  and  x^  will  be  an  indefinitely  small  quantity  which  may  be 
called  of  the  third  order. 

Thus  it  will  be  observed  that  by  supposing  the  triple  integral  V 
to  be  extended  over  all  the  values  of  cc,  y,  z  which  render /(a?,  y^  z) 
negative,  the  variation  8?7  is  free  from  any  terms  arising  from  the 
variation  of  the  limits  of  the  integrals  except  those  which  arise 
from  the  variation  of  the  limits  of  the  first  integration.  This  sim- 
plicity however  is  obtained  by  a  corresponding  loss  of  generality 
in  the  results.  The  most  general  supposition  would  be  that  the 
limits  z^  and  z^  are  any  arbitrary  functions  of  x  and  y^  that  y^  and 
y^  are  any  arbitrary  functions  of  a?,  and  that  x^  and  x^  are  any  con- 
stants; so  that  no  mention  would  be  made  of  the  function /(a?,  y^  z]. 
One  of  the  great  merits  of  the  memoir  of  Sarrus  is  that  it  treats  the 
problem  in  this  most  general  sense ;  it  will  be  remembered  that 
Ostrogradsky  had  adopted  the  same  limitation  as  Delaunay.  (See 
Art.  129.)  And  in  Poisson's  researches  on  the  variation  of  a  double 
integral  the  same  limitation  occurs,  for  the  integrations  are  sup- 
posed to  extend  over  an  area  bounded  by  a  closed  curve.  (See 
Art.  105.) 

139.  We  resume  the  consideration  of  the  value  of  S  !7  given  in 
Art.  137.  The  last  two  terms  in  the  value  of  SZ/are  united  by 
Delaunay  by  means  of  a  new  notation,  which  he  considers  to  pos- 
sess some  advantage  over  that  hitherto  used ;  in  order  to  explain 
it  he  says  he  must  enter  into  some  details. 

Let  j^dxdyh  be  a  double  integral  which  extends  over  all  the 
points  in  the  plane  of  {x,  y)  comprised  within  the  interior  of  the 
closed  curve  AmBn  (see  fig.  4).  Let  y^  and  y^  represent  the  ordi- 
nates  of  the  curve  which  correspond  to  any  abscissa  x ;  let  x^  and 
x^  be  the  extreme  abscissas  Oa  and  Oh.  Then  the  double  integral 
may  be  expressed  thus, 

I    dx\    dy  A. 

Now  suppose  we  have  found  the  indefinite  integral  H  of  hdy,  and 
let  H^  and  E^  represent  what  H  becomes  when  we  substitute  y^ 
and  y^  respectively  for  y.    Then  we  have 

dx\    dyh=      H^dx-      HAx. 

Jxa       Jy„  Jx„  Jxo 
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Now  suppose  that  a  point  starts  from  A  and  moves  round  the 
curve  AmBn  in  the  direction  indicated  by  the  arrows  and  finally 
returns  to  A,  Let  dx  denote  the  space  traversed  by  this  point  in 
the  direction  of  the  axis  of  x  in  any  indefinitely  small  time,  and 
let  y  be  the  variable  ordinate  of  the  point.  Then  the  integral 
jdxH  taken  during  the  time  the  moving  point  describes  the  por- 
tion AmB  will  form  the  first  part  of  the  integral  JJdxdyh,  namely, 


I    H^dx\ 

J  Xq 


and  this  same  integral  taken  during  the  time  the  moving  point 
describes  the  portion  BnA  will  form  the  second  part  of  the  inte- 
gral ffdxdyh,  namely, 


J  Xq 


for  in  this  second  part  of  the  motion  dx  is  constantly  negative.  We 
may  then  express  the  integral  j^dx  dy  h  completely  by  jdx  H  ex- 
tended throughout  the  motion  of  the  moving  point,  that  is,  from  its 
departure  from  A  until  its  return  to  the  same  point ;  this  will  be 
indicated  by  the  notation 


/, 


dxH, 

{X) 


Besides  the  advantage  of  uniting  in  a  single  term  the  two  terms 
which  were  required  to  represent  the  value  of  jjdx  dy  h,  the  proposed 
notation  has  another  advantage ;  for  we  can  express  by  a  single 
term  the  integral  jjdx  dy  h  in  the  case  in  which  the  limiting  curve 
can  be  intersected  in  more  than  two  points  by  a  line  parallel  to  the 
axis  of  3/,  as  may  be  easily  seen. 

140.  In  the  last  two  terms  of  the  v^lue  found  for  8C(see  Art. 
1^7),  we  may  consider  the  quantities  K^z^  and  -  K^^z^  as  forming 
the  two  parts  of  a  definite  integral  taken  with  respect  to  z  between 
the  limits  z^  and  z^.     We  may  therefore,  by  Art.  139,  put 


I'UyK.hz,--  \''dy  K,Sz,^  Jl%KSz; 


10—2 
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dK 


thus  hU=\    ' dx\    'dy\    ^dz%~j    h? 

r^i      r(y) 

4-       dx  \      dyKSz; 

J  ^0      J  {y) 


the  z  which  enters  into  the  K  of  the  last  line  is  a  function  of  x  and 
y  determined  from  the  equation  f{x,  y^  z)  =  0. 

141.  We  must  now  transform  the  terms  in  the  first  part  of  8f7 
by  means  of  integration  by  parts.  This  part  of  Delaunay's  memoir 
is  treated  by  him  with  great  generality ;  his  method  will  be  easily 
understood  from  a  simple  example  which  we  will  take. 

Let  p  stand  for  -^ — , — 7- , 

^  ax  ay  az 

and  if  for  -7-  , 

dp 

then  we  have  in  the  first  part  of  S?7the  term 

I     dx\     dy\     dz  M-j — ^ — 7- , 

Ja^o       J  I/O       J^o  dxdydz 

and  we  will  take  this  term  and  reduce  it  by  integration  by  parts. 
By  one  integration  by  parts  the  term  becomes 

{""'dxi^^^d  M^^-^-l'^'dxl^'d    T'J    —  ^— 
J^o      hy)  dxdy     J^^      } y^    ^ ] ^^    ^  dz  dxdy' 

where  in  the  first  term  the  notation  is  used  which  was  explained  in 
Art.  139. 

If  we  efiect  two  more  integrations  by  parts  in  the  second  of  the 
above  two  expressions  we  shall  easily  see  that  we  shall  fiBally 
obtain  in  the  indefinite  part  of  the  variation  S?7the  term 


~l     dx\'dy\   ^dz-, — ^^^  Bu; 
J^'o      Jyo      J  za      dxdvdz 


'  ^0      J  yo      i  ssq      dxdydz 

we  shall  also  have  some  limiting  terms.  The  limiting  terms  it  is 
not  as  yet  easy  to  write  explicitly,  because  the  limits  of  the  respec- 
tive integrations  will  not  be  the  same  as  those  we  have  hitherto 
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used,  since  the  order  of  the  integrations  becomes  changed.     In  fact 
to  reduce  the  term 


P'^    P'^    [^'^  dM  d'Su 
I     dx\    dy  \     cfe  -^-  ^ — j- 

^  •^o      -^  ^0      -z  -^0        ^^  dx  dy 


dy 

as  much  as  possible  by  integration  by  parts,  we  must  begin  by  in- 
tegrating with  respect  io  x  ox  y  and  not  with  respect  to  z,  as  we 
have  hitherto  supposed.  But  it  will  introduce  confusion  if  we  use 
different  limits,  and  thus  such  a  transformation  is  required  of  the 
terms  at  the  limits  as  will  allow  the  integrations  to  be  all  performed 
in  the  same  order.  This  transformation,  as  Delaunay  says,  formed 
one  ^of  the  principal  difficulties  of  the  problem,  and  he  considers  that 
lie  has  accomplished  it  with  all  the  simplicity  desirable.  He  adds 
that  Ostrogradsky  had  arrived  at  the  same  mode  of  transformation 
as  a  particular  case  of  a  more  general  method,  this  particular  case 
being  however  the  simplest  that  could  be  derived  from  it.  See 
formula  (C)  of  Art.  130. 

142.  Let  for  example  JJNdy  dz  be  a  term  which  has  arisen 
from  an  integration  by  parts  with  respect  to  x  and  in  which  we 
have  not  yet  taken  account  of  the  limits  between  which  the  integral 
is  to  extend,  so  that  JV  is  a  function  of  x^  y,  and  z.  In  order  to 
determine  the  limits  we  must  deduce  from  the  equation /(a?,  y,  ^)  =  0 
the  values  of  x  in  terms  of  y  and  z ;  suppose  we  thus  obtain  two 
values  of  x^  which  we  may  denote  by  x"  and  x\  and  let  N"  and  N' 
denote  what  iV  becomes  when  x"  and  x  are  respectively  put  for  x; 
then  the  integral  may  be  denoted  by  jj{N"  —  N')  dydz^  and  it  is 
to  extend  over  all  values  of  y  and  z  which  make  the  values  of  x 
found  from  /(cc,  y^z)=^0  real.  We  want  now  to  transform  this 
double  integral  so  that  it  shall  extend  between  the  old  limits  ;  and 
We  shall  now  shew  that  it  may  be  put  in  the  form 

1   ^dx\  ^dyM,  where  M^N-^, 

dy 

^^d  x^  and  x^  are  the  same  quantities  as  have  been  throughout 
denoted  by  these  symbols. 
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For  any  assigned  value  oiy  the  equation /(ir,y,  ^)  =0,  may  be 
regarded  as  the  equation  to  a  plane  closed  curve  AmB  of  which  the 
variable  co-ordinates  are  x  and  z,  (See  figure  5.)  Thus  in  the 
double  integral  we  are  considering,  //<%  dz  JV,  if  we  integrate  with 
respect  to  z  we  must  extend  the  integral  to  all  values  of  z  which 
allow  us  to  deduce  from  the  equation  f{x,  y,z)=0  real  values  of 
X,  that  is,  the  limits  of  ^  must  be  Oa  and  On.    But  by  Art.  139, 


rOn  f  {Oa) 

{N"-N')dz=        Ndz. 

'  Oa  J  (Oa) 


Thus  fjNdy  dz  takes  the  form 


(Oa) 

Ndz. 

iOa) 


I. 


noa) 
The  symbol  /      Ndz  indicates  an  integral  taken  throughout  the 

J  {Oa) 

motion  of  a  point  which  starts  from  A  and  returns  to  A  again  after 
moving  round  the  curve  in  the  order  of  the  outside  arrows.  But  if 
we  suppose  a  second  point  to  start  from  B  and  to  move  round  the 
cm-ve  in  the  order  of  the  inside  arrows  and  return  to  B  the  symbol 

(06) 

Ndx  would  indicate  an  integral  taken  throughout  the  second 

iOb)^ 

motion.  But  dz  and  dx  being  the  increments  of  z  and  x  which  cor- 
respond to  the  instants  when  the  moving  point  is  traversing  in 
opposite  directions  the  same  element  of  the  curve,  we  have  obvi- 
ously 

,  dz        y 

dz  =—   T-ttiZJ, 

dz 
where  ^  is  the  differential  coefficient  of  z  with  respect  to  x  de- 
duced from  /(a?,  y,  z)  =  0.     Thus 


dzN=^       dx^N. 

J  iOa)  J  (Oh)        CC^ 


riOa) 

'zN=^ 

'(06) 

Therefore  the  double  integral  we  are  considering  becomes 


-Idyl     dx~N 

J  J  (06)         (iX 
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It  must  be  observed  that  in  N  in  the  last  expression  z  is  to  be 
considered  a  function  of  x  and  not  x  of  z.  This  definite  integral 
extends  over  all  the  values  of  x  and  3/  which  allow  of  real  values  of 
z  being  found  from  f(x,  y,  z)  =  0,  as  is  easy  to  see ;  and  as  the 
order  of  integration  may  be  changed  at  pleasure,  we  may  take 
that  which  has  already  been  adopted  in  Art.  135.  Thus  we  have 
finally 

ffNdy  dz,  that  is,  ^^{W  -  W)  dy  dz 

-"l^dx]     dy-^N^l^dx]     dyM. 

J^o     hy)     d^        J^o     hy) 

where  if  =  N— . 

df 

dz 

143.  We  shall  not  reproduce  the  extremely  general  formulge 
which  Delaunay  now  gives  with  respect  to  multiple  integrals,  which 
extend  over  pages  59 — 73  of  his  memoir.  His  method  will  be  suf- 
ficiently illustrated  if  we  give  in  detail  the  investigations  of  the 
variations  of  a  double  integral  and  of  a  triple  integral,  in  which  we 
shall  suppose  that  no  differential  coefficient  of  a  higher  order  than 
the  second  occurs  in  the  proposed  expression.  Let  us  then  consider 
first  the  variation  of  a  double  integral. 

Let  U^T'dxl^'dyV. 

J  Xq       J  Po 

T   .   TT  1  n        '  n  du     du     d\     d\       , 

Let  V  be  a   function    of  x,  y,  u,  ^,  ^,    ^,   ^.  and 

A\ 

T~T-;  and  let  the  variation  of  Uhe  required  arising  from  a  varia- 
tion in  u  and  a  variation  in  the  limits  of  the  integrations. 

du 


The  partial  differential  coefficient  of  Fwith  respect  to  -^  will 

du 
dy 


te  denoted   by   V^,  that   with    respect   to   ^  by  F^,,  that  with 


respect  to  ~  by  F^„  and  so  on. 
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Then,  as  in  Art.  140, 


'='i;a^''''^^'d^^^^'dy'^^^^~d^''^'''dxdy^'^'  df  ' 

thus  there  are  six  terms  in  SF;  and  we  shall  consider  how  these 
six  terms  will  appear  in  S  ?7. 

The  first  term  is  not  susceptible  of  reduction. 
The  second  term  is  \\dxdy  Vx—f-  \ 
by  Art.  142  this  gives 

The  third  term  is  \\dxdy  Vy-j-  ; 

CM  rr  ^Y 

this  gives  I    dxVyhu—\\ dxdy  -—  Zu. 


The  fourth  term  is  I  \dxdy  V„ 


is  \\dxdy 


dx^  ' 
by  one  integration  by  parts  this  gives 


-/>!''- t-ZH'^S^ 


and  by  a  second  integration  by  parts  we  obtain 

p>.    dy  ^r   dSu  .   r^^>      dydV^^^     .    ff,    ,   dW„, 


The  fifth  term  is     dxdyV, 
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d'Su 


hj^dxdy,^^^, 


by  integrating  by  parts  with  respect  to  y  we  get 

by  a  second  integration  by  parts  we  obtain 

J  (a;)        ^  dx      j(^,       dx   dy  J)        ^  dxdy 

The  sixth  term  is  \\dxdyVyy  -^-r) 
by  one  integration  by  parts  this  gives 

by  a  second  integration  by  parts  we  obtain 
Then  by  collecting  the  terms  we  have 


J  ^^)       \     dx  ^     dx   dx       dx    dy        dy  J 

.   (^^'^  J   f     dy  yy.   dBu      rr    dSu      rr   dBu\ 

fix) 

I    dx  VSy. 

J  (X) 


rix) 

Ux) 


In  this  formula  -^  is  to  be  found  from  the  equation  f(x,  y)  =  0, 
which  determines  the  limits  of  integrations. 

It  will  be  seen  that  in  the  third  line  of  the  value  of  SC"  we  have 

dBu         dBu 

-^  and  --Y~  ,  both  occurring  under  the  integral  sign ;  we  shall  now 
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shew  that  the  former  symbol  may  be  expressed  in  terms  of  the 
latter. 

At  the  limits  of  the  integration  y  is  a  function  of  x  determined 
ty  /(ic,  2^)  =  0 ;  let  --T—  denote  the  complete  differential  co- 
efficient of  Zu  with  respect  to  a;,  obtained  after  we  have  put  for  y  its 
value ;  thus  at  the  limit 


Therefore 


Dhu  ^  dSu     dSu  dy 
dx    '^  dx       dy  dx 


dSu  ^DBu     dSu  dy 
dx  ~"    dx        dy  dx  ' 


7j^ 

By  substituting  this  value  of  ~  the  third  line  of  SO' be- 
comes 

The  latter  part  may  be  integrated  with  respect  to  x  by  parts; 
the  integrated  part  will  vanish  because  the  limits  coincide;  we 
shall  thus  have 

^^^  ^(^"^""^  ^"'^)  ^^^^  nieans  the  differential  coefficient  with 

respect  to  x  supposing  y  a  function  of  x  found  from  f{x,y)==0; 
so  that 

_fyY  _dydV^     /dy\'dV„ 
da^    ="     dx  dx       \dx)    dy  ' 
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Thus  finally 

J(x)      \   ^     dx   "^     dx^    ^^        dx  dx        dx        dy 


4- 


/>{K„.(|)V.-.„|}^./>n, 


144.     We  shall  now  give  the  variation  of  a  triple  integral. 
Let         !!7=  \\\dxdydz  F,    that  is  /    dx\    dy\    dz V. 

JJJ  J  Xq  Ji/o  J  Zq 

V  is  supposed  to  contain  x,  y,  z,  u,  and  the  partial  differential 
coefficients  of  u  with  respect  to  x,  y,  z,  up  to  the  second  order 
inclusive. 

Here        BU=:jjjdxdydzBV+j'''dx[^^^dyrBz; 
^rr     ^^^     .    rr  dBu  ,    j^dBu  .   ^y.  dSu 

"*  dx'  ^  ^^  dy'  ^  ^^  c?^-^  ^  ^""^dxdy^  ^'^  dxdz  ^  ^''  dydz  " 

There  will  thus  be  ten  terms  in  SZ7  arising  from  SF. 

The  first  term  is  susceptible  of  no  transformation. 

The  second  term  is 

dBu 


jjjdxdy 


dzV. 


dx  ' 


by  integration  by  parts  this  gives 
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The  third  term  is 


7   Tr  ^Sm 

dz  K, 


by  integration  by  parts  this  gives 

-  jjdxdy  ~V,Su  --  jjjdxd7/dz-^ Su, 

where  we  have  put  \\dxdy  instead  of  /     dx\     dy^  and  this  ab- 
breviation we  shall  continue  to  use. 
The  fourth  term  is 

jjjdxd^dzVf^; 
by  integration  by  parts  this  gives 

I  jdxdy  Vf^Su  —  llldxdydz -—  hu. 
The  fifth  term  is 


\\\dxdy 


dzV. 


d^Su 


by  one  integration  by  parts  this  gives 

by  a  second  integration  by  parts  we  obtain 

The  sixth  term  is 

jfjdxdydzV^^; 
by  one  integration  by  parts  this  gives 
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by  a  second  integration  by  parts  we  obtain 

The  seventh  term  is 

by  two  integrations  by  parts  this  gives 

jjdxdy  V,,  -^  - ^^dxdy ~~  hu  +  ^^jdx dy  dz -^  hu. 

The  eighth  term  is 


l\\dxdy 


dz  V„ 


d'Bu 


dxdy ' 
by  one  integration  by  parts  this  gives 

-jjdxdy^V^-^-jjjdxd^^dz-^-^; 
by  a  second  integi^ation  by  parts  we  obtain 


The  ninth  term  is 


fjjdxdy 


dzV^, 


d^Su  ^ 
dxdz  ' 


by  one  integration  by  parts  this  gives 

\^\^dxdyyj^-\\\dxdydz^^^^^; 
hy  a  second  integration  by  parts  we  obtain 

The  tenth  term  is 

^\^\^dxdydzv/^^-, 


158  DELAUNAY. 

hj  two  integrations  by  parts  this  gives 
//•fe*''-f+//<fc^4f-S.+///<fc*4||8.. 

In  these  forniulss  -y-  and  -j-  are  to  he  found  from  the  equation 
determining  the  limits  which  is  supposed  to  be  given, /(a?,  y,  ^)  =  0, 
(see  Art.  135).  We  shall  put  p  for  j-  and  qfor-j-. 

Thus    BU=[lld.d,dA'-^y-P-'^-^ 
JJJ        ""       (au      ax       ay       dz 

^  d'K^  ^  d^V„  ^  c?'F„  ^  dW^  ^  d^V^     dW,\ 
d'j?         dy'        d^       dxdy     dxdz     dydz\    ^ 

+jjdxdy\-pV,  -  qVy+  V, 


.^^dxdy^-pV^+V^-^ 

■  jjdxdy  |-  q  V^  -p  V^  +  F^j   ^^ 


dBu 


+  fjdxdyi^V, 
+  \\dxdy  Vhz, 


dSu 
dz 


Here  are  six  different  terms  in  BU;  the  first  involves  a  triple 
integral;  the  second  a  double  integral  in  which  Su  occurs;  the 

third,  fourth,  and  fifth  double  integrals  in  which  ^^  ^    ^^ , 

°  dx       dy  '  dz 

respectively  occur;  the  sixth  a  double  integral  in  which  hz  occurs. 
In  all  the  double  integrals  z  is  supposed  a  function  of  x  and  y 
determined  by/(a?,  y,  z)  =.  0.   The  third  and  fourth  terms  will  now 

be  modified  so  as  to  get  rid  of  ^  and  — 

dx  dy 
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If  as  before  -^ —  denote  the  differential  coefficient  of  Su  with 
ax 

respect  to  x  after  the  value  of  z  has  been  substituted,  we  have  at 

the  limits 

DSu  _^  dBu        dSu 

dx        dx      ^  dz  * 

^,    .,    ,  Dhu      dhu        dSu 

Similarly  -^=—+2^. 

Therefore  at  the  limits,  as  on  page  154, 
jjdxdT/ 1-  p  V^^  +^^f-^  = 

jjdxdy  |-  2  F^  -i?  F^  +  V,J^  -~  = 

\\^dylu^J^V^^pV^-V^^\\d^dy(iV^^ny^~^y^^^ 

Thus  S  TJ  finally  consists  of  the  following  terms : 
the  part  involving  the  triple  integral ; 

the  term  I  \dxdy  VZz\ 

thetermJpa.^y|r.-pF^~jF,,+/F..  +  j^F^+^2F^|^ 
and  a  term  \\dxdy MSu^ 
where  M=  V, ^pV^-q V^ 
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,  d'^z  d^z  d'^z 

^herer  =  ^,    ,=  __,    ,=  ^; 

these  being  all  supposed  found  from  f{x,  y,  2)  =  0. 
ThusJf=F,-pF«-2F„ 

^    ax         ^    ay         dz       *•     dz       ^    dz 

145.  The  second  section  of  Delaunay's  memoir  is  entitled 
conditions  that  a  definite  integral  may  he  a  maximum  or  a  minimum; 
distinction  between  a  maximum  and  a  minimum.  This  section  extends 
over  pages  79 — 97. 

Delaunay  makes  some  remarks  on  problems  of  relative  maxima 
and  minima,  and  he  arrives  at  a  result  which  requires  examination. 
Consider  the  integral  JKdx  where  K  is  supposed  to  contain 
different  unknown  functions  y,  z,  .,.  and  their  differential  coeffi- 
cients with  respect  to  x.  Suppose  that  this  integral  is  to  be  a 
maximum  or  minimum  at  the  same  time  that  a  relation  ^  =  0  is 
to  hold  between  the  functions  and  their  differential  coefficients. 
Delaunay  then  supposes  that  as  usual  we  proceed  to  find  the  maxi- 
mum or  minimum  of  J{K+  m^)  dx,  where  m  is  some  function  of  x 
at  present  undetermined.  Delaunay  considers  that  there  will  be 
different  cases  in  this  problem  according- as  the  differential  coeffi- 
cients which  occur  in  j>  are,  or  are  not,  of  a  higher  order  than  those 
which  occur  in  jfiT.  If,  for  example,  the  highest  differential  coeffi- 
cient which  occurs  in  (f>  is  one  order  higher  than  the  highest  which 
occurs  in  X,  Delaunay  arrives  at  the  result  that  at  each  limit  of 
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the  integration  we  must  have  m  =  0;  if  the  highest  differential 
coefficient  which  occurs  in  (f>  is  two  orders  higher  than  the  highest 
which  occurs  in  K,  Delaunay  arrives  at  the  result  that  at  each 

limit  of  the  integration  we  must  have  m  =  0  and  -7-  =  0. 

ctss 

146.  Without  going  into  detail  on  the  subject  we  will  indicate 
two  objections  to  Delaunay's  conclusions. 

First.  Suppose,  for  example,  that  K  involves  differential  co- 
efficients up  to  the  second  order  inclusive,  and  that  <^  involves 
differential  coefficients  up  to  the  fourth  order  inclusive.  Let  x^  and 
a?j  denote  the  limits  of  the  integration,  and  suppose  that  x^  -  x^  is 
divided  into  n  equal  parts  ;  and  put  x^  —  Xq  =  nh.  Then  Delaunay 
says  that  the  relation  <)^  =  0  is  meant  to  hold  for  the  following 
values  of  x,  when  n  is  supposed  large  enough : 

x^+3h,  x^  +  4:k,.,,,  x^+{n-4:)hy  x^-h  {n-B)h; 
that  is  to  say,  it  is  not  meant  to  hpld  for  the  values 

Xqj    Xq  ~j-  ilj    Xq  "t"  ^#2-,    X^j    X^  "-^  tl)    X^  ""•  All* 

For  j>  involves  differential  coefficients  of  the  fourth  order,  and  such 
differential  coefficients  may  be  supposed  to  depend  upon  four  con- 
secutive values  of  0? ;  so  that  if  for  example  we  suppose  <;f)  =  0  to 
hold  when  x-x^—^h,  a  value  x^-Vh  would  be  involved  in  ^,  which 
lies  beyond  the  limits  of  our  integration.  The  reply  is  simple; 
the  proposer  of  a  problem  may  attach  his  own  meaning  to  his  con- 
ditions ;  he  may  say  that  <^  is  to  be  zero  for  all  values  of  x  within 
the  limits  x^  and  x^^  or  he  may  say  that  <^  is  to  be  zero  for  all 
values  of  x  within  the  limits  x^  +  3^  and  x^  ~  3^.  Thus  Delaunay's 
investigations  do  in  effect  attach  one  of  two  possible  meanings  to 
^  certain  Condition,  but  probably  not  the  meaning  which  would 
generally  be  attached  to  such  a  condition. 

Secondly.  Let  us  now  take  Delaunay's  own  view  of  the  mean- 
ing of  the  condition  and  examine  if  his  conclusions  hold.   We  have 

then  the  following  problem:   1   ^Kdx  is  to  be  a  maximum  or  a 

J  Xq 

niinimum  while  the  condition  ^  =  0  is  to  hold  for  all  values  of  x 
comprised  between  f,  and  f^,  where  g,  and  f^  lie  themselves  be- 
tween x^  and  X.,     In  Delaunay's  problem  the  difference  between 

11 
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Xq  and  lo  is  infinitesimal,  and  so  is  the  diflference  between  ^^  and  x^^ 
but  we  need  not  restrict  ourselves  with  this  limitation.  We  have 
then  to  make  the  variation  of  the  following  expression  zero : 

f^'Kdx  +  l^\K+  m(f>)  dx  +  {""'Edx. 

The  variation  as  usual  will  consist  of  two  parts,  an  integrated 
part  and  a  part  still  remaining  under  the  sign  of  integration.  To 
make  the  latter  part  vanish  we  must  take  a  solution  which  leads 
to  discontinuity  in  the  form  of  our  functions;  that  is,  a  certain 
equation  or  certain  equations  will  be  obtained  which  must  hold 
between  the  limits  x^  and  ^^  and  also  between  the  limits  ^^  and  x^^ 
and  a  certain  other  equation  or  certain  other  equations  will  be 
obtained  which  must  hold  between  the  limits  ^^  and  ^^.  There 
will  be  no  objection  to  this  discontinuity  in  form  provided  we  can 
also  make  the  integrated  part  of  the  variation  vanish ;  this  we  must 
now  consider.     The  integrated  part  which  occurs  at  the  lower 

limit  of  S  I  ^Kdx  and  the  integrated  part  which  occurs  at  the  upper 

limit  of  B  I  Kdx  may  be  made  to  vanish  in  the  usual  way  by  a 
proper  disposal  of  the  constants  which  occur  in  the  integral  of  the 
diflferential  equation  obtained  by  making  BJKdx  —  O,  The  inte- 
grated part  which  occurs  at  the  lower  limit  of  8 1  \K+  m^)  dx  will 
partly  unite  with  that  which  occurs  at  the  upper  limit  of  B  I   Kdx ; 


and  the  integrated  part  which  occurs  at  the  upper  limit  of 
SI  \K+  m^)  dx  will  partly  unite  with  that  which  occurs  at  the 

lower  limit  of  B  j  ^Kdx,     Theoretically  the  complete  set  of  terms  at 

the  limit  f^  and  the  complete  set  of  terms  at  the  limit  ^^  can  he 
made  to  vanish  by  a  proper  disposal  of  the  constants  which  occur 
in  the  integral  of  the  differential  equation  obtained  by  making 

BJ{K+m(f>)dx=^0. 
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We  must  now  examine  some  of  these  terms  more  particularly. 
We  have  already  supposed  y  to  denote  one  of  the  variaUes  which 
occur  in  K]  put 

dy  __         d'^y  _         d^y  _         d*y  _ 
^~^'     d^'"^'     ^~"**'     d^'^^' 

Then  among  the  terms  of  the  integrated  part  we  shall  have 

and  hr  and  hq  will  not  occur  elsewhere  among  the  integrated  terms. 
And  as  m  is  supposed  a  function  of  x  only  we  have 

dm^  __      dj>       dm^  __      d(f> 
ds  ds  ^      dr  dr' 

Thus  Sr  and  hq  will  disappear  from  the  integrated  part  if  we  have, 
at  the  limits  f^  and  ^j, 

d(b      .         ^       d6       d       dd>      ^ 
m -/  =  0  and  ?n-T-— -^m-y-  =  0. 
as  dr     ax      as 

The  last  relations  are  satisfied  if  at  both  the  limits  we  have 

m  =  0  and  "x^  =  0 (1) 

as  Delaunay  states ;  but  they  are  also  satisfied  if  at  both  limits 

^  =  0    and  f-^^=0 (2). 

as  dr      dx  as 

Moreover  if  r  and  q  are  to  have  given  values  at  the  limits  f^  and  f^, 
then  Sr  and  hq  are  themselves  zero  at  these  limits,  and  then  neither 
(1)  nor  (2)  need  hold. 

We  conclude  then  that  Delaunay's  results  are  not  necessarily 
true  even  for  the  special  meaning  which  he  attaches  to  the  con- 
dition ^  =  0. 

We  shall  presently  consider  a  problem  which  will  illustrate  the 
preceding  remarks ;  see  Art.  158.  Mr  Jellett  has  indicated  his 
dissent  from  Delaunay's  conclusions;  see  his  Calculus  of  Varia- 
^ms,  page  362. 

11—2 
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147.  Delaunay  makes  some  remarks  on  tlie  distinction  between 
maxima  and  minima  values  of  an  Integral  In  the  following  words. 
Legendre  w^as  the  first  who  considered  this  question,  but  he  only 
applied  his  method  to  simple  integrals.  Lagrange  modified  the 
method,  and  Jacobi  rendered  it  as  complete  as  possible  hj  reducing 
the  investigations  which  it  requires  to  the  general  process  of  inte- 
gratlon  by  parts.  But  neither  of  them  I  believe  attempted  to 
extend  the  method  to  multiple  integrals.  In  examining  this 
question  I  have  found  that  the  generalisation  of  Legendre' s  method 
presents  no  difficulty,  at  least  if  his  steps  are  followed.  But  the 
generalisation  of  the  completeness  which  Jacobi  has  given  to  the 
method  appears  to  me  to  present  great  difficulties,  and  I  shall  not 
enter  upon  it. 

Delaunay  then  extends  Legendre's  method  to  a  double  Integral; 
he  confines  himself  to  the  case  in  which  no  differential  coefficients 
of  a  higher  order  than  the  second  occur  In  the  integral  which  is  to 
be  made  a  maximum  or  minimum.  The  problem  which  Delaunay 
considers  had  been  previously  solved  by  Brunacci,  who  had  arrived 
at  the  same  results  as  Delaunay  gives.  The  investigation  is  repro- 
duced by  Mr  Jellett  in  his  Calculus  of  Variations,  pages  269—272. 

Jacobi's  additions  to  Legendre's  method  will  be  explained  here- 
after ;  and  we  shall  see  that  the  investigations  of  Jacobi  have  been 
generalised  so  as  to  apply  to  multiple  integrals. 

148.  The  third  section  of  Delaunay's  memoir  is  entitled  «j> 
plication  of  the  preceding  theories  to  some  examples;  this  section 
extends  over  pages  97—120,  and  contains  four  examples. 

The  first  example  is  to  find  the  curve  which  has  a  constant 
curvature  and  has  a  maximum  or  minimum  length  between  two 
points.  Delaunay  intimates  that  this  example  is  to  bear  upon 
the  results  given  in  Art.  145. 

Let  X,  y,  z  be  the  rectangular  co-ordinates  of  any  point  in  the 
sought  line  ;  x^  and  x^  the  abscissae  of  the  extreme  points.  Take  aJ 
as  the  independent  variable  and  use  the  ordinary  notation  for 
differential  coefficients ;  then  the  length  of  the  curve  is 


L 


'''^f{l+y"  +  z")dx, 
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which  is  to  be  a  maximum  or  minimum;  and 

is  the  reciprocal  of  the  radius  of  curvature  which  is  to  have  a 

constant  value  ;  this  constant  value  we  shall  denote  by  - . 

P 

Thus  we  proceed  in  the  usual  way  to  make  I  Vdx  a  maximum 
or  minimum,  where 

^        ^  ^  L  (l+y'^  +  ;5'^)t  p\ 

By  the  ordinary  principles  of  the  subject  we  have  the  follow- 
ing equations  as  necessary  for  the  existence  of  a  maximum  or 
minimum : 

dx  dy'      dx^  dy"  ""    ' 

dx  dz'      dx^  dz"  "" 

Therefore  by  integration 

dV_d_dV_  .. 

dy'     dxdf"^  ^  ^' 

dz'     dx  dz"^^ • ^  ^' 

where  a  and  ^  are  two  arbitrary  constants. 

The  solution  of  the  problem  then  depends  on  equations  (1)  and 
(2)  together  with 

^/W''  +  z'^+{zy^y'zy}     1_^ 

(1+y^+O*         p 

This  is  as  far  as  Delaunay  carries  the  general  solution ;  he  adds 
the  following  remark.  Since  it  is  impossible  to  obtain  the  general 
solution  we  may  inquire  if  the  circle  which  is  the  only  plane 
curve  of  constant  curvature  satisfies  all  the  conditions;  on  trial 
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we  shall  find  that  the  equations  (1),  (2),  (3)  are  satisfied  when  we 
establish  the  following  relations  between  x,  y,  zanim; 

sz=ay  +  hx  +  c W' 

{1  +b'  +  2ahy'+{l+a')y"}^  ,^^ 


m  =  p- 


V(i+y^4-.'V-y-^^'-^} (^)- 


And  lience  lie  infers  that  the  circle  is  a  solution  of  the 
prohlem. 

149.  This  problem  will  lead  us  into  a  long  discussion ;  we 
shall  "begin  by  caiTying  the  general  solution  a  little  further  in 
Delaunay's  notation.  We  shall  obtain  two  first  integrals  of  tlie 
equations  (1)  and  (2) ;  for  this  purpose  it  will  be  necessary  to 
develope  these  equations  (1)  and  (2). 

Let  fi  stand  for 

so  that  s  is  the  length  of  the  curve  measured  from  some  fixed 
point  up  to  the  point  {x,  y,  z) ;  then  we  shall  find  that 

dx  ^  \dx)  \dx) 

dV  m  (    It   ,      f  /   f    n  f   n\\ 

^[Tx) 

dV_£^     my"(zy-^yz")      Sm/jLz' 
dz  "  ds'^  (dP^  (ds\'  ' 

dx  \dx)  \dx) 

dV  m        (  „       ,/  ,  „       ,  „.] 
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Multiply  equation   (1)    by  y"  and  equation   (2)   by  z'  and 
add;  thus 

, . ,.,  .yy+^y  3m/.(.yy+^y)     .  d  dv      d  dv 

dx  \dx) 

yY  +  z'z"  Zm[yY  +  z'z")        n  ^  dV  _   n  d^  dV 
ds^  'Td^  y  dxdy"     ^   dxdz"' 

dx  ^  \dx) 

and 

y  dxdy"^^   dxdz"^dxV   dy"'^^   dz"J     ^    dy"'^^    dz" 

___^  m        ,„  dV      fffdV  ^ 
"  dx  p^y    d^'  "^    'di'  ^ 
and 


,dx) 

m       fjidfju  _  w  <^/^  . 

thus 


"  +  g  V'     m  (3  (y  V^^  +  ^VQ      1  dfij      dm 
ds  p  \        (ds\^  M  dx)      dx  p 

dx  \dx) 


y'y"  +  z'^'      d  m 
""         ds  dx  p^ 

dx 

\dxj 
Therefore  by  integration 

where  7  is  an  arbitrary  constant.    Thus 

,n  =  p{V(l+/'  +  »'Vay-^^'-7}  (7)- 
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dV 
Again,  by  ordinary  transformations  the  values  obtained  for  -7-7, 

and  -p>  may  be  written  thus : 

dV  __m  d^y  ds        dV  _m  d^  ds^ 
dy^' ""  fjb  ds^  dx '      dz"  ""  }i  ds^  dx  * 

Multiply  equation  (1)  by  ^  and  (2)  by  ^  and  subtract ;  thus 

dz      p  dy 
ds  ds 

m{y'y"'\-z'z'')  {y'z'-zY)     dz  d  m  d^y  ds      dy  d  m  d^z  ds 
■"  fdsV  ds  dx  II  di  dx      ds  dx  yi^  ds^  dx 

^\di) 

d'^s 
"*"  fds\^  dx  a  dx  \ds  ds^      ds  ds^ )  ' 

dz      rxdy  _ m  dh  fdy  d^z ^  dz  d^y\     ^'^^^  /%  ^^^     dz  d'^y 
ds        ds      [M  dx^  \ds  ds^     ds  di)     dx  [jl  dx\ds  ds^      ds  ds^ 

""   "     ^    ^  \dxj   V 


ds  dx  fi  \dxj   \ds  ds^      ds  ds^ 

ix 
ds 


dx 
Divide  by  -j-  and  then  integrate ;  thus 


o     ,   n     "^  fds\^  /du  d^z      dz  d^y\  ,^. 

where  C  is  an  arbitrary  constant. 

And  -w-  "^  C^'X  (^y  ^'^  ^^  ^'y\  ^  y'^'  T  ^'y^' 

'  /bt  \dx)   \ds  ds^      ds  ds^J      fi         ds 

dx 

= p^3M£jziy") 
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we  may  write  equation  (8)  thus : 

a^     P^+  ^-  (i+y2^^.y   (9). 

Equations  (7)  and  (9)  are  the  integrals  it  was  proposed  to 
obtain ;  the  problem  is  thus  reduced  to  depend  upon  the  solution 
of  equations  (3),  (7)  and  (9).  The  value  of  m  from  (7)  may  Tbe  sub- 
stituted in  (9)  and  the  result  will,  with  equation  (3),  constitute  two 
simultaneous  differential  equations  of  the  second  order  for  determin- 
ing the  required  curve. 

150.  We  have  not  yet  verified  Delaunay's  statement  that 
equations  (4),  (5)  and  (6)  give  a  solution  of  the  problem;  we  shall 
arrive  at  this  result  most  easily  by  arranging  the  whole  solution  of 
the  problem  as  far  as  it  can  be  completed  in  a  symmetrical  manner. 
Take  the  arc  s  for  the  independent  variable ;  then  we  have 


.&;  +UJ  -^u)  -^=^'  [w  +(JJ  +M  -7=^' 

and  subject  to  these  conditions  we  have  to  make  1  ^ds  a  maximum 

J  So 

or  a  minimum.     We  may  then  in  the  usual  way  consider  that  we 
have  to  make  /     Vds  a  maximum  or  a  minimum,  where 

J  Sq 

Here  ~  and  —  denote  functions  of  s  at  present  undetermined. 

Hence  in  the  usual  way  we  obtain  as  the  necessary  equations 
for  a  maximum  or  a  minimum, 


ds^      ds^      ds      ds  "~ 
ds^      ds'      ds      ds 
ds''"'d?~ds  ^1;-^ 


(10). 
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Therefore  by  integration 

d    ,  d^x        dx  _ 
as      as  as 

as      ds^         as 

d     ,  d^     -v  ^^  _ 
ds      ds^         ds  "" 


(11). 


Multiply  the  first  of  equations  (11)  by  -#-  and  the  second 


dy 


dx 
by  J-  and  subtract ;  thus 


ds 


fdy  d'^x     dx  d^y\  d\'      fdy  d^x     dx  d^y\    ,_     dy    -^dx 
\ds  ds^      ds   ds^  J  ds       \ds  ds^      ds  ds^J  ds         ds ' 

By  integration  we  deduce  the  first  of  the  following  three  equations, 
and  the  other  two  may  be  obtained  In  a  similar  manner, 


^ ,  /dx  d'^z      dz  d^x\  „, 

^,  (dz  d^y      dy  d^z\      - 


.(12). 


In  these  equations  f,  f\  and  f  are  arbltraiy  constants.  This 
method  of  solution  is  given  by  Mr  Jellett;  see  his  Calculus  of 
Variations^  page  195. 

151.  We  have  not  yet  considered  the  Integrated  part  of  the 
variation.  We  suppose  that  the  extreme  points  of  the  curve  are 
fixed.  Then  with  the  notation  of  Art.  149  the  integrated  part  of 
the  variation  will  consist  of 

dV ^  ,     dV^, 

If  we  suppose  that  there  Is  no  restriction  on  the  tangents  at  the 
limiting  points,  then  since  Sy'  and  8^;'  are  independent,  we  m^t 

have  T-Ji  =  0  and  -y-rr  =  0  at  both  the  limits  in  order  that  the  In- 
dy  dz 
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tegrated  part  of  the  variation  may  vanish.     Hence  from  the  known 

expressions  for  -r-rr  and  -7-77  we  must  either  have  m  =  0  at  both 

limits,  or  else  we  must  have  simultaneously 

y  +  ^'(^y  _  y'^-)  =  0,     and  ^"  -  y'{z'y''  -  y'z")  =  0, 

at  one  limit  or  at  both  limits.     But  the  latter  equations  are  not 
admissible,  for  they  lead  by  squaring  and  adding  to 

y"^  4.  ^-^  +  (3,'^  +  ,'^)  (,'^"  _  y'^y  +  2  {z'f  -  y'z'r  =  0, 
and  this  would  make  that  expression  vanish  which  is  always  equal 
to  the  constant  -  by  hypothesis. 

152.  •  Let  us  now  examine  the  form  of  the  integrated  part  when 
we  adopt  the  method  of  solution  given  in  Art.  150. 

The  integrated  part  consists  of  the  following  terms ; 
first,   F&, 

secondly,  {^  ~J"^ 'T'^  '^]  fSo?  — -7-S5J  together  with  two 

similar  terms  in  y  and  z, 

d^x  (    dx     d^x     \ 
thirdly,  V  -^  ( S  -^ —  -tt  &  1   together    with    two    similar 

terms  in  y  and  z. 

Since  the  extreme  points  are  supposed  fixed  So;,  %,  and  hz 
vanish;  hence  by  using  equations  (11)  we  obtain  for  the  inte- 
grated part 

l^r  ^     dx     .dy        dz     V\  5.    ,  .  ,(d^x  ^  dx    d'^y  ^  dy    d'^z  ^  dz\ 

v^^Ts-^^ds'-'Ts'^?r-^\i^^^Ts^^^^ 

where  it  is  to  be  observed  that  F=  1. 

It  will  now  be  convenient  to  determine  X';   for  this  purpose 

d^x     d^y    d'^z 
niultiply  equations  (11)  by  -^2 ,  vf ,  -jj^  respectively,  and  add; 

thus 


1  d-Ts!  _     d^x        d}y        d'^z 


^  ~  t.  ^^,  -r  u  ^^,  -v.-  ^^,  , 
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therefore         ^  =  a|  + jf  +  cg  +  a  constant; 

and  in  order  that  the  coefficient  of  85  in  the  integrated  part  of  the 
variation  may  vanish  this  constant  must  equal  unity,  so  that 

In  order  that  the  rest  of  the  integrated  part  of  the  variation 
may  vanish  it  may  be  shewn  as  in  Art.  151  that  \'  mus|;  vanish  at 
both  limits  of  the  integration;  this  is  proved  by  Mr  Jellett  on 
page  197  of  his  work. 

The  value  of  \  may  also  be  found;  for  this  purpose  multiply 
equations  (1^)  ^7  ^  >  ^ '  ^  >  respectively,  and  add ;  thus 

^^■^  [d^W^d^  ds^'^ds  ds'J         ds        ds        ds 

V        dx     T  dy       dz      ^      2X' 
p^        ds        ds        ds  p 

153.  Now  return  to  equations  (12)  of  Art.  150  and  remember 
the  result  just  mentioned  that  V  vanishes  at  both  limits  of  the 
integration.  Take  the  origin  of  co-ordinates  at  one  of  the  fixed 
points ;  then  since  we  have  simultaneously  a?  =  0,  ^  =  0,  5J  =0,  X'=  0, 
it  follows   that  /=0,  /  =  0,  /"=0;  multiply  equations  (12)  by 

-^  ,  -^  5  -^  ,  respectively,  and  add ;  thus  we  obtain 
ds     ds     ds         ^ 

{ay'-hx)~  +  {cx-az)-£+{hz^cy)£  =  0, 


or 


»(^S-4)+»('S-4)-(4-^S)=«- 


This  equation  may  be  integrated  by  assuming 

y  =  ux,     z=^vx\ 
it  leads  to 

ay  —  hx=^n  {az  —  cx)^ 
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where  n  is  a  constant;  this  is  the  equation  to  a  plane  passing 
through  the  origin.  Thus  the  required  curve  is  a  plane  curve,  and 
as  a  circle  is  the  only  plane  curve  of  constant  curvature,  we  obtain 
a  circle  as  the  required  solution. 

154.  The  preceding  article  is  due  to  Mr  Jellett;  it  will  be 
seen  that  it  adds  something  to  the  result  enunciated  by  Delaunay ; 
for  Delaunay  stated  that  a  circle  is  a  solution  of  the  problem,  while 
Mr  Jellett  shews  that  if  there  is  no  restriction  on  the  tangents  at 
the  extreme  points  the  required  curve  must  be  a  plane  curve  and 
therefore  a  circle. 

Some  further  remarks  however  are  necessary  here.  The  pro- 
posed problem  may  be  understood  in  two  senses ;  for  we  may  be 
required  to  find  a  curve  of  maximum  or  minimum  length  while  the 
curvature  has  some  constant  value,  or  we  may  be  required  to  find 
a  curve  of  maximum  or  minimum  length  while  the  curvature  has 
an  assigned  constant  value. 

In  the  first  case,  when  the  curvature  is  merely  required  to  be 
constant,  we  may  take  p  as  large  as  we  please,  and  thus  the  solution 
will  degenerate  into  the  straight  line  joining  the  two  given  points. 
Let  us  next  consider  the  second  case,  in  which  the  curve  must  have 
an  assigned  constant  curvature;  it  might  then  be  impossible  to 
draw  an  arc  of  a  circle  so  as  to  have  a  given  curvature  and  to  pass 
through  two  given  points,  and  in  fact  this  could  not  be  done  if 
the  given  points  are  at  a  greater  distance  than  the  diameter  of 
a  circle  which  has  the  assigned  curvature.  It  becomes  a  question 
then,  what  the  solution  of  the  problem  is  in  such  a  case  where  the 
distance  of  the  given  points  is  too  great  to  allow  of  their  being 
connected  by  an  arc  of  a  circle.  We  shall  shew  that  the  problem 
IS  solved  by  a  set  of  arcs  of  the  required  curvature. 

Let  A  and  B  be  the  two  fixed  points  (see  figure  6). 

Let  A  CD,  DEF^  FOB  be  three  equal  arcs  of  the  assigned 
curvature,  and  let  them  be  placed  so  as  to  have  a  common  tangent 
^t  the  points  of  junction  D  and  F]  then  we  shall  shew  that  the 
^^^yqAODEFGB  constitutes  a  solution  of  the  problem  under  con- 
sideration. 
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For  let  us  suppose  the  quantity  s^  -  s„  divided  into  three  parts 
.«i-<^i'  <^i-'^o.  <^o-«o;  t^en 

J  So  J  So  J  O-o  J  O-i 

and  tlie  variation  of  the  left-hand  member  will  be  zero  if  the 
variation  of  the  right-hand  member  be  so. 

Now  consider  S  [  ^^^  Vds.    The  part  of  this  which  remains  under 

J  So 

the  sign  of  integTation  vanishes  when  equations  (12)  are  satisfied. 
And  by  proceeding  as  in  Art.  152  it  appears  that  if  V  vanishes  at 
both  limits  the  integrated  part  at  the  lower  limit  will  entirely 
vanish  and  the  integrated  part  at  the  upper  limit  will  reduce  to 

—  {aSx  +  hSy  +  cBz) ; 

this  term  remains  because  the  upper  limit  is  now  not  a  fixed  point. 
The  term  just  exhibited  is  destroyed  by  a  similar  term  which  occurs 

at  the  lower  limit  of  B  j^  Vds,  if  a,  h,  c  retain  the  same  values. 
In  this  way  we  see  that  we  shall  have 

J  So  J  <fQ  J  ^1 

for  the  system  of  arcs  in  figure  6,  provided  that  a,  b,  c  retain  the 
same  values  for  all  the  arcs. 

It  will  be  remembered  that  by  Art.  152, 

-•='■■(> +»S+4f-S c"^ 

moreover  the  common  tangent  at  D  makes  the  same  angle  with  AB 
as  the  tangent  at  B,  and  the  common  tangent  at  F  makes  the  same 
angle  with  AB  as  the  tangent  at  A ;  thus  if  a,  h,  c  retain  the  same 
values  throughout  the  arcs,  V  vanishes  at  F  and  B  if  it  vanishes 
at  A  and  i>. 

Thus  all  that  we  have  to  do  is  to  shew  that  equations  (12)  are 
true  for  all  the  arcs  in  figure  6  while  a,  h,  c  retain  the  same 
values  throughout,  and  X'  has  the  value  given  in  (13).    That  is,  m 
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effect  we  have  to  shew  that  equations  (12)  and  (13)  are  true  for  a 
circle  of  radius  p  without  imposing  any  restriction  on  the  co-ordi- 
nates of  its  centre  which  it  may  be  impossible  to  fulfiL 

Since  the  direction  of  the  axes  is  in  our  power,  let  us  suppose 
that  A  is  the  origin,  AB  the  direction  of  the  axis  of  x,  and  the 
plane  of  the  arcs  the  plane  of  {x,  y).  Then  ^  =  0 ;  thus  we  must 
haVe /=  0, /' =  0, /"  =  0,  c  =  0  in  (12),  so  that  these  equations 
reduce  to 

^,  fdy  d^x     dx  d^y\  ,  ., ,, 

ni^-^5#j="^~^^ (^^)' 

where  ^'^Z"' (^  "^  "^  S +  ^^) ....(15). 

Now  let  {x  —  hy  +  {y  —  hy  =  p^  be  the  equation  to  the  circle  of 
which  the  first  arc  A  CD  is  a  portion ;  and  suppose  that  the  axis 
dy  is  taken  so  that  k  is  positive.     We  shall  have 

from  these  we  deduce 

dx      ,  y-h      dy  _      oc-h  ,    , 

and  supposing  that  s  increases  with  x  so  that  -y-  is  positive  we 

must  take  the  lower  signs ; 

then  ^^^  =      I  dy  ^     x-h 


p  ds  P^     ' 

d^y  —      ^  dx  ^     y  —  h 
ds^  p  ds  p^     ' 

Thus  that  (14)  and  (15)  may  be  true,  we  require  that 

—  p^  (1  -a- hh ^)  ~  =  ay-fe, 

\  P  P    ^  P 

sothat  i+^izl^  =  0 (17), 

P 
IS  the  only  relation  between  the  constants. 
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Now  we  have  already  supposed  that  V  vanishes  both  at  A  and 
D;  at  these  points  ~  has  the  same  value  while  ^  has  values 
numerically  equal  but  of  opposite  sign. 

We  must  therefore  have  &  =  0,  so  that  (17)  reduces  to 

1  +  2^  =  0. 
P 

Now  suppose  h'  and  Jc  the  co-ordinates  of  the  centre  of  the 
circle  of  which  the  second  arc  DEF  is  a  portion.  Proceeding 
as  before  we  shall  find  that  we  must  now  use  the  uppe7^  signs 
in  the  equations  which  replace  (16),  and  we  shall  finally  arrive  at 

l-~^=.0. 
P 

Thus  Jc  and  h'  are  equal  in  magnitude  and  of  opposite  sign, 
and  this  is  the  only  condition  necessary  to  ensure  that  equations 
(14)  and  (15)  shall  hold  for  both  arcs  with  the  same  values  of 
the  constants  a  and  Z>;  and  this  condition  is  satisfied  by  the 
figure. 

On                          (yJc 
The  relation  expressed  by  1  -I =  0,  or  1 =  0,  is  in  fact 

r  P 

the  same  as  that  which  must  hold  in  order  that  X'  may  vanish 
at  A  and  D, 

We  have  supposed  in  the  figure  three  arcs,  but  it  is  obvious 
that  the  reasoning  we  have  used  will  apply  whatever  may  be 
the  number  of  arcs;  and  as  we  may  make  this  number  as  great 
as  we  please,  we  can  finally  obtain  a  curved  line  which  differs 
in  length  by  as  small  a  quantity  as  we  please  from  the  straight 
line  AB. 

Thus  when  the  curvature  is  to  have  an  assigned  constant  vahie, 
the  solution  will,  as  in  the  former  case,  coincide  practically  with 
the  straight  line  which  joins  the  two  given  points. 

155.  In  the  preceding  four  articles  we  have  supposed  that 
there  is  no  restriction  on  the  tangents  at  the  extreme  points.  If 
the  directions  of  the  tangents  at  the  extreme  points  are  given, 
it  will  no   longer  be  necessary,  as  in  Art.  152,  that  V  should 
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vanish  at  both  limits.  If  the  tangents  at  the  extreme  points  are 
equally  inclined  to  the  straight  line  which  joins  the  extreme  points, 
and  if  also  the  two  tangents  and  the  straight  line  are  in  the  same 
plane,  then  if  the  value  of  the  curvature  is  not  assigned,  it  will 
be  possible  to  satisfy  the  conditions  of  the  problem  by  a  series 
of  circular  arcs  as  in  Art.  154;  and  if  the  value  of  the  curvature 
is  assigned,  it  will  be  possible  to  satisfy  the  conditions  of  the 
problem  by  such  an  arc  or  such  a  series  of  arcs,  if  the  distance 
of  the  extreme  points  and  the  magnitude  of  the  radius  of  curva- 
ture and  the  directions  of  the  tangents  have  been  given  suitably, 
but  not  otherwise.  But  no  solution  has  hitherto  been  given  for 
the  general  problem  when  the  directions  of  the  tangents  at  the 
extreme  points  are  assigned  in  a  perfectly  arbitrary  manner. 

156.     We  will  shew  that  in  certain   cases  a  helix   may  be 
the  solution  of  the  problem.     For  suppose  in  equations  (12)  that 

a  =  0,  &  =  0,/  =  0,/'  =  0; 
assume  x  =  h  cos  9,  2/  =  hsm6j  z  ^k0^, 

thus  |£  =  ^(A^  +  F), 

n      dx  _  y  %_        ^  ^_        ^ 

ana      _^--^-^^^_^,  ^~V(A'  +  ^')'    ds~  ^^i^i^^-Uy 

d^x  __         X         d}y  _  y  (Pz  ___ 


^' ="■(•+ 40 ="■{'+ 75^1  ■ 


The  first  of  equations  (12)  when  these  values  are  substituted 
becomes 

^'{^'■WTwijj^i—f (^'^' 

and  the  other  two  become 

And  p  =  — —  ;  thus  from   (19)  we  shall  ohtain 

k^fik'+k')  =c(A'-^') (20); 

12 
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and  from  (18) 

""•^=X=     K^-Jc'    • ^^^^• 

It  appears  from  (20)  and  (21)  that  we  cannot  have  h  =  Ic,  and 
with  this  exception  a  helix  may  be  a  solution  of  the  problem. 

157.  We  will  now  return  to  Delaunay's  notation.  It  may  he 
shewn  by  performing  some  ordinary  transformations  that  the  equa- 
tions (1)  and  (2)  may  be  written  thus : 

dy  l^      2m  dx\      d  (      dx  d^y\ 

dz  f        2m  dx\      d_^f       dx  d^z\  __  ^ 
ds  \   "^  'p^  dsj     ds\^dsds^) 

These  coincide  with  the  second  and  third  of  equations  (11) 

by  supposing 

f     n  dx     ^,       ^  ^      2mdx 

a=~5,  ^  =  -c,  mp-^  =  X,andl~y  ^  =  X, 

that  IS  A  =  1 2"  • 

P 

And  the  equation  (7)  may  be  written 

dx         f,         dy      rydz         dx\ 

and  thus  the  value  of  mp  -j-  coincides  with  that  found  for  X'  in 
Art.  152,  by  supposing  7  =  —  a. 

From  equations  (1),  (2)  and  (7)  in  the  form  in  which  they 
are  here  given,  we  can  deduce  an  equation  coincident  with  the 
first  of  equations  (11) ;  so  that  the  two  solutions  agree,  as  of  course 
they  should. 

Now  in  Art.  153  we  obtained  as  the  result  of  the  symmetrical 
solution  that  in  the  case  in  which  the  tangents  at  the  limiting 
points  are  unrestricted  the  required  curve  must  be  a  plane  curve, 
and  that  the  plane  of  the  curve  must  contain  the  line 

x  ^y  _^z 

a     h     c' 
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If  this  result  be  transformed  into  Delaunay's  notation  it  leads 
to  this  conclusion ;  the  plane  determined  hj  z —ai/ +  bx  +  c  in  his 

notation  must  contain  the  line  determined  by  —  =  -^  =  — ^  in 

^  -7     -a     -/3 

his  notation.     For  this  to  be  the  case  we  must  have  7  =      i    ^  • 

This  agrees  with  equation  (6)  and  verifies  Delaunay's  conclusion ; 
but  it  is  not  obvious  in  what  way  he  arrived  at  it. 

158.  It  must  be  observed  that  Delaunay  does  not  treat  the 
integrated  part  of  the  variation  as  we  have  done  in  Art.  151 ;  he 
considers  that  in  virtue  of  his  previous  remarks  we  must  always 
have  m  =  0  at  the  limits  of  the  integration.  But  if  m  =  0  at  the 
limits  the  curve  is  necessarily  a  plane  curve,  as  appears  in  Art.  153 ; 
and  this  is  obviously  impossible  when  the  tangents  at  the  limits  are 
so  assigned  that  they  do  not  lie  in  one  plane.  This  furnishes 
additional  evidence  against  Delaunay's  views. 

Moreover  this  problem  afibrds  a  good  illustration  of  the  re- 
marks made  in  the  first  part  of  Art.  146  ;  for  when  the  condition  is 
given  that  the  curvature  of  the  required  curve  is  to  be  constant  the 
natural  meaning  of  this  condition  would  be  that  at  every  point  of 
the  curve  up  to  and  including  the  Umitmg  points  the  radius  of 
curvature  is  to  be  constant. 

159.  The  next  problem  considered  is  to  find  a  surface  of 
minimum  area,  the  required  surface  being  supposed  to  be  bounded 
oy  a  curve  lying  on  a  given  surface.  The  problem  had  been  con- 
sidered originally  by  Lagrange,  in  the  case  in  which  the  bounding 
curve  was  supposed  fixed;  see  Art.  18.  Delaunay  arrives  at  the 
known  result  that  the  required  surface  must  be  one  that  has  at 
every  point  the  sum  of  its  two  principal  radii  of  curvature  zero, 
l^elaunay  shews  moreover  from  the  equation  which  holds  at  the 
hmits  that  the  required  surface  must  cut  the  given  surface  at  right 
angles  at  every  point  of  the  curve  of  intersection  of  the  two  sur- 
faces. Delaunay  then  generalizes  his  results  by  considering  the 
^^Itiple  integral 

/..#.. ..*«,y|..g)V....(J)V(£)V©]. 

12—2 


180  PELAUNAY. 


160.  The  next  problem  is  to  find  the  surface  which  has  a 
given  area  and  bounds  a  maximum  volume ;  that  is,  z  must  be 
determined  such  a  function  of  x  and  y  as  will  make  JJdxdyz  a 
maximum,  while 


/HVi-a'Hi)] 


is  to  be  constant.     This  problem  was   originally  considered  by 
Lagrange ;  see  Strauch,  Vol,  ii,  page  623, 

Delaunay  obtains  as  the  result  that  the  required  surface  must 
be  such  that  at  every  point  the  sum  of  its  two  principal  curva- 
tures must  be  constant.  He  supposes  that  the  required  surface 
is  to  be  bounded  by  a  curve  lying  on  a  given  surface,  and  he 
gives  a  geometrical  interpretation  of  the  equation  which  he  finds 
must  hold  at  the  bounding  curve.  He  then  generalizes  his  results 
by  taking  the  case  in  which 

1...  \\\du,,,dvdxdyz 
is  to  be  a  maximum,  while 

/...///*...*«v{-©"--(S'-©'-e)i 

is  to  be  constant. 

161.  Delaunay  makes  some  further  investigations  respecting 
the  surface  which  includes  a  maximum  volume  with  a  given  area. 
He  says  that  of  all  closed  surfaces  the  sphere  was  known  to  be  that 
which  included  the  greatest  volume  under  a  given  surface,  but 
that  this  result  had  not  yet  been  deduced  from  the  equations 
furnished  by  the  Calculus  of  Variations.  He  tried  the  question 
in  another  way,  and  although  he  did  not  succeed  in  arriving  at 
a  complete  solution  he  gives  his  results.  The  problem  considered 
is  the  following ;  it  is  required  to  join  by  a  surface  of  given  area 
two  curves  of  given  length  situated  in  two  parallel  planes,  in  such 
a  manner  that  the  included  volume  may  be  a  maximum.  The 
differential  equations  to  which  the  problem  leads  are  then  given, 
and,  assuming  that  the  required  surface  will  be  a  surface  of  revo- 
lution, it  is  proved  that  it  must  be  a  sphere.    The  problem  is 
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given  by  Mr  Jellett,   with  some  additional  remarks  on  the  last 
of  the  limiting  equations ;  see  his  Gahulus  of  Variations,  pages 

282—286. 

162.  The  last  example  considered  by  Delaunay  is  the  variation 
of  the  following  expression  which  occurs  in  the  theory  of  heat, 

In  concluding  our  account  of  Delaunay's  memoir  it  may  be 
observed  that  the  examples,  although  interesting  in  themselves, 
do  not  throw  much  light  on  the  precise  point  which  according  to 
the  announcement  of  the  Academy  of  Sciences  required  illustra- 
tion, namely,  the  equations  which  must  hold  at  the  limits  of  the 
integrations;  see  Art.  133.  And  there  is  very  little  that  can  be 
considered  as  an  application  to  triple  integrals  which  was  specially 
indicated.  From  the  fact  that  the  judges  drew  attention  to  Delau- 
nay's researches  on  the  distinction  of  maxima  and  minima,  it  may 
be  inferred  that  they,  as  well  as  Delaunay  himself,  were  not  aware 
that  he  had  been  anticipated  by  Brunacci  on  this  point. 


CHAPTER  VIL 

SAEKUS. 

163.  We  have  already  stated  that  the  prize  offered  hy  the 
Academy  of  Sciences  of  Paris  for  an  essay  on  the  Calculus  of  Vari- 
ations was  awarded  to  M.  Sarrus ;  see  Art.  133.  We  now  proceed 
to  give  an  account  of  the  memoir  which  obtained  the  prize. 

This  memoir  is  Qniithd Mecherches  sur  le  Galcul  des  Variations; 
it  is  published  in  the  tenth  volume  of  the  memoirs  of  the  Savants 
Mrangers,  and  the  date  of  publication  is  184G. 

164.  The  memoir  consists  of  127  quarto  pages.  It  is  divided 
into  five  chapters.  The  first  chapter  is  chiefly  occupied  with 
formulae  for  differentiating  integral  expressions  with  respect  to  any 
parameter  which  they  may  involve;  the  second  chapter  applies 
these  formulas  so  as  to  obtain  the  variation  of  a  multiple  integral 
in  an  undeveloped  form ;  the  third  chapter  developes  this  variation 
and  shews  how  many  equations  must  be  satisfied  in  order  that  the 
variation  may  be  zero ;  the  fourth  chapter  gives  special  develop- 
ment of  the  formulae  in  the  case  of  triple  integrals ;  the  fifth  chapter 
applies  the  formulae  to  three  examples. 

The  memoir  is  extremly  interesting  and  valuable,  and  contains 
a  complete  solution  of  the  question  proposed  by  the  Academy. 
The  formulae  which  are  obtained  are  rather  complicated,  but  this 
can  hardly  be*  avoided  in  the  subject.  The  memoir  is  probably 
the  most  important  original  contribution  to  the  Calculus  of  Variations 
which  has  been  made  during  the  present  century. 

165.  The  investigations  of  Sarrus  apply  to  multiple  integrals 
of  any  order,  and  some  doubt  has  been  felt  with  respect  to  the 
best  method  of  giving  an  account  of  them.  We  shall  confine 
ourselves  to  the  case  of  a  trtple  integral,  because  it  appears  that 


SARRUa  183 

no  abridgement  could  render  adequate  justice  to  the  general  results 
given  by  Sarrus,  and  it  would  be  almost  impossible  to  comprise 
some  of  the  more  complicated  formulae  within  the  breadth  of  an 
octavo  page.  We  may  hope  to  succeed  in  giving  an  intelligible 
specimen  of  the  investigations  of  Sarrus  by  taking  the  case  of  a 
triple  integral;  and  we  must  refer  the  student  who  wishes  to 
appreciate  the  full  merit  of  the  author  to  the  original  memoir. 

We  shall  not  therefore  give  an  analysis  of  the  memoir  article 
ty  article,  nor  shall  we  adopt  the  notation  of  the  author.  Sarrus 
uses  the  symbols  x^^,  x^,  x^,  .,,  for  the  independent  variables;  the 
lower  Umiting  values  of  the  variables  are  denoted  by  a  single 
accent,  as  x^,  cc^',  a?/, ...  and  the  upper  Umiting  values  of  the 
variables  are  denoted  by  two  accents  as  a?/',  x^\  xl\  ...  We  shall 
use  a?,  y,  z  as  independent  variables,  and  shall  denote  as  we  have 
done  heretofore  the  lower  limiting  values  by  the  suffix  0  and  the 
upper  limiting  values  by  the  suffix  1.  The  unavoidable  complexity 
of  the  notation  in  the  original  memoir  has  led  there  to  numerous 
misprints,  which  however  are  not  of  great  importance. 

166.  We  shall  use  then  the  following  notation;  by  the  ex- 
pression ^dx  Jdy  Jdzu  we  denote  a  triple  integral ;  we  suppose  that 
urn  a  function  of  the  independent  variables  x,  y,  z,  and  of  any 
dependent  variable  or  variables,  and  differential  coefficients  with 
respect  to  x,  y,  and  z.  The  integration  in  the  triple  integral  is 
supposed  to  be  performed,  first  with  respect  to  2  from  the  limit  z^ 
to  the  limit  0^,  next  with  respect  to  y  from  the  limit  y^  to  the  limit 
3^1,  lastly  with  respect  to  x  from  the  limit  x^  to  the  limit  x^.  It 
follows  from  the  nature  of  definite  integration  that  the  limits  z^ 
and  z^  will  not  be  functions  of  Zy  but  may  be  functions  of  x  and  y ; 
the  limits  y^  and  y^  will  not  be  functions  of  y  or  ^,  but  may  be 
Junctions  of  x ;  and  the  limits  x^  and  x^  will  not  be  functions  of  x 
or  y  or  z. 

The  limits  of  the  integrations  being  thus  distinctly  stated  we 
Saall  not  express  them  in  our  formulse ;  but  they  must  always  be 
'^merstood.  No  confusion  or  difficulty  will  arise  from  our  not  ex- 
plicitly introducing  the  limits  because  we  shall  never  have  occasion 
to  use  any  indefinite  integral,  and  we  shall  not  make  any  change  in 
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the  order  of  the  integrations.  Also  when  we  have  occasion  to  use 
a  single  or  double  integral  involving  respectively  one  or  two  of  the 
variables  x^  y,  z,  we  shall  not  express  the  limits,  but  they  must  be 
understood.  This  omission  of  the  limits  in  our  integrals  may  at 
first  be  a  little  perplexing  to  the  student,  but  it  is  strongly  recom- 
mended by  the  simplification  thus  effected  in  the  formulae. 

167.  The  symbol  7  will  be  employed  in  the  following  manner. 
Suppose  u  any  function  which  involves  a  quantity  jp ;  if  in  w  we 
change  J?  into  j  we  obtain  a  result  which  we  shall  denote  by 

7  n, 
V 

This  symbol  is  the  one  which  Sarrus  himself  employs ;  he  calls  it 
a  sign  of  substitution.  The  use  of  this  symbol  will  lead  us  to  ex- 
pressions of  the  following  forms, 

1    1   u,      1    1    1    u,     \dxl   u,     \dx\dyl    u, 

7     \dyu,     1    7     \dzu] 

X  J  ^   y  J 

these  expressions  do  not  require  any  explanation. 

This  notation  is  certainly  one  of  the  great  merits  of  the  memoir, 
and  in  this  respect  nothing  has  probably  been  suggested  which  is 
of  so  much  service  to  the  Calculus  of  Variations  as  this  sign  of 
substitution  since  Lagrange  introduced  the  symbol  S. 

168.  We  shall  now  shew  how  to  differentiate  an  integral 
expression  with  respect  to  any  parameter  which  it  may  involve; 
the  formula  is  well  known,  but  it  may  be  interesting  to  see  the 
method  of  Sarrus,  and  to  exhibit  the  result  by  means  of  the 
symbol  7. 

Let  F{t,  x)  denote  any  function  of  the  parameter  t,  the  variable 
X,  and  other  variables  if  required.    Put 

^=<^(^,-) (1). 

^^  =  ^(^,0,) (2); 
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(3). 


we  have  then  identically 

d(l>{t,  x)  ^d'^{t,  x) 

dx       "~       dt       •••••••• 

Let  Xq  and  x^  denote  particular  values  of  x ;  then 

+!'+<'•  ».)-§+('•  "■J w- 

But  from  (2)  and  (3)   hj  integrating  with  respect  to  x,  we 
obtain 

F{t,  X,)  -  F{t,  X,)  =jdx  i/r  {t,  x), 

^it,x;)-,}>{t,x,)=jdx^-t^. 

Substitute  these  values  in  (4) ;  we  thus  obtain 

Now  put  u  for  ^lr  [t,  x)  for   shortiiess ;   then  the  last  result 
may  be  expressed  thus: 


.jdxu=^jdx^^  +  ^l^u-^l^u, 


where  u  may  denote  any  function  whatever. 

It  will  be  observed  that  in  accordance  with  the  remark  in 
Art.  166,  the  limits  of  the  integrals  are  not  expressed,  but  they 
must  be  understood. 

169.  We  now  proceed  to  differentiate  a  double  integral  with 
J^espect  to  any  parameter  which  it  may  involve. 

We  have  seen  that  if  u  be  any  function  whatever, 

d  f  y  f  y   du     dx^  „^i         dx^  „^< 


dt 


jdxu  =  jdx^^+^l^u-^lu; 
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in  this  formula  change  u  into  [dyu;  thus 

and  as  in  the  preceding  article 
hence  by  substitution  we  obtain 

170.     We  now  proceed  to  differentiate  a  triple  integral  with 
respect  to  any  parameter  which  it  may  involve. 

In  the  result  of  the  preceding  article  change  u  into  jdzu\ 
thus 

■j\dx\dy\dzu^  IdxjdT/-^  Idz  u 


dx,  „^ 


?CW*-§C/*> 


■^  dt 

Now  transform  the  first  term  on  the  right-hand  side  by  Art.  168; 
thus 

-T-  jdx  \dy  \dz  u  =  \dx  \dy  \dz  -^ 

dz„  „^o 
]    u 

X 
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171.    We  may  modify  the  form  of  the  preceding  result.     It 
is  evident  that  if  r  be  independent  of  ^, 

P  p 

now  ^0  and  ^j  are  independent  of  ^,  also  j/^  and  y^  are  independent 
of  3^  and  z,  and  x^  and  x^  are  independent  of  x,  y,  and  z.  There- 
fore we  can  alter  the  order  of  some  of  the  symbols  which  occur 
in  the  right-hand  member  of  the  result  of  the  preceding  article, 
and  exhibit  that  result  thus, 

du 
It 


J-  \dx\dy  \dzu=  \dx\dy\dz 

+jda^jd^  7^'  u  §  -jdxjdy  f  u  ^ 

+  f^dy^dz  u  §'  -  f^^dy^dz  u  ^ . 

172.  We  will  now  give  some  formulse  for  differentiating  quan- 
tities affected  with  the  symbol  7  which  will  be  useful  hereafter. 

Let  F{t^  ^)  denote  any  function  of  the  parameter  t^  the  variable 
f ,  and  other  variables  if  required.  Let  <^  (^,  f )  denote  the  partial 
differential  coefficient  of  F  {t,  ^)  with  respect  to  t,  and  i^  (t,  ^) 
the  partial  differential  coefficient  of  #(^,  f)  with  respect  to  ^;  then 
we  have 

now  let  u^F{t,x);  then 

thus  we  have 

d  „5         „£  du  ,  d^  J  du 
dt  X         X  at      at  X  dx 

Suppose  that  |  is  independent  of  x ,  then  by  Art.  171, 

dl^r^  du  ^r^  dud^ 
dt   X  dx'^  a?  dx  dt  ^ 
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and  finally 

dt 


dt^^  ""^  '^  [Tt'^dxdt) ^^^• 

dy 

idy -j-l    u==  I    I   U--1    1 
J   ^  dy  ^  y    Si  y    z 


Now  \dy  —  —lu  —  l  \;  and  if  in  this  we  replace  w  by  7  t« 

we  have 

d  ^        ^Vi  ^        o^o  ^ 


Hence  by  (1), 

J       ^  \dy     dz  dyl      y    %         y   «     ' 


therefore 

Idyl   -T- =-  Idyl  -^----  +  1    7    u^T  1  u ...(2). 

J  ^  ^dy         J  ^  ^dz  dy       y    «  y   z  ^^ 

In  the  applications  we  shall  make  of  the  formula  (2)  hereafter, 
f  will  denote  either  z^  or  z^. 

173.  We  shall  now  proceed  to  use  the  results  already  ob- 
tained in  expressing  the  variation  of  a  triple  integral.  Sarrus 
adopts  an  idea  of  a  variation  which  had  previously  presented  itself 
to  Euler  and  Lagrange ;  see  Arts.  22  and  15. 

We  consider  then  that  we  have  a  triple  integral  taken  between 
limits  for  each  of  the  three  integrations ;  and  we  use  the  symbol 
u  to  denote  the  function  to  be  integrated.  Now  u  involves  a?,  y,  ^, 
and  any  function  v  of  aj,  y^  z,  together  with  the  differential 
coefficient  of  v  with  respect  to  x^y^z\  also  u  may  involve  any 
other  function  w  of  a?,  y,  z^  together  with  the  differential  coefficients 
of  w  with  respect  to  x^y^z]  and  so  on.  Now  to  obtain  the  varia- 
tion of  the  quantity  which  is  denoted  by  any  symbol,  we  suppose 
that  such  a  symbol  instead  of  representing  a  function  of  x,  y,  z,  or 
of  some  of  these  variables,  becomes  a  function  of  t  also,  where 
t  is  a  new  variable  which  is  supposed  to  enter  in  a  perfectly 
arbitrary  manner;  then  if  the  quantity  in  question  be  supposed 
to  be  differentiated  with  respect  to  t,  and  t  made  equal  to  zero 
after  the  differentiation,  the  result  is  called  the  variation  of  that 
quantity.     This  idea  of  a  variation  had  been  used  by  Euler  and 
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Lagrange  as  we  have  already  intimated,   and  subsequently  by 
Ohm ;  see  Arts.  22,  15  and  55, 

174.  In  pages  45 — 47  of  his  memoir,  Sarrus  distinguishes  be- 
tween two  kinds  of  variations;  and  we  will  now  explain  this 
distinction. 

Suppose  we  had  such  a  triple  integral  as  we  have  considered 
in  the  preceding  article.  We  might  conceive  that  the  independent 
variables  x,  y,  z  received  changes  by  variation  as  well  as  the 
dependent  variables  v,  «^, ...  which  occur  in  u.  When  however 
the  integrations  are  taken  between  limits  it  is  unnecessary  to 
suppose  that  the  independent  variables  themselves  receive  varia- 
tions; we  obtain  sufficient  generality  by  ascribing  variations  to 
the  dependent  variables  and  to  the  limits  of  the  integrations. 
When  the  variation  of  a  function  is  taken  on  the  supposition  that 
the  independent  variables  themselves  do  not  receive  variations, 
Sarrus  calls  the  variation  a  variation  tronqute^  and  he  denotes  it 
thus,  S.  Then  as  he  supposes  his  integrals  to  be  taken  between 
limits,  he  says  that  he  is  only  concerned  with  these  variations 
tronquSes, 

175.  Now  take  the  result  obtained  in  Art.  171 ;  then  if  we 
adopt  the  idea  of  a  variation  explained  in  Art.  173,  and  use  the 
symbol  8  to  denote  a  variation,  we  have  the  following  formula : 

^  jdx  \dy  \dz  u  =  jdx  \dy  \dz  Bu 

+  1  ^  \dy  jdz  u  Bx^  —  7^1%  p^  julx^ 
4-  jdxl  '  jdzuBy^—jdxl   jdzuSy^ 

+  \dx\dy  l^uhz^  -Idx  I dy  7^  uBz^. 

This  gives  in  an  undeveloped  form  the  variation  of  a  triple 
integral. 

176.  It  is  certainly  not  necessary  to  verify  the  preceding 
5^esult,but  it  maybe  interesting  to  shew  that  it  does  agree  with  that 
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which  had  been  given  by  previous  writers ;  this  Sarrus  does  in  the 
manner  we  will  now  indicate. 

According  to  Sarrus  the  known  formula  for  the  variation  of  a 
triple  integral  is  the  following : 

SJdxjdyjdz  u  =  fdxjdyjdz  ^S^  _  g  8a,  - 1  Sgr  -  g  S.) 

fy    1 1    fy    fduhx     duSy  ,  duBz\ 

+jd.jd,jdz(-^  +  -^+-^). 

Sarrus  calls  this  a  known  formula,  but  he  does  not  say  where  it 
had  been  demonstrated.  He  probably  had  in  view  such  a  method 
as  the  following : 

S  \dx\dy  ldzu=  jjjBdxdydzu 
=  uldxdydzhu  +  jjjdBxdydzu 

+  jjjdxdBy  dzu  +  jjjdx  dy  dlz  u 

^jjjdxdydz(Bu^jJx-^--^~By^^J.-^^^  +  -^ 

But  it  must  be  observed  that  before  the  researches  of  Poisson 
the  variation  even  of  a  double  integral  had  not  been  investigated, 
for  the  case  in  which  the  limits  were  variable,  in  an  intelligible 
and  satisfactory  manner.  The  formula  which  Sarrus  considers  to  be 
known  will  be  seen  to  be  analogous  to  that  demonstrated  by  Poisson 
for  a  double  integral ;  for  Poisson's  result  is 

in  which  the  quantity  8Fis  what  Sarrus  would  denote  by 
.^^    dV^      dV^ 

see  page  76.  And  the  formula  agrees  also  with  the  general  result 
given  by  Ostrogradsky ;  see  Art.  127  at  the  end,  where  the  quan- 
tity which  Ostrogradsky  denotes  by  Du  is  what  Sarrus  would  de- 
note by 

^^^    dU ^       dU^      dU ^ 
^jj —     ix — T~  ^y — 7-0^—  ... 
ax  dy    *^      dz 
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177.  In  order  to  shew  that  the  formula  given  Tby  Sarras  agrees 
with  the  result  which  he  considers  known,  we  shall  require  some 
simple  theorems  of  the  Integral  Calculus.     Let  u  be  any  function ; 

then 

r     du     /I       /o 
]      dz       z         z     ' 

therefore   Idxldy  ldz--j-=  Idxldyl^u-'  ldxjdi/1  ii (1), 

Affain  \dy-Y--l  u  —  lu, 

^  J  ^  dy      y         y 

change  u  into  \dzu)  thus 

\dy-j-  ldzu  =  l   jdzU'-T  jdzu; 

=  7    idz  u  —  l    idzu; 

yj  yj 

therefore       jdy  jdz  |  =  ^jdy  fu  ^  +  jdy  l\  ^ 

+  f jdzu-- f jdzu (2); 

therefore  jdxfdyjdzp^^^jdxjdyiy^^+j^^^ 

+  jdxf  jdzu  "(dxf  Idzu (3). 

Again,  by  (2)  we  have 

«i  r  /"of 
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change  u  into  \dz  u ;  thus  we  shall  obtain 

+  Tjjdyjdzu-lJjd^jdzu (4). 

Now  transform  \dx\dy\dz  -^ —  by  means  of  (4), 
transform  \dx\dy\dz  -^  by  means  of  (3), 

and  transform         \dx\dy  jdz  —j~  by  means  of  (1), 

and  rearrange  the  results ;  we  thus  obtain  from  the  known  formula 
of  Art.  176, 

SJdxjdyjdz u  =^jdxjdyjdz  (^Bu^£Bx-^~By  ^^  S.) 
4-7    Idy  IdzuBx  —  l    \dy\dzuBx 

Now  it  is  obvious  that 

jdxldyl  uBz  =  Idxldyl  uSz^, 

\dxl    idzuBy=^jdxl   jdzuBy^, 

1   jdy  jdzuBx  =  l    \dy  jdzuBx^^ 


SARRUJS.  193 

and  similar  equations  hold  when  the  suffix  1  is  replaced  by  the 
sufEx  0.     Hence  we  have 

+ 1^  \dy  \dz  uhxj^  --7    I  %  \dz  uBx^ 

Moreover  Bz^-^-j^Sy  --j^Bx^^  Sz^, 

Bx^  =  Bx^^ 

and  similar  equations  hold  when  the  suffix  1  is  replaced  by  the 
suffix  0.    Also 

«.       du  f^       du  ^       du  ^       X 
ou  — J- ox  — 5-  ov  — r-  o^  =  ou* 
ax  ay  '^      dz 

Thus  the  known  formula  of  Art.  176  has  been  so  transformed  as  to 
agi'ee  with  the  formula  of  Sarrus  in  Art.  175. 

178.  After  obtaining  the  general  expression  given  in  Art.  175 
tor  the  variation  of  a  triple  integral,  the  next  step  is  to  shew  how 
»y  integration  by  parts  as  many  of  the  terms  which  occur  in  Bu  as 
possible  are  removed  from  under  the  signs  of  integration.  This 
part  of  the  subject  is  fully  considered  by  Sarrus;  we  will  give 
rtiree  of  his  formulse. 
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In  equation  (4)  of  Art.  177  change  u  into  u6 ;  thus 

+  7^'  fe  (dzu0-  fidy  jdz  u0 

-/&/,iy/>4'+/<fc/*7:.4 (1). 

In  equation  (3)  of  Art.  177  change  u  into  u0;  thus 
jdxjdy  ldzu--j-  =  —  \dx\dy\dz-j- 6 

+  \dx  fjdz  uO  -jdx  fjdz  u0 

-W*'>l+W*'>|' «• 

In  equation  (1)  of  Art.  177  change  u  into  ii9;  thus 
jdxjdT/jdzu  ^  -  -jdxjd7/jdz  ^  e 

+  Idxjdyfue--  jdxjdyfud (3)- 

179.  In  his  last  chapter  Sarrus  applies  his  formula  to  three 
examples. 

The  first  example  is,  to  determine  the  surface  which  with  a 
given  area  contains  the  greatest  volume. 

The  third  example  is,  to  determine  the  law  of  the  density  oi 
a  Ibody  of  given  form  and  position  in  order  that  the  integral 


\dx\dy  \i 


d% 
dzw ' 


dxdyd'f 


z 
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taken  throughout  the  body  may  Ibe  a  maximum  or  minimum,  v 
being  the  density  at  the  point  {x,  y^  z)  and  w  a  given  function  of 
x^  y,  z,  and  v. 

The  discussion  of  the  first  example  is  too  long  to  be  conve- 
niently given,  and  the  third  will  find  an  appropriate  place  in  the 
next  chapter ;  the  second  example  we  will  now  consider. 

We  shall  however  in  future  omit  the  bar  from  the  symbol  S. 
Sarrus  has  indeed  said  very  little  about  what  h^  calls  a  variation 
tronguee;  see  Art.  174.  Perhaps  this  term  and  the  corresponding 
symbol  S  were  only  introduced  for  the  purpose  of  enabling  him  to 
compare  his  formula  with  the  known  expression  for  the  variation 
of  a  multiple  integral  as  in  Art.  177  ;  and  no  disadvantage  would 
have  arisen  if  the  term  and  symbol  had  not  been  introduced  into 
the  memoir. 

180.  The  following  is  the  second  example  given  by  Sarrus; 
to  determine  the  law  of  density  of  a  body  of  given  form,  position, 
and  mass,  in  order  that  the  integral 

/•^W^VI' -(£)'- (I)"  HS] 

taken  throughout  the  body  may  be  a  minimum,  v  being  the  density 
at  the  point  {xy  y^  z). 

The  mass  of  the  body  is  equal  to 


jdxjdyldzv, 


and  since  the  mass  is  to  be  constant  the  variation  of  this  expression 
must  be  zero.  Moreover  since  the  form  and  position  of  the  body 
are  known  the  variations  of  the  limits  S^^,  &^,  S?/^,  By^,  Bz^,  Bz^,  are 
all  zero ;  thus  the  variation  of  the  mass  reduces  to 

jdxjdyldzBV) 

and  this  must  consequently  be  zero. 

13—2 


196  SARRUS. 

Tariation  of  the  proposed  integral  is 

r^    r^    r,    (Idv  dSv     l  dv  dSv  ,  1  dv  dSv) 

Then  by  the  ordinary  theory  of  relative  maxima  and  minima  we 
must  have 

f -F    r^    r^    f  ^       1  ^^  ^^^     Idv  dBv     1  dv  dSv)      _ 

where  c  is  some  constant. 

Our  object  now  is  to  transform  this  equation  so  as  to  reduce  as 
much  as  possible  the  number  of  the  signs  of  integration  which 
occur  with  any  term. 

We  first  transform  Idxldyldz--^-  -j—  by  means  of  equation 
(1)  of  Art.  178;  we  obtain  as  the  equivalent 


—  \dx\dy  \i 


T   1  dv 
a,-  -J- 

dz       ,        ov 
ax 


+ 1    \dy  \dz  -  -—  S^?  —  7     \dy  \dz  -  -7-  Sv 
^  J  ^  J       r  ax  ^  J  ^  J      T  dx 

-  \dxf  (dz  1  f^  fiS^H-  (dx  f(dz  '-^^pSv 
J        y  J       r  ax  ax  J        y  J       r  dx  dx 

J      J  *^    z  r  dx  dx  J      J   ^    z  r  dx  dx 

Next  we  transform  \dx\dy\dz--j-  -^  by  means  of  equation 
(2)  of  Art.  178;  we  obtain  as  the  equivalent 

J  1  ^^' 
-\dx\dy(^dz-ji^lv 

+  (dxf(d.'-^^Bv-(dxf(dzlpBv 
J        y  J      T  dy         J        yj       r  dy 
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Lastly,  we  transform  \dx\dy  \dz  -  -^  -t—  by  means  of  equation 
(3)  of  Art.  178 ;  we  obtain  as  the  equivalent 


T  1  dv 

J      '  r  dz  ^ 

dz   ■    ,       ov 


+  jdxfd^  f  i  g  S.  -  jdxjdy  f  i  g  Bv. 

Substitute  the  equivalents  thus  obtained  in  the  original  equation; 
the  result  will  be 

T  1  dv       y  I  dv      7  1  ^\ 

J      J   ^    z  \r  dx  dx      r  dy  dy      r  dz) 

4-  \d    (d    7^Vi  —  — ^  4-  i  —  — ^  —  1  — ^  ?) 
J      J  ^    z  \r  dx  dx      r  dy  dy      r  dz) 

-[da,fLC-^^-^f)Bv 
J         yj       yr  ax  ax      r  dy) 

+  {dxf'\dzf^^^^-i^\Bv 
J        y  J      \r  ax  ax     r  dy) 

—  7     \dy  \dz  -  -rr-  Sv. 
^  J  ^  J      r  dx 

Hence  we  must  have  by  the  reasoning  commonly  used  in  the 
Calculus  of  Variations 

J  1  dv      J  1  d'd     J  I  dv 
d^^  -_-     d^ — -~     a, — 7- 
T  dx  r  ay  r  dz     ^ 

dx  dy  dz  ' 

this  must  hold  for  every  point  of  the  body.    We  have  also  certain 
Uniting  equations,  six  in  number,  namely, 
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„^i  /I  ^  ^1       1  ^  ^1  _  I  ^\       ^ 
x\xdxdx      T  dy  dy^  T  dz)        ' 

Vi  f];_dv_dy^_ldv\  _^^ 

y  \r  dx  dx     r  dy) 

/ 7-  "~  ^J 

^  r  ax 

and  three  more  which  can  "be  obtained  from  these  "by  replacing  the 

suffix  1  "by  the  suffix  0. 

181.  There  are  many  misprints  in  the  original  memoir,  as  we 
have  already  remarked,  but  they  are  not  likely  to  give  any  trouble 
to  a  student  except  perhaps  the  following.  In  the  third  line  from 
the  bottom  of  page  119  are  two  mistakes;  in  the  first  term  the 

factor  -^  in  the  notation  of  Sarrus  is  omitted,  and  in  the  second 
dx 

term  the  factor  ■—  is  omitted.     These  lead  to  mistakes  in  those 
ax 

terms  of  Art.  155  which  are  numbered  9,  11,  15,  18,  21,  24;  for 

^  is  omitted  in  9, 15, 18,  and  ^  is  omitted  in  11, 21,  24.   More- 
dx  a^ 

over  in  Art.  155  the  terms  numbered  14,  17,  20,  23  have  the  wrong 
signs  prefixed;  and  the  terms  numbered  30,  32  have  in  the  notation 

of  Sarrus  w  instead  of  -r- . 

182.  Some  other  remarks  may  be  made  for  the  use  of  the 
student  of  the  original  memoir. 

In  his  Art.  156  Sarrus  interprets  the  equations  which  he  has 
obtained  in  his  solution  of  his  third  problem.    Thus  he  finds  that 

the  equation 

dw      d^v      ^     d^w      _  ^ 

dv  dxdydz  dxdydz 
must  hold  at  every  point  of  the  body;  and  besides  this  certain 
limiting  equations  must  hold.  He  appears  to  sum  up  his  results  at 
the  bottom  of  his  page  126  where  he  says,  "  by  combining  the 
different  preceding  conditions  which  hold  at  the  limits  we  see  that 
they  reduce  to  this— ;^r  all  points  of  the  surface  of  the  hody  *^ 
question  we  must  have  w?  ==  0."  This  must  be  understood  to  mean 
that  at  all  points  of  the  surface  of  the  body  w  must  vanish  and  so 
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must  every  differential  coefficient  of  w  with  respect  to  a;,  y^  z  of  any 
order.  In  other  words  w  must  vanish  identically  at  every  point  of 
the  surface  of  the  body. 

Moreover  the  result  might  perhaps  be  obtained  more  simply 
than  in  the  way  which  Sarrus  has  adopted.  For  he  obtains  on 
page  123  as  one  of  the  limiting  equations,  an  equation  which  ex- 
pressed in  our  notation  is 

^1 
7    i(?  =  0. 

z 

The  equation  is  to  hold  throughout  what  we  may  call  one  of  the 
hounding  faces  of  the  body.  Now  if  the  equation  just  written  be 
not  an  identity  it  really  furnishes  an  equation  to  this  bounding  face ; 
hut  the  body  is  supposed  to  be  given  in  form  so  that  the  equation 
to  the  bounding  face  is  already  known ;  therefore  the  equation  must 

he  an  identity.     The  only  exception  is  that  the  equation  7    t^  =  0 

might  happen  to  coincide  with  the  known  equation  to  the  bounding 
surface;  but  it  may  be  shewn  that  this  supposition  is  inadmissible 

hy  examining  the  equations  from  which  7    t(?  =  0  was  deduced. 

Again,  in  the  method  of  Sarrus  he  might  have  observed  that 
when  some  of  his  limiting  equations  are  satisfied  some  other  of 
these  equations  are  necessarily  satisfied  also.  Thus  on  his  page  125 
he  has  a  sentence  which  in  our  notation  will  read  thus ;  moreover 
ihe  fourteenth  and  fifteenth  terms  will  gine 

7    7?^  =  0,    7     7-7-=  0. 
t/    «  y    !^  ax 

This  is  quite  true,  but  it  is  not  additional  to  what  is  already 

known ;  for  he  has  already  shewn  that  7   t(7  =  0,  and  therefore  of 

Vi  ^i  "^1  dw 

course  1    1  w  must  be  =0,  and  he  has  also  shewn  that  7   -y-  =0, 
y    z  Si  ax 

and  therefore  of  course  7   7-1-  must  be  =  0. 
y   z  dx 

We  may  observe  that  the  misprints  which  occur  in  Art..  155  of 
the  memoir  of  Sarrus  do  not  affect  the  validity  of  the  inferences 
which  he  draws  in  his  Art.  156. 
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183.  As  a  further  illustration  of  the  method  of  Sarrus  we  will 
give  in  detail  the  investigation  of  the  variation  of  a  double  integral, 
in  which  we  will  suppose  that  no  differential  coefficient  of  a  higher 
order  than  the  second  occurs  in  the  proposed  expression.  We  shall 
require  some  formulae  in  the  integral  calculus  which  might  be 
obtained  from  those  we  have  already  given,  but  for  convenience  we 
will  investigate  them  here. 

It  is  obvious  that 

ldx-j-  =  i    u  —  1  u (1); 

j      dx      ^  ^  ^  ^ ' 

change  u  into  \dyu\  thus 

f      d  [  ^if  ^0  r 

that  is 

therefore  \dx\dy-^=^l    Idyu  —  l    \dyu 

change  u  into  u0 ;  thus 

^\^dyue-l^^dyud 

-H^t*H^% (^'- 

Again,  in  (1)  change  u  into  7  u ;  thus 

J        dx  y  X    y  X    y     ^ 

that  IS,         \dx  I  -r-'¥\dxi  -^---1=7    j  u—l    1  u, 
J       ydx]       ydydx      «   y         x    y    ' 
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therefore     \dxl  -j-=i  7  u  —  l   1  u—  Idxl^'j-T'y 
J       y  dx      «:  y         ^  y        J       ydydx 

change  u  into  ud^  thus 

\dxl  u-T-^—  Idxl  -j-O  +  i  7  uO—J   7  w 
j       y    dx        J       ydx        as  y  «  y 

_{^fuf^.hxf^e^ (3). 

J        y    dy  dx     J       y  dy     dx  ^  ' 

In  the  applications  we  shall  have  to  make  of  this  formula  t]  will 
be  either  y^  or  y^ . 

Again,  it  is  obvious  that 


dy 
change  u  into  uQ^  thus 


r,  du     Jfi       Jf^ 
\dy-T-  —  l    u—l    u: 
J  ^  dy      y         y     ^ 

ldyu--r-=^—  jdy-T-  6+1    ud  —  1   u9. 
Hence 

Idxjdyu-^^—  Idxldy-j-  0  +  jdxl    uO—ldxl  ^^...(4); 

and  1^  \dyuf=^-l^dy^^e  +  fl\6-l^fue (5). 

xj  ^     dy         ^j  ^  dy         ^  y  «  y  ^  ' 

In  the  applications  we  shall  have  to  make  of  the  last  formula,  ^ 
will  be  either  x^  or  x^. 


184.     Let  then 


U^^T'f^'Vdxdy, 


where  V  is  supposed  a  function  of 

dz     dz      d'^z       d^z       d^z 
^^y'^'lTx'   ^'  'M'   d^y'   dy''' 

In  this  double  integral  we  suppose  that  the  integration  is 
effected  with  respect  to  y  first,  and  the  limits  y^  and  y^  may  be 
functions  of  x.     As  the  limits  and  the  order  of  integration  will 
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continue  unchanged  throughout  the  investigation,  it  will  not  be 
necessary  to  denote  the  limits  explicitly,  but  they  must  be  always 
understood. 

As  in  Art.  175  we  shall  have,  using  S  instead  of  S, 

SU==jdxjdySV+  f^dy  VBx.^fjdy  VSx, 

+jdxiyBy,-^jdxfvBy,. 
And 

where   F^  denotes  the  differential  coefficient  of  F  with  respect  to 

%- ,  and  K  denotes  the  differential  coefficient  of  F  with  respect  to 
dx  ^ 

dz  d^z 

-J- ,  and  F^^  that  with  respect  to  ^^ ,  and  so  on. 

Thus  IdxjdySV  consists  of  six  terms,  and  all  of  these  except 

the  first  may  be   developed  by  means  of  the  formulae  given  in 
Art.  183. 

First;  the  term  \dx\dy  -^  Sz  does  not  admit  of  any  transfor- 
mation. 

Secondly;  by  equation  (2)  of  Art.  183, 

+  ffdyKBz-fjdyVJz 

-fdxfvjzp  +  ldxfrjz'^. 

J       y    "^      dx     i       V    "      dx 
Thirdly ;  ty  equation  (4)  of  Art.  183, 

jdxjdyV,^  =  -jdxjdy^S. 
+jdxfv,S3-jdxfv„Sz. 
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Fourthly;  by  equation  (2)  of  Art.  183, 


dV^clZ2 
dx    dx 


Out  of  the  five  terms  on  the  right-hand  side  of  this  equation, 
the  first  alid  the  last  two  admit  of  further  transformation;  by 
equation  (2)  of  Art.  183, 

ip  J   ^    dx  30  J   '^    dx 

J        ff    ax        ax     J        y    dx        dx 
by  equation  (3)  of  Art.  183, 

[dxf  V  ^^  =  _  fdxf  Bz—  (V  ^) 
J  "^^  V   "^^^  dx  dx        r"^  y  ^^  dx  \  ^^^  dx) 

+  '^   y  ^'^  dx  '^   y  ^'^  dx  ^^ 

-  {dx  f^r  f^'V  -  (dx  fSz  ^^(v  ^V 
J  "^^  y   dy  ^^^  [dx )      r'^'y  ^^  dx  dy  \  ^"^  dx)  ' 

a  similar  transformation  can  be  made  of 


jdxrv. 


dZzdy_^ 
dx  dx' 


Thus  we  shall  get  on  the  whole 
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J        y    ax   ax         J        y    ax    ax 
30    y     ''''  dx  ^    y         ax 

It  may  be  observed  that  as  y,  and  y„  are  independent  of  y 

^V'"dx)~  dx    dy  '         dyV"  dx)"  dx    dy  ' 
Fifthly ;  by  equation  (2)  of  Art.  183, 

^[dxfv  ^^+[dxf'V  ^^ 

The  first  term  on  the  right-hand  side  may  be  transformed  hy 
equation  (4)  of  Art.  183,  and  the  second  and  third  terms  may  be 
transformed  by  equation  (5)  of  Art.  183. 

Thus  we  shall  get  on  the  whole 
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J        y    ax  J       y    ax 


-C/^f^^-C/* 


Iz 


dy  X  ]  ^  dy 

+  7    7    V^hz-Vr   V^hz-1    T   F^Sa  +  7    7    V^^z 

OB     y       ^  X     y       ^  X     y       ^  x     y       ^ 

r""  V   ^'^  dy  dx  ^r""  y   ^'^'dy  dx  ' 
Sixthly ;  by  equation  (4)  of  Art.  183, 

The  first  term  on  the  right-hand  side  may  be  transformed 
ty  equation  (4)  of  Art.  183.     Thus  we  shall  get  on  the  whole 

\dx^dy  yj^=  \dx\dy  ^^f  Bz 

-bxf^Bz+fdxf^Bz 
J        y    dy  J        y    dy 

^r^y    ^'^  dy      r^   y   ^'^  dy  ' 

We  must  now  collect  the  results   obtained  for  the  various 
terms  occurring  in  IdxldyBV.     Thus  on  the  whole  we  shall  ob- 

tarn  the  following  as  composing  the  value  of  IdxldySK 


First,  a  double  integral,  namely. 


ldxldy\ 


■dV    dV^     dV     d-'V^^d'^V^     d-\\ 

-r     7  2    +  "^ — T~  + 


dz       dx       dy        dx^       dxdy       dy^ 


Sz. 
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Secondly,  terms  involving  integration  with  respect  to  y  only, 
namely, 

Thirdly,  terms  involving  integration  with  respect  to  x  only, 
namely, 

dy    \dx)        dx        dy  J 
^L     'WW        ^'^  dx  ^  ^"J  dy) 

_^  dV^  fdy^  _  dV^  _  dVyyl  g^ 
dy    \dx)        dx        dy  J 

Fourthly,  terms  involving  no  integral  sign,  namely. 


X    y 


dx'  '"^ 
Besides  these  there  are  in  8?7the  four  terms 

'fl\dyVZx,-']l\dyVZx, 
+ 


-F,.^  +  F^|s.. 


dx 


■jdxiyBy.-fdxfvBy,. 
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185.  We  have  given  in  the  preceding  Article  the  develop- 
ment of  the  variation  of  a  double  integral;  we  now  proceed  to 
consider  the  relations  which  must  be  satisfied  in  order  that  the 
variation  may  vanish,  supposing  that  no  restriction  exists  with 
respect  to  the  limits  of  the  integrations. 

In  order  that  the  part  of  the  variation  which  involves  a  double 
integral  may  vanish  we  must  have 

dV    dV,     dV,  ^  d'V„  ^  dW^  ^  '^"^yy^Q. 
dz       dx       dy        dx^       dxdy       dy^  ' 

this  must  hold  for  all  values  of  x  and  y  comprised  within  the  limits 
of  the  integrations. 

Next,  the  term  affected  with  the  symbol  7    I  dy  must  vanish ; 

that  is,  when  x=^x^ 

V^       dx        dyj^^^^^'^dx^^^'''' 
must  vanish  for  all  values  of  y  between  y^  and  y^.     And  since  Sz, 

dx  ' 


-r~ ,  and  Bx^  are  arbitrary  we  obtain  the  three  equations 


^*       dx        dy  ""^'      ^^^     "'      ^        ' 

these  are  to  hold  when  x-x^^  for  all  values  of  y  between  y^  and  y^, 
so  that  we  may  coi^tveniently  express  them  thus, 

ffv-^^^^^^^^o    fv=o,    7"V=0. 

'^V"       dx         dy  J     ^'     ^^  ^^^        '     ^ 
Similarly  from  considering  the  terms  affected  with  the  symbol 
1^  jdy  we  obtain 


Cln-^-f")-",  '>»-«.  rv.o. 


X 


/■ 


Next  consider  the  terms  affected  with  the  symbols  jJi^  7^  and 
dxl  \    We  shall  obtain  in  a  similar  manner  six  equations,  three 
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to  hold  when  y  =yj  for  all  values  of  x  between  x^  and  a?^,  and  three 
to  hold  whai  y  =  ^0  ^^^  ^^^  values  of  x  between  x^  and  x^.  We 
may  write  the  first  three  thus, 

y  (  ax  ax    ax      ax\       ax  J 

dy    \dx)        dx         dy  )        ' 

y 
The  other  three  are  obtained  from  these  by  changing  y^  into  y^. 

Lastly,  the  four  terms  without  any  integral  sign  must  vanish ; 
thus  we  obtain  four  equations  which  must  hold  for  special  values 
of  X  and  y,  namely  x=^x^  and  y  =  y^,  and  so  on.  These  equa- 
tions are 


':c(''-i-''-)-»- 


The  equations  we  have  obtained  may  of  course  be  combined 
and  thus  simplified ;  thus  since  we  have  already  obtained 

7V,,  =  0   and7V,,  =  0, 
it  follows  that  the  last  four  equations  reduce  to 
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186.    We  may  now  make  some  comparison  of  the  results  of 
Article  184  with  those  obtained  in  Art.  143  by  Delaunay's  method. 

According  to  Delaunay's  suppositions  we  have 

Vi  =  Vq  when  x  =  x^^  and  also  when  x  =  x^. 
In  consequence  of  this  a  term  affected  with  the  symbol  7    \dy 

vanishes  because  the  limits  of  the  integration  with  respect  to  y  are 
equal  when  x=^x^\   similarly,  a  term  affected  with  the  symbol 

7    \dy  vanishes. 

Hence  the  variation  of  the  double  integral  reduces  to 

'      ^^      ^"dx"^  dx    dx^dx\   '"dx) 

^dV^^/dyX     dV^,     dV,, 
dy   \dxj        dx        dy  ' 


where 


^-nd  P^  and  Q^  are  formed  from  Pj  and  Q^  by  changing  the  suffix  1 
wherever  it  occurs  into  0. 

This  result  coincides  as  it  should  do  with  that  in  Art.  143. 
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CHAPTER   VIIL 

CAUCHY. 

187.  A  MEMOIR  by  Cauchy  on  the  Calculus  of  Variations  is 
published  in  the  third  volume  of  his  Exercices  d'analyse  et  de 
Physique  MaMmatique,  1844;  it  extends  from  page  50  to  page  130 
of  the  volume. 

This  memoir  may  be  described  as  a  reproduction  of  a  portion 
of  the  investigations  of  Sarrus  with  some  difference  of  notation,  and 
frequent  reference  is  made  to  Sarrus  throughout  the  memoir.  In 
fact  Cauchy  himself  does  not  appear  to  have  considered  his  own 
memoir  as  more  than  a  new  exhibition  of  the  method  of  Sarrus; 
thus  he  says  at  the  end  of  his  last  chapter:  The  various  formulas 
obtained  in  this  last  paragraph  do  not  differ  in  substance  from  those 
obtained  by  M.  Sarrus.  They  are  however  simplified  by  the  nota- 
tion which  we  have  employed....  Cauchy  adds  that  he  will  develop 
the  subject  in  some  other  memoirs  and  apply  it  to  the  solution  of 
various  problems.  This  design  appears  however  not  to  have  been 
accomplished. 

The  memoir  published  by  Cauchy  may  be  considered  an  evi- 
dence of  the  favourable  opinion  he  held  of  the  method  of  Sarrus. 

188.  Cauchy's  memoir  begins  with  a  few  preliminary  re- 
marks and  is  then  arranged  in  nine  sections  under  the  following 
titles.  1.  Definitions.  Notation.  2.  On  the  continuity  of  func- 
tions and  of  their  variations.  General  properties  of  the  variations 
of  several  variables  or  functions  connected  by  known  equations. 
3.  General  formulae  suitable  for  furnishing  the  variations  of  func- 
tions of  one  or  more  variables.    4.  Properties  of  the  variations  oi 
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different  orders.  5.  On  the  variation  of  a  simple  or  multiple 
definite  integral.  6.  On  the  different  forms  which  may  be  given 
to  the  variation  of  a  simple  or  multiple  definite  integral.  7.  Com- 
parison of  the  formulae  established  in  the  fifth  and  sixth  sec- 
tions. [The  original  memoir  by  mistake  has  third  and  fourth 
sections.]  Differentiation  of  a  multiple  integral  relative  to  any 
variable  different  from  those  with  respect  to  which  the  integrations 
are  performed.  8.  On  the  partial  variation  which  for  a  simple  or 
definite  multiple  integral  corresponds  to  variations  in  the  form  of 
the  functions  which  occur  under  the  integral  sign.  9.  On  the  re- 
ductions which  can  be  effected  by  integration  by  parts  in  the  varia- 
tion of  a  simple  or  multiple  definite  integral. 

189.  The  first  four  sections  are  very  diffuse,  but  contain  nothing 
new  or  important.  In  the  fifth  section  a  formula  is  obtained  for  the 
variation  of  a  definite  multiple  integral  which,  as  Cauchy  remarks, 
is  precisely  the  same  as  that  obtained  by  Sarrus ;  it  is  the  formula 
which  we  have  already  given  in  the  case  of  a  triple  integral ;  see 
Art.  175.  In  his  sixth  section  Cauchy  gives  an  independent  de- 
monstration of  that  formula  for  the  variation  of  a  multiple  integral 
which,  according  to  Sarrus,  was  known  before  he  published  his 
method;  see  Art.  176.  We  will  exemplify  Cauchy's  demonstra- 
tion by  applying  it  to  the  case  of  a  triple  integral. 

190.  We  have  to  prove  the  following  formula : 
^\dx\dy\dzu==  \dx\dy\dz  (8^*— -r*  Bx —-j- By  — -j-  Szj 

B,/&/ij,/<&„,  »  t„™„ly  explained,  we  undersW  a  triple 

integral  in  which  we  have  first  to  integrate  with  respect  to  z  from  z^ 
to  z^j  then  with  respect  to  y  from  y^  to  y^,  and  lastly  with  respect 

Now  let  X:=rx  +  Bx,  Y=^y-vBy,  Z:=^z  +  Bz,  where  Bx,  By,  Bz 
^^e  indefinitely  small  arbitrary  functions  of  x,  y,  z.    Let  U  denote 

14—2 
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what  u  becomes  when  x,  y,  0,  are  changed  into  X,  Y,  Z,  respec- 
tively, and  also  any  function  of  x,  y,  z,  involved  in  u,  receives  an 
indefinitely  small  arbitrary  increment.  Then  the  varied  value  of  the 
triple  integral  is 

jdXJdYJdZU; 

the  limits  will.be  found  by  keeping  the  same  limiting  values  as  be- 
fore for  X,  y,  z.  It  is  important  to  observe  that  since  Sa?,  hy,  Bz  are 
quite  arbitrary  we  can  obtain  all  the  necessary  generality  in  the 
varied  value  of  the  triple  integral  by  retaining  the  original  limiting 
values  of  x,  y,  and  z. 

The  variation  of  the  triple  integral  will  be  found  by  subtracting 
the  original  value  from  the  varied  value. 

Now  it  is  obvious  that  the  complete  variation  will  be  obtained 
by  determining  separately  the  parts  of  the  variation  which  arise 
from  the  change  of  u,  x,  y,  z  into  ?7,  X,  Y,  Z,  respectively ;  and 
when  we  are  considering  the  change  of  one  of  the  quantities  the 
others  may  be  supposed  to  retain  their  original  values ;  the  terms 
thus  neglected  are  in  fact  of  a  higher  order  than  those  which  are 
retained.  Thus  by  putting  u-{-Su  for  U  we  find  that  the  term 
arising  from  the  variation  of  u  is 


hhl' 


dzSu, 


Now  consider  the  term  which  arises  from  the  change  of  z  into  Z 
while  the  other  quantities  retain  their  original  values.  The  integra- 
tion with  respect  to  z  is  the  first  performed;  hence  by  the  change 
of  z  into  Z  the  triple  integral  is  changed  into 


jdxjdyj, 


dzu-^, 


where  the  limits  of  x,  y,  z  are  the  original  limits ;  and  --7-  is  the 


dZ 
dz 

differential  coefficient  of  Z  with  respect  to  z  only,  that  is,  supposing 

X  and  y  constant.     Now 


dZ     d  ,       ^  .  dSz 
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thus  the  te^rm  in  the  variation  of  the  triple  integral  which  arises 
from  the  change  of  z  into  Z  is 


\dx\dy\dzJ^. 


The  simplicity  of  this  process  arises  from  the  fact  that  the  integra- 
tion with  respect  to  z  is  ^^  first  ^performed. 

Now  let  us  consider  the  part  of  the  variation  of  the  triple  in- 
tegral which  arises  from  the  change  of  y  into  Y.  We  may  conceive 
that  the  order  of  integration  in  the  original  integral  is  changed  so 
that  y  is  now  the  variable  with  respect  to  which  the  first  integration 
is  performed ;  we  know  from  the  Integral  Calculus  that  this  can 
always  be  done  by  making  suitable  changes  in  the  limits  of  the 
integrations.  Then  as  before  we  shall  find  that  the  term  in  the 
variation  of  the  triple  integral  which  arises  from  the  change  of  y 
into  Fis 

the  limits  being  as  we  have  already  intimated  adjusted  to  the  new 
order  of  integration.  Now  restore  the  original  order  of  integration ; 
then  we  obtain  for  the  required  term 


\dx  \dz  jdyu- 


Idx  jdy  l< 


7      dBy 

dz  u-~  . 
dy 


where  the  limits  will  be  the  original  limits. 

Similarly  the  term  in  the  variation  of  the  triple  integral  which 
Arises  from  the  change  of  x  into  X  is 

dBx 


\dx  jdy  li 


where  the  limits  are  the  original  limits. 

Then  by  collecting  the  terms  we  obtain  the  whole  variation, 
that  is, 

this  result  obviously  coincides  with  that  which  was  proposed  to  be 
proved* 
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This  investigation  seems  more  simple  than  that  given  by 
Ostrogradsky ;  see  Arts.  127  and  128.  The  simplification  arises 
from  considering  the  variables  separately  instead  of  simultaneously. 

191.  In  his  seventh  section  Cauchy  shews  that  the  form  given 
for  the  variation  of  a  multiple  integral  by  Sarrus  coincides  with  the 
form  known  before ;  this  Cauchy  does  in  the  same  way  as  Sarrus ; 
see  Art.  176. 

Cauchy  proposes  a  new  notation  which  he  strongly  recommends. 
According  to  the  notation  of  Sarrus  we  have 

'^i  y   du      J^i        3 

dx-^  =^  1    u—i    u; 
x^       ax       X  X 

Cauchy  proposes  to  express  this  result  thus 


i 


i 


^1  ,    du      -^7^1 
dx-^^  u. 

^^         X  =  Xo 


Similarly  what  Sarrus  would  express  thus 

llu-llu-lJu  +  llu, 

X    y  X     y  X    y  x    y     ' 

Cauchy  proposes  to  express  thus 

x=Xi       y^yi 

I        I  «• 

x=Xq       y=yo 

This  latter  is  the  form  that  Cauchy  really  uses  ,•  but  apparently 
Tby  a  misprint  he  gives  on  his  page  100  such  a  symbol  as  the 
following 

Xo    yo 

This  however  seems  more  convenient  than  the  symbol  which 
Cauchy  really  uses ;  and  it  may  be  rendered  still  more  commodious 
by  writing  it  thus 

u. 

^Xo       «yo 

To  exemplify  the  use  of  this  notation  we  may  take  the  general 
formula  for  the  variation  of  a  double  integral  which  has  been  given 
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in  Art.  184 ;  that  formula  expressed  by  the  aid  of  the  new  notation 
will  stand  thus, 

dy    \dxl        dx        dy  J 

where  it  must  be  observed  that  -^  will  stand  either  for  -4^  or  for 

dy  ^^  ^^ 

j^  as  may  be  required. 

Cauehy  says  on  his  last  page  that  on  speaking  to  Sarrus  respect- 
ing this  new  notation  by  means  of  which  the  difference  between 
two  values  of  a  variable  is  expressed  by  a  single  symbol  he  learned 
that  the  same  idea  had  occurred  to  Sarrus  himself.  Perhaps  we 
may  infer  that  Sarrus  on  trial  was  not  Satisfied  with  it  as  he  did 
not  use  it  in  his  memoir. 

Cauehy  also  proposes  to  use  |  u  in  order  to  denote  what 
Sarrus  denotes  by  7  u;  we  shall  not  follow  Cauehy  on  this  point 

but  adhere  to  the  notation  of  Sarrus.  Thus  we  only  use  Cauchy's 
notation  when  we  have  to  express  the  difference  between  two  values 
of  a  variable,  and  we  use  Sarrus's  to  express  a  single  value  of  a 
variable ;  there  is  then  no  possibility  of  confusion. 
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192.  Cauchy's  eighth  section  contains  nothing  new  or  impor- 
tant. In  his  ninth  section  he  considers  the  transformations  which 
are  to  be  made  of  the  expressions  by  means  of  integration  by  parts. 
This  section  is  illustrated  by  an  example  which  we  will  now  give 
in  detail. 

Let  u  be  an  unknown  function  of  a?,  y,  « ;  let  t?  be  a  function 

d^u 
of  a?,  y,  z  and  i    i     i   •     Let  Ss  denote  that  part  of  the  variation  of 

the  triple  integral  I  cZb?  I  <?y  I  cfet;  which  arises  from  the  variation 
oiu\  then  we  have 

^'^^hh^^'^w^z (^)' 

where  r  is  the  differential  coefficient  of  v  with  respect  to  -^ — ^ — 7- . 

^  (fo?  dy  dz 

The  limits  of  the  integrations  are  supposed  ta  be  denoted  as  hereto- 
fore. We  propose  then  to  reduce  hs  by  means  of  integration  by 
parts. 


We  have        r^ — j^ 
dx  dy  dz 

dx 

d'Su 
dydz 

dr  d^Bu 
dx  dy  dz ' 

thus  (1)  becomes 

Zs  =  \dx\i 

iv  Idz-^f 

d'8u 

--(dx 

dV  \dZ-^  -n r- 

^/^•••"(^^• 


By  equation  (4)  of  Art.  177, 


W^^P^I.^|S  =  C^^^^       dydz 
fj  /^  fj      ^Sw  dy,      [^  Jo  r^      d^hu  dv. 

(j    fj   n'     d^^^  <^^i      fyf-,  n'^o     d^Su  dz^ 
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Thus  (2)  becomes 

J       y  J         ayazaxj        y  j        dydzdx 

It  will  be  observed  that  Su  is  not  differentiated  with  respect  to  x 
in  any  term  of  (3). 

In  equation  (2)  of  Art.  177  change  u  into  r  -j— ;  thus 
d^Su  /■  7    f  ■,  dr  dBu 


j^yr'-d^z^-nrryir. 


dy     ]  ^  z      dz  dy 

,^1  r  ,      dhu 
^yoj  dz 


Thus  the  first  term  on  the  right-hand  side  of  (3)  becomes 

1^11^1  f ,     dhw 
'^0  yoj  dz 

^f'  (dvfr^^+f'  [dvfr  —  ^^ 
'^oj  ^  z^      dz   dy      '^oj  ^  s      dz  dy 

-^kr^r^-Tz' 


Similarly  the  second  term  on  the  right-hand  side  of  (3)  be- 
comes 

dr  dBu 


r  .  1^1  r  7  dr  dBu 
\ax\  Idz-j — 7- 
J       %J      dx  dz 

r,    Tt  n^^drdBudz,      f,    f,  J^^dr  dBudz^ 

-\dxldyl    J — Y--Y^  ^-idxidyl    3- -?- -y-^ 

J      J  ^  ^  dx  dz  dy     J      J  ^  »  dx  dz  dy 

Tt    fr    fj     d^r    dBu 
—  Idxldy  Idz-r. — = — =-  . 
J      J  ^J      dxdy  dz 
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The  third  and  fourth  terms  on  the  right-hand  side  of  (3)  we 
shall  not  transform ;  we  proceed  to  the  fifth  term.  * 

In  equation  (2)  of  Art.  172  change  u  into  r  -j-  -j^ ,  and  put  z^ 

for  f ;  then  observing  that  z^  is  independent  of  z  we  obtain  the 
following  result, 


J  ^  «     dydz  dx        j  ^  »  llz  dy^ 


.S'l-*!    dSudz^       f,   n^^^^^i  ^     ^^^  fA\ 

^Po  «      dz   dx     ]  ^  X  dx  dy  dz     dz  ^  ^' 


Now  by  equation  (1)  of  Art.  172 

„^i  d     dz^^d  rf^    dz^  ^  ^i  dz^  dz^  dr 
»  dy    dx      dy  »     dx       «  dx  dy  dz  * 

Thus  a  part  of  the  first  term  on  the  right-hand  side  of  (4)  can- 
cels a  part  of  the  third  term,  and  we  obtain 

J  ^  »^ dydz  dx"^"^ J  ^  ^  ^dy^^^ 

^    Vi  «i    dBu  dz, 

-|-  J         /       7*  — — i 

'yo  «      dz   dx 

J  ^  «  dz^  Ix'dy' 
A  similar  formula  holds  when  z^  is  changed  into  z^. 
Thus  we  obtain 


?  =  |    I     \dzr 


dSu 
dz 

dSu  dz. 


fi  r.  rfi  dSu  dz,  ,  ,^1  r ,  .^0  dSu  dz, 

-T'f^  [dz  —  ~ 
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•  Idx  I    Idz  -T- 

J      'yoj      dx 


dr  dSu 
dz 


+W'^^C£^|;-W^2'C 


dr  dBudzQ 
dy     ]^*^]^^'xdx  dz   dy 


d'^r    dSu 


-fd.f(d.rp^^J^+[da>fldzr^f' 
J       y  j        dydz  dx     J       y  J        dy  dz  dx 


-  (dx  (dv  f  ^^-^fr—'-  (dx  (dv  f°  ^^±i   r 
J      J  ^  »    dz  dy  SI     dx     J      J  ^  ^ 


dhu  d  J^o    dz^ 
dy  ' ^  '  dx     J'^'^J'^^  '%    d^   dy  js     dx 


Vi  „^i    dBu  dz^  ,   f  y   ,yi  Jo    dSu  dzr, 


J      I/O  jn      dz   dx     J      'yo  ^ 


yo  ^      dz    dx 


-hh^y^^T^-hh^'y-^^ 


In  some  of  these  lines  terms  occur  involving  integrations  witli 
respect  to  z  and  diiferentiation  of  Su  with  respect  to  z ;  such  terms 
admit  of  further  reduction. 

In  the  first  line  we  have  JcZs  r--j—,  and 


ldzr--:f-  =\    rBu--  Idz  -rr^^' 
J         dz       ^0  J      dz 


In  the  third  line  we  have  jdz  —  — — ,  and 

fy  dr  dBu     ,^ic?r^        f,    d^r  ^ 

\dz  -1 7"  =        -f-OU—  \dz  -Tjr-j-  bu 

J      dy  dz        ^ody  J      dydz 

In  the  fourth  line  we  have  \dz  -^  -^ ,  and 

f,  dr  dlu     ,^idr  ^        f,     JV  5, 
J      dx  dz      ^odx         J      dxdz 
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In  the  sixth  line  we  have  \dz  -j — j — j-~ ,  and 

J      ax  ay  az 


r^^   d\   dhu^^x   d^r   g   _r 
J      dxdy  dz      ^^odxdy         J 


dxdy  dz      ^^^odxdy         J      dxdydz 

In  the  seventh  line  we  have  \dz  r  -j — 7-  -f^  and  idz  r  ^ — j~  ~t^  » 

j        ay  dz  ax  J        ay  dz  dx 

,  /\      d^Zu  dy^  __  j^i      d[yj  dhu  ^  /\  c?Sw  6?r  dy^ 

J         dy  cfe  c?a?  ~~  '^0      dx  dy      J       dy  dz  dx  ' 

tj      d^Bu  dy^  __  j^i      dy^  dSu      f  ,  dSu  dr  dy^ 
J        dydz  dx      '^0      dx  dy      J       dy  dz  dx ' 

Thus  finally 

S5  =  |     I     I    rSu  —  l     I      Idz-Y-Bu 

'^0  Vo  '^0  '^0  '^0  j      a^ 

^^voj   ^    z        dz  dy      ^xq]   ^    %       dz   dy 

^1  t      ^i  dr  ^^  f      f       d^r 

—  1      \dy\    -7~Sw  +  |     Idyldz-j — y-Su 
^^oj  ^^i^ody  Woj  ^J      dydz 

—  ldx\  ^  \^  'j-Bu+  \dx\  ^  Idz-r--^  Bu 
J       '^0  ^odx         J       'yoj      dxdz 

J        y  '^0     dx  dy      J        y }       dy  dz  dx 

J        y    ^0      dx  dy      J        y  }       dy  dz  dx 
,  h   f-fn^^dBud^^i     dz^      f-    r.     »odBu  d  rf<^     dz^ 
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dSu  dz^ 


dz  dx 


J        'yo  «f       dz  dx     J       Vo  ^ 


dy     J      J   ^    Si        dz^  dx  dy  * 

193.     As  a  particular  case  of  the  preceding  result,   Cauchy 
supposes  that  r  =  l.     Thus  we  obtain 

hs  =  jdxjdy  \dz 


dx  dy  dz 

Xi      V,      Zi 

\  \  \  hi 

Xo    Vo    -^o 


0 


Uj  ^   %    dz  dy      ^^oj   ^    X    dz  dy 

-  f  e?a?  7^'  l"^'  ^^  ^^"^  +  Idx  f"  \"  ^«  ^ 
i        2^  '^0  dx  dy     ]        y  '^o  c?a?  <iy 

j      ]  ^    %    dz  dxdy     J      J  ^    %    dz  dxdy 

^fdxf'f^  ^-^(dxf'f—^ 
j       ho  «   dz    dx     J       ho  «    dz    dx 

Of  the  eleven  terms  here  given  Cauchy  has  omitted  the  sixth  and 
seventh. 

With  this  particular  case  Cauchy' s  memoir  terminates. 

194.  We  can  now  conveniently  introduce  the  third  example 
which  Sarrus  gives  in  illustration  of  his  formula;  see  Art.  179. 
The  example  is  the  following ;  to  determine  the  law  of  the  density 
of  a  body  of  given  form  and  position  in  order  that  the  integral 


hhl' 


dzw 


d% 
dx  dy  dz 
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taken  throughout  the  "body  may  be  a  maximum  or  a  minimum, 
V  being  the  density  at  the  point  {x,  y,  z),  and  w  a  given  function 
of  X,  7/,  z  and  v. 

Since  the  form  and  position  of  the  body  are  given  there  are  no 
terms  in  the  variation  of  the  triple  integral  arising  from  the  vari- 
ation of  the  limits.  Thus  we  have  for  the  variation  of  the  proposed 
triple  integral 

The  first  of  these  two  terms  is  equal  to 


hhl' 


,       d^v      dw  -, 
dxdydz  do       ' 


the  second  developes  into  the  twenty-two  terms  given  as  the  result 
of  Art.  1 92  provided  in  that  result  we  change  r  into  w  and  u  into  v. 
Of  these  twenty-two  terms  the  twelfth  is  the  only  term  which 
involves  a  triple  integral ;  this  must  be  united  with  the  term  just 
given,  so  that  we  obtain 

(r7    (d    (d  (-JlL^  ^  _  __d%)\ 
J      J      J      \dxdydz  dv      dxdydz) 

This  must  vanish  by  the  ordinary  principles  of  the  Calculus  of 

Variations;  hence 

d^v      dw        d^w      __ 
dxdydz  dv      dxdydz^ 

This  partial  differential  equation  must  be  solved  to  find  v,  the 
solution  of  course  involving  arbitrary  functions ;  and  the  arbitrary 
functions  must  be  determined  from  the  limiting  equations  which 
we  shall  now  examine. 

We  may  consider  the  given  body  to  be  bounded  by  six  faces. 
Two  of  these  six  faces  we  will  call  the  upper  and  lower;  they  are 
determined  by  the  known  values  of  z^  and  z^  in  terms  of  x  and  y, 
and  may  thus  be  of  any  form.  Two  of  the  six  faces  we  will  call 
the Jront  and  back;  they  are  determined  by  the  known  values  of 
yj  and  y^  In  terms  of  x,  and  are  therefore  cylindrical  having  their 
generating  lines  parallel  to  the  axis  of  z.    The  remaining  two 
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faces  we  will  call  the  right  and  left;  they  are  determined  by  the 
known  values  of  x^  and  x^^  and  are  therefore  planes  perpendicular 
to  the  axis  of  x. 

In  particular  cases  these  six  faces  would  assume  particular 
forms.  For  example,  suppose  the  given  body  to  be  the  ellipsoid 
determined  by  the  equation 

0(?     y^     z^     ^ 
I-  ^-  -I —  =1  • 

the  upper  and  lower  boundaries  are  the  portions  of  the  surface  of 
the  ellipsoid  determined  respectively  by 

.  =  +  oy/(l-g-|),  and.  =  -0^(1-^^155 

\k^  front  and  hack  boundaries  are  the  portions  of  the  ellipse  in  the 
plane  of  {x,  y)  determined  respectively  by 

the  right  and  left  boundaries  are  the  points  on  the  axis  of  x  for 
which  a;  =  a  and  x  =  —  a  respectively.  Thus  in  this  example  two 
of  the  six  faces  degenerate  into  curves  and  two  into  points. 

The  eleventh  term  in  the  result  of  Art.  192  gives 


fdxjdy  \l 


dxdy 


hv\ 


and  in  order  that  this  may  vanish,  since  hv  is  arbitrary,  we  must 
have 

I     J    7    =  0,     and  7    -^ — 7-  =  0. 
«-  dxay  «  dxdy 

The  ninth  and  seventeenth  terms  in  the  result  of  Art.  192  must 
he  united  because  they  involve  the  same  arbitrary  term;  thus 
we  get 

Idx  [dv  f~(^  ^i^Afy,^]  . 
J      J   ^    X    dz   \dx  dy      dy  x     dx) ' 
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dz 


and  in  order  that  this  may  vanish,   since  —j—  is  arbitrary,  we 


must  have 

«  \dx  dy      dy   «     dx)       * 

or  as  we  may  write  it 

„^i  fdw  dz^      dv)  dz^     dw  dz^  dz^  d^z^  ^  —  a 

«  \dx   dy      dy  dx      dz  dy  dx         dxdy) 

The  tenth  and  eighteenth  terms  in  the  result  of  Art.  192  lead 
to  a  similar  equation  with  z^  in  the  place  of  z^. 

The    twenty-first  and  twenty-second    terms  in  the  result  of 
Art.  192  lead  respectively  to 

X     dx   dy  SI      dx  dy 

We  have  thus  proved  that  the  following  equations  must  hold, 

!^  dxdy       ' 

J^i  fdw  dz^      dw  dz^     dw  dz^  dz^         _^X_^  _  a 
«  \dx  dy      dy  dx      dz  dx  dy         dxdyj'^   ' 

„^i     dz.  dz.      - 
1    w  ~  -Y^  =  0. 
^      dx  dy 

%  /J  rJ 

The  last  of  these  gives  7    w  =  0^  iox  -j^  and  -j^  are  inde- 
pendent of  z. 

The  equation  7    w  =  0  shews  that  w  must  vanish  identically  for 

all  points  of  the  upper  boundary.  For  if  w  does  not  vanish  iden- 
tically w  —  O  must  coincide  with  the  known  equation  to  the  upper 
boundary;   and  then  we   shall  not  have  the  other  two  of  the 


above  three  equations  satisfied.  For  from  7    i^  =  0  we  obtain  by 
differentiation 

r.^1  (dw     dw^  dz\  __  1  „*i  fdw     dw  dz\  _     ^ 

X  \dx      dz   dx)        '  «  \dy      dz    dy) ""    ' 
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and  from  these  combined  with  the  second  of  the  above  three 
equations  we  deduce 

and  these  could  not  "be  true  if  ?i?  =  0  were  the  equation  to  a  surface ; 

-  dw      dw  ,  dw  1.1  1  .  1     /» 

because  -y- ,    -7-  ?   ^^ci  -j-  can    only  simultaneously  vanish   for 

special  points  on  a  surface  and  not  for  any  continuous  portion  of 
a  surface. 

Thus  w  must  vanish  identically  for  all  points  of  the  upper 
boundary.  And  similarly  w  must  vanish  identically  for  all  points 
of  the  lower  boundary. 

The  eighth  term  in  the  result  of  Art.  192  gives 

d'w 


\dx]     /( 


dzBv 


dxdz* 


This  involves  the  value  of  Si;  for  the  front  and  back  of  the  given 
body.     Confining  ourselves  to  the  former,  we  obtain 

y  dx  dz 
The  fourteenth  term  in  the  result  of  Art.  192  gives 

J       y  J       ay  ax  az 
and  from  this  we  obtain 

y  dz     ^' 
since  the  factor  ~  is  independent  of  y. 


From  the  last  two  results  we  infer  that  w  must  vanish  iden- 

dw 
dz 

idw 

=  u; 

1/ 


tically  for  all  points  of  the  front  boundary.     For  if  -^  be  denoted 
l>y  w'  we  have 

7    ^'  =  0,  and  7    -f-  =  ^ ; 

y  ^  y  dx 
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and  the  first  of  these  equations  shews  that  v)  must  vanish  identi- 
cally for  all  points  of  the  front  boundary,  or  else  w  =^  must  coin- 
cide with  the  known  equation  to  this  front  boundary  ;  but  the  latter 
supposition  is  inconsistent  with  the  second  of  the  above  two  equa- 
tions. Thus  w  must  vanish  identically  for  all  points  of  the  front 
boundary,  and  from  this  and  the  fact  that  w  vanishes  identically  for 
the  points  common  to  the  front  boundary  and  the  upper  boundary, 
we  infer  that  w  must  vanish  identically  for  all  points  of  the  front 
boundary. 

Similarly  from  the  remaining  part  of  the  eighth  term  and  the 
sixteenth  term  in  the  result  of  Art.  192,  we  conclude  that  w  must 
vanish  identically  at  every  point  of  the  back  boundary. 

From  the  sixth  term  in  the  result  of  Art.  192  we  obtain 

1    -J — r  =  ^j  ^nd  7    -7 — 7-  =  0  : 
^dydz  3c  dydz 

and  from  these  terms  combined  with  what  we  already  know  respect- 
ing w  we  conclude  that  w  must  vanish  identically  at  every  point  of 
the  right  and  left  boundaries  of  the  body. 

Thus  we  conclude  from  the  terms  that  we  have  examined,  that 
w  must  vanish  identically  at  every  point  of  all  the  bounding  faces 
of  the  given  body ;  and  supposing  this  to  be  the  case  we  shall  find 
that  the  remaining  terms  in  the  result  of  Art.  192  vanish, 

195.  We  will  close  this  part  of  the  subject  by  giving  the  com- 
plete development  of  the  variation  of  a  triple  integral  in  the  case  in 
which  no  differential  coefficient  of  a  higher  order  than  the  first 
occurs  in  the  proposed  expression. 

Let  then  1 1 1  Vdxdydz  denote  the  proposed  triple  integral,  where 

TT'       o      ,*        o  du     du     du 

Fis  a  function  of  a.,y,.,«,^,   -,  -. 

The  integration  is  supposed  to  be  eff'ected  first  with  respect  to  z 
from  Zq  to  z^ ,  then  with  respect  to  y  from  y^^  to  y^ ,  and  then  with 
respect  to  x  from  x^  to  .r^. 
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du 
Let  the   diflferential  coefficient  of  V  with  regard  to  -j-  be  de- 
noted by  X,  the  differential  coefficient  of  F  with  regard  to  -7-  by  F, 


and  the  differential  coefficient  of  Fwith  regard  to  -^  by  Z.     Thus 


dy 
dz 


«,„     dV  ^        ^^dhu      ^yrdSu      rrdBu 

gF=-7-  ou  +  X~j h  1  -7 — bZ-j—, 

du  dx  dy  dz 

By  Art.  175  we  have  in  the  notation  of  the  present  chapter 
S  Ulvdx  dy  dz  =  f f  fs  Vdx  dy  dz 

+  Q  fe  fc  ^S^  +/^^  1^  fe  1^%  +jdxjdy  Q  VBz. 
There  are  four  terms  in  SF  giving  rise  to  four  terms  in 
[fkvdxdydz. 

The  first  term  is  not  susceptible  of  transformation. 

The  second  term  is  to  be  transformed  by  equation  (1)  of  Art. 
178 ;  this  gives 

jdxjdyjdz  X^=  -  fdxjdzfjdz  -^  Su 


^1 

+  1 


The  third  term  arising  from  SF  is  to  be  transformed  by  equation 
(2)  of  Art.  178  ;  this  gives 


jdxjdyjdz  ^-^^  =  -/^^/^3^/^^'^^^ 
•^jdxlljdzYBu^jdxjdyC^^^^ 


m. 

15—2 
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The  fourth  term  arising  from  S  F  is  to  be  transformed  by  equa- 
tion (3)  of  Art.  178;  this  gives 

fdxfd2,jdz  Z^  =  -  jdxjd^fdz  f^Bu 

+  jdxjdyl^  ZBu. 
Thus  we  have  finally 

BJjjvdxdy  dz  ^jjJBu  (^-  g-^-  ^)  dxdyd. 

+  \2fd7/jdz(VBx  +  XBu) 

+jdxf;Jd.[vB,-X^Ju+YBu) 

+  jdxjdy  Q(VB2  -X^Bu-Y^Bu  +  ZBu)  . 

Of  these  terms  those  affected  with  the  symbols 

I     Idylde  and    \dx\     ids 

vanish  when  we  confine  ourselves  to  the  particular  case  considered 
by  Delaunay,  as  we  have  already  explained  in  Art.  186.  The  re- 
maining terms  agree  as  far  as  they  go  with  the  result  given  in 
Art.  144. 


CHAPTER  IX. 

LEGENDEE,  BKUNACCI,  JACOBI. 


196.  We  are  now  about  to  givejhe  Jiistory  o£tliat^  part 
of  our  subject  which  relates  to  the  criteria  for  distinguishing  a 
maximum  from. a  minimum,  and  for  ascertaining  when  neither  a 
maximum  nor  a  minimum  exists. 

We  have  already  intimated  in  Art.  5,  that  Legendre  had 
arrived  at  some  results  on  these  points,  and  that  Lagrange  had 
shewn  that  further  investigations  were  required  in  order  to  ensure 
the  accuracy  of  Legendre' s  conclusions.  The  requisite  investiga- 
tions were  supplied  by  Jacobi  in  1837,  and  the  memoir  which 
Jacobi  then  published  has  given  rise  to  an  extensive  series  of 
commentaries  and  developments.  Before  however  we  proceed  to 
Jacobi's  investigations,  we  will  give  an  analysis  of  Legendre's 
memoir  and  of  some  others  connected  with  it. 

197.  Legendre's  memoir  is  entitled  Memoir e  sur  la  maniere 
de  distmguer  les  maxima  des  minima  dans  le  Calcul  des  Variations. 
It  is  printed  in  the  volume  for  1786  of  the  Histoire  de  VAcadSmie 
HoT/ale  des  Sciences;  this  volume  is  dated  1788.  The  memoir  ex- 
tends from  page  7  to  page  37.  There  is  an  Addition  to  the  memoir 
on  pages  348—351  of  the  volume  for  1787  of  the  Histoire  ... ;  this 
volume  is  dated  1789. 

198.  The  first  investigation  in  Legendre's  memoir  is  in  sub- 
stance the  same  as  that  which  we  have  given  in  Art.  5.     He  shews 
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by  the  method  there  used  that  the  problem  he  is  considering  may 
be  reduced  to  the  investigation  of  the  sign  of 

In  Article  5,  we  supposed  Sy^  and  Sy^  to  be  zero,  so  tha,t  the 
part  of  the  above  expression  free  from  the  integral  sign  vanishes. 
Legendre  adopts  the  following  method  with  respect  to  the  inte- 
grated part  of  the  above  expression;  the  value  of  X  is  to  be 
determined  from  a  differential  equation  and  it  will  therefore  in- 
volve an  arbitrary  constant,  and  this  arbitrary  constant  may  he 
supposed  to  be  so  taken  as  to  make  \  {By^f  -  \  [St/^Y  vanish  or 
have  the  same  sign  as  the  part  of  the  expression  under  the  in- 
tegral sign. 

199.  Legendre  next  considers  the  case  in  which  the  integral 
of  an  expression  /{x,  y,  p,  q)  is  to  be  a  maximum  or  a  minimum, 

where  p  =  ^  and  ^  =  ^  .     The  investigation  is  similar  to  that 

already  given,  and  the  conclusion  is  that  the  result  found  by  tlie 
ordinary  processes  of  the  Calculus  of  Variations  will  be  a  maxi- 

mum  if  ^  is  always  negative  between  the  limits  of  the  integra- 
tion, and  a  minimum  if  it  is  always  positive. 

Legendre  then  says  that  it  is  easy  to  generalise  these  results 
and  to  infer  that  the  ordinary  processes  will  give  a  maximum,  if 

the  second  differential  coefficient  oi  fUy,^  ,   ^, ...)  with  re- 

spect  to  the  highest  of  the  quantities  ^^ ,   $|,...  which  it  in- 

.  dx     dx 

volves  IS  always  negative  between  the  limits  of  the  integration, 
and  a  minimum  if  that  second  differential  coefficient  is  always 
positive. 

200.  Legendre  next  considers  the  case  in  which  we  have  to 
find  the  maximum  or  minimum  oi^f{x,y,p)  dx,  supposing  that 
X  is  susceptible  of  variation  as  well  as  y.     The  investigation  is 
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now  more  complicated  than  that  in  Articles  5  and  198 ;   the  re- 
sult however  is  the  same,  namely,  that  there  is  a  maximum  or 

minimum   according  as  ^  is  constantly  negative   or  constantly 

positive  between  the  limits  of  the  integration. 

201.  Legendre  next  supposes  that  we  have  to  find  the  maxi- 
mum or  minimum  of  \f{x,  y,p,  </>)  dx,  where  ^  is  to  be  determined 

from   the   differential  equation  —^  =  ^^^  in  which  -^/r  is  a  known 

function  of  x,  y^  p^  and  <f).     The  result  at  which  Legendre  arrives 
is  wrong,  and  the  correct  result  was  afterwards  given  by  Brunacci. 

202.  Legendre  then  illustrates  his  investigations  by  some  ex- 
amples. He  first  considers  the  case  of  the  solid  of  least  resistance, 
and  he  shews  that  the  ordinary  result  is  not  necessarily  a  minimum. 
He  then  considers  the  problem  in  which  among  all  curves  of  given 
length  having  their  extremities  in  two  fixed  points,  that  is  re- 
quired which  has  its  centre  of  gravity  lowest;  here  his  method 
indicates  that  the  catenary  does  possess  the  required  property. 
Then  he  considers  the  problem  in  which  a  curve  of  given  length 
is  to  be  drawn  between  two  fixed  points,  so  that  the  area  bounded 
by  the  curve,  the  ordinates  of  the  fixed  points,  and  the  axis  of 
abscissse  shall  be  a  maximum  or  a  minimum.  He  shews  that 
the  required  curve  will  in  some  cases  be  a  circular  arc,  and  in 
other  cases  will  be  composed  of  a  circular  arc  and  one  or  two 
straight  lines;  we  shall  have  occasion  to  return  to  this  point 
hereafter.  The  three  examples  thus  discussed  by  Legendre  form 
a  very  interesting  and  instructive  part  of  his  memoir. 

Finally  Legendre  takes  the  problem  of  the  brachistochrone  in 
'which  the  moving  particle  is  to  pass  from  one  given  curve  to 
another,  starting  with  an  assigned  velocity.  Then  the  expression 
to  be  made  a  minimum  is 


/: 


V(l  +/)  dx 
V(3/  -  c  +  A) ' 
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where  h  is  the  height  due  to  the  assigned  initial  velocity,  and  c  is 
the  ordinate  of  the  point  at  which  the  motion  begins.  Legendre 
takes  G  and  x  to  be  susceptible  of  variation,  as  well  as  y  and  p^ 
and  by  a  laborious  investigation  he  arrives  at  the  result  that  the 
time  of  motion  is  necessarily  a  minimum  if  the  curve  described 
be  a  cycloid,  which  meets  the  two  given  curves  in  points  where  the 
tangents  to  those  curves  are  parallel,  and  which  cuts  the  lower 
curve  at  right  angles. 

203.  In  the  addition  to  his  memoir,  Legendre  makes  some 
remarks  in  order  to  strengthen  two  points  in  his  conclusions.  He 
says  that  he  has  to  shew  in  the  first  place  that  the  quantities 
which  he  supposes  determined  by  differential  equations,  like  the 
X  of  Article  5,  are  necessarily  real ;  and  in  the  second  place  that, 
as  we  have  stated  in  Art.  198,  the  arbitrary  constants  which  occur 
in  the  solutions  of  the  differential  equations  can  be  chosen  so  as 
to  make  the  integrated  part  of  the  terms  of  the  second  order  in 
the  variation  zero,  or  of  the  same  sign  as  the  unintegrated  part. 
Accordingly  he  makes  some  observations  in  order  to  establish 
these  two  points. 

204.  Two  remarks  may  be  introduced  here.  In  the  first 
place  it  must  be  remembered  that  all  Legendre's  investigations 
are  subject  to  the  objection  indicated  by  Lagrange ;  see  Articles 
5  and  6.  Legendre  does  not  solve  the  differential  equations  which 
he  obtains,  so  that  there  is  no  security  that  the  quantities  he  uses 
retain  always  finite  values ;  and  Lagrange  shewed  that  in  a  simple 
example  Legendre's  conclusions  were  not  necessarily  true.  In  the 
second  place,  in  all  investigations  with  the  view  of  distinguishing 
maxima  from  minima  values,  it  is  of  course  necessary  that  we 
should  retain  all  the  terms  of  the  second  order  which  can  occur 
in  our  expressions.  Now  such  formulse  as  those  of  Poisson  and 
Ostrogradsky  in  Articles  102  and  124  are  only  true  to  the  first 
order,  and  consequently  cannot  be  used  in  any  investigation  in 
which  we  are  discriminating  between  maxima  and  minima  values. 
This  is  one  of  \h%  reasons  which  render  it  advisable  to  avoid 
giving  a  variation  to  the  independent  variable;  see  Art.  25.  If, 
for  example,  we  vary  y  and  not  x,  then  we  have  hp  absolutely  the 
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same  thing  as  ~~- .     If  however  we  vary  both  y  and  x^  it  is  shewn 
in  elementary  works,  as  in  Art  39,  that 

^      dx      ^  dx  ^ 

this  equation  however  is  not  accurately  true,  but  only  true  to  the 
first  order.     For 

dy  =  pdx, 

dy  +  diy  =  (^  +  hp)  [dx  +  dhx) ; 
therefore 

cs    __dhy —pdhx  _fd^y     pdBx\  /        dhx' 
"       dx-{-  dBx       \dx        dx  J  \        dx 

thus  in  order  to  be  true  to  the  second  order  we  must  take 


5,    __  f^^y     pdSx\  /        dSx\ 
^       \dx        dx  J  \         dx)  ^ 


and  in  fact  Legendre  uses  this  value  of  Sp  on  page  15  of  his 
memoir. 

205.  We  have  next  to  consider  two  memoirs  by  Brunacci. 
The  first  of  these  is  entitled,  On  the  criteria  which  distinguish 
maxima  from  minima  in  integral  expressions;  it  is  published 
in  the  Memorie  delVIstituto  Nazionale  Italiano^  Vol.  i,  part  2. 
Bologna,  1806.  The  memoir  extends  over  pages  191 — 202  of  the 
volume;  its  object  is  to  correct  an  error  in  the  memoir  which 
Legendre  published  in  the  History  of  the  French  Academy  for 

1786 ;  see  Art.  201.  Suppose  we  have  the  integral  I  Vdx  where  V 
involves  x,  y^  -^^  and  z,  and  z  is  determined  by  the  differential 
equation  -r-^Z,  where  Z  is  a  function  of  a;,  y,  ^ ,  and  z.     Then 

Legendre  arrives   at  the   following  result ;      Vdx  is  rendered  a 

maximum  or  minimum  by  the  ordinary  processes   according  as 

d'^V  . 

~^  IS  constantly  negative  or  constantly  positive  between   the 
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limits  of  the  integration,   where  p  stands  for  -^.     Legendre's 

method  is  rather  obscure  and  Brunacci  follows  it;  we  will  here 
give  the  investigation  in  the  usual  manner,  and  we  shall  obtain 
the  same  result  as  Brunacci. 

206.  Let  \  denote  a  function  of  x  at  present  undetermined; 
then  we  may  consider  that  we  have  to  find  the  maximum  or 
minimum  of 

and  we  will  denote  this  expression  by  TJ, 

Now,  considering  only  terms  of  the  first  order,  we  have 
gF=g^8.  +  ^ay  +  ^gp  =  ^S.  +  i?%  +  C'Sp  say; 

^Z=Tz^^^%^y^%^P  =  ^^^-^B'ly^C'Zp  say; 
thus 

By  the  usual  process  of  integration  by  parts  we  get 

Now  assume  X  such  that 

^_X^'-^  =  0; 
dx 

then,  in  order  that  SCTmay  vanish,  we  must  have  also 

Between  the  last  two  equations  we  must  eliminate  X,  and  thus 
we  shall  obtain  a  differential  equation  for  determining  the  required 
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relation  between  x  and  y.  We  now  proceed  to  examine  whether 
V  is  thus  rendered  a  maximum  or  a  minimum.  The  terms  of  the 
second  order  in  8  F  are 

say  =^'^F{hzy  +  GZzZy  +  mzhp  +  '^-I{hyy-^KhyZp  +  \L{lp)\ 

We  shall  denote  the  similar  terms  in  ^Z  by 

\  F'{Zzf  +  G'hz  By  +  E'BzBp  +  ^  r{Syy  +  K'By  Bp-{-^  L'{Bp)\ 

Let       F-\F'  =  M,     0-\G'  =  N,    H-\H'  =  0, 
I-xr  =  P,     K-XK'=Q,    L-\L'  =  R; 
then  we  have  to  examine  the  sign  of 

\\M{Bzf  +  ^NBzBy  +  2  OBzBp  +  P{Byy+2QByBp  +  R  {Bpyldx. 

Now  assume  that  this  expression  can  be  put  in  the  form 
I  (ByY  +  mBy  Bz  +  n  {BzY  +  (b  {Bp  +  hBy  +  IcBz)^  dx ; 

differentiate  both  sides  of  the  assumed  identity,  and  equate  the 

coeifBcients  of  like  terms,  observing  that  -j-  can  Tbe   expressed 

dhz 
in  terms  of  8y,  Zz,  and  Sp,  since  -j-  =  hZ\  thus  we  shall  obtain 

five  equations  for  determining  the  five  quantities  h,  h,  I,  m,  n,  and 
three  of  these  five  equations  are  differential  equations  of  the  first 
order.  Then  we  assume,  as  Legendre  does,  that  by  giving  suit- 
able values  to  the  arbitrary  constants  we  can  make  the  integrated 
part  I  {ByY  +  mSi/  Bz-j-n  {hzy  vanish.  Thus  finally  if  B  be  always 
negative  between  the  limits  of  the  integration,  we  obtain  a  maximum 
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value  of  U,  and  if  R  be  always  positive  between   the  limits  of 
integration,  we  obtain  a  minimum  value  of  U.     And 

dp^  dp^  ' 

This  is  Brunacci's  result,  and  it  shews  that  Legendre's  result 
is  wrong.  The  investigation  is  of  course  subject  to  the  excep- 
tions that  have  been  already  indicated  in  Articles  5  and  6. 

207.  We  now  pass  to  Brunacci's  second  memoir.  This  is 
entitled,  Memoir  on  the  criteria  which  distinguish  maxima  from 
minima  in  double  integrals ;  it  is  published  in  the  Memorie  delV 
Istituto  Nazionale  Italiano,  Vol.  II.  part  2.  Bologna,  1810.  It 
extends  over  pages  121 — 170. 

Brunacci  refers  to  Legendre's  memoir  on  the  criteria  for  dis- 
tinguishing maxima  from  minima  in  single  integrals,  and  his  own 
correction  of  one  of  Legendre's  results  in  his  former  memoir.  He 
states  that  so  far  as  he  knew,  no  similar  investigations  had  been 
made  with  respect  to  double  integrals.  He  proposes  to  consider  this 
point;  but  before  doing  so,  he  gives  some  investigations  with 
respect  to  single  integrals  in  order  to  prepare  the  way.  His 
memoir  is  divided  into  twelve  sections. 

208.  In  his  first  section,  Brunacci  makes  a  few  remarks  on 
the  conditions  necessary  for  the  existence  of  a  maximum  or  mini- 
mum value  of  a  function.     He  says  that  he  has  proved  in  his 

Course  of  higher  analysis,  that   I   f{x)  dx  is  a  positive  quantity 

provided  that /(a?)  is  always  positive  for  values  of  x  between  x^a 
and  x^h,  and  provided  also  that  the  differential  coefficients/'  {x), 
f'^{x),  ...  are  always  finite  between  the  same  values.  It  is  ob- 
vious however  that  Brunacci  is  wrong  in  saying  that  it  is  necessary 
that  the  differential  coefficients  should  be  finite;  it  is  sufficient 
that  f[x)  be  always  positive.  Brunacci  repeats  this  unnecessary 
restriction  elsewhere  in  his  memoir,  but  it  does  not  affect  his 
results. 

209.    In  his  second  section  Brunacci  investigates  the  conditions 
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which  must  subsist  in  order  that  l^lrdx  may    hare  a   maximum 

or  a  minimum  value,  where  'f  involves  x,  y,  and  -^ ;  and  he 

shews  how  to  distinguish  between  a  maximum  and  a  minimum. 
The  investigation  is  the  same  as  Legendre's;  see  Art.  198. 

In  his  third  section  Brunacci  supposes  that  '>^  involves  x,  y, 
^  and  ^-f ,   and  he  investigates  the  condition  that  must  subsist 

in  order  that  I'^dx  may  have  a  maximum  or  a  minimum  value ; 

and  he  distinguishes  between  the  two  cases.  The  investigation 
is  similar  to  that  already  given;  and  the  result  coincides  with 
that  found  by  Legendre,  and  stated  in  Art.  199. 

210.  In  his  fourth  section,  Brunacci  makes  some  introductory 
remarks  on  the  subject  of  double  integrals.     He  states  that  a 

double  integral  jJF{x,y)  dxdy  taken  between  definite   limits  is 

positive,  provided  that  F{x,y)  is  positive  between  the  limits  of 
the  integrations,  and  provided  also  that  the  partial  differential 
coefBcients  of  F{x,y)  with  respect  to  x  and  y  are  all  finite  be- 
tween those  limits.  The  restriction  with  respect  to  the  difleren- 
tial  coefficients  is  unnecessary.  It  is  of  course  quite  true  that  in 
the  questions  treated  by  the  Calculus  of  Variations,  such  restric- 
tions occur,  because  certain  expansions  are  efiected  by  Taylor's 
Theorem ;  but  Brunacci  is  wrong  in  saying  that  these  restrictions 
occur  in  the  simple  case  indicated  above. 

211.  In  his  fifth  section,  Brunacci  takes  the  integral  1  jyfrdx  dy, 

where  ^fr  involves  x,  y,  and  z^  and  it  is  required  to  determine  z 
as  a  function  of  x  and  y  so  that  the  double  integral  may  be  a 
niaximum  or  a  minimum.     He  arrives  at  the  following  results; 

for  a  maximum  or  a  minimum  we  must  have  -^  =  0,  and  then 

dz 

72    f 

there  will  be  a  maximum  or  a  minimum  according  as  -^-^  ^^ 
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always  negative  or  always  positive  between  the  limits  of  the 
integrations.     For  an  example  he  supposes  i/r  = ^ ^  and 

if 

he  obtains  as  the  result  z  =  ^J {q(?  ■}- y^) .  He  then  suggests  as  a 
particular  ease,  that  the  integrations  should  be  taken  from 
y  =  0  to  y  —  ax^  and  from  a?  =  0  to  a?  =  J ;  he  does  not  observe 
that  for  these  limits  his  double  integral  becomes  infinite. 

212.  In  his  sixth  section,  Brunacci  considers  the  double  in- 
tegral jjylrdxdy,  where  'xir  involves  x,  y,  z,  and  -p  .     He  proceeds 

as  Legendre  does  for  a  single  integral  and  he  arrives  at  the  fol- 

dz 
lowing  result ;   let  p  denote  -j- ,  then  to  ensure  a  maximum  the 

relation  between  z  and  x  and  y  must  be  such  as  to  make  -jii 

always  negative  between  the  limits  of  the  integrations,  and  to 
ensure  a  minimum  always  positive.  As  in  Legendre's  process,  it 
is  assumed  that  the  quantities  which  occur  always  remain  finite, 
and  this  condition  cannot  be  tested  because  a  certain  differential 
relation  which  occurs  is  not  investigated,  but  only  supposed  to  be 
investigated.     Brunacci  takes  for  an  example  '^  =  V(l  +P^)» 

213.  In  his  seventh  section,  Brunacci  considers  the  double 

integral  Ijylrdxdy,  where  yjr  involves  x,  y,  z,  ~  ,  and  -j- .     We 

will  give  in  substance  the  investigation  of  this  case  as  an  example. 
Let  U  denote  the  proposed  double  integral,  then  we  require  the 
maximum  or  minimum  value  of  Z7.  The  first  thing  to  do  is  to 
investigate  the  value  otBUio  the  first  order  and  to  make  it  vanish. 
The  value  of  BU  to  the  first  order  has  been  given  in  Art.  59; 
and  by  the  usual  method  the  value  of  z  in  terms  of  x  and  y  must 
be  found  from  the  equation 

dx       dy~~    ' 

The  arbitrary  functions  which  enter  into  the  value  of  z  must 
then  be  so  determined  as  to  make  the  remaining  terms  in  S?7 
vanish  which  are  given  in  Art.  59. 
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We  then  proceed  to  consider  the  terms  of  the  second  order. 
Let  p  denote  -y-  and  q^  denote  -j- ;  and  let 


d'f 

dz'  ~ 

-z, 

d'ir 
df  ~ 

-P, 

d'^ 

dq^- 

■Q, 

dzdp 

=  B, 

d'yfr  _ 
dzdq 

=  s, 

d'^  _ 
dpdq 

=  T, 

and                          Ss  = 

=  m. 

Then  we  have  to  examine  the 

sign 

of  the  < 

expression 

0:i--<£)'*« 

\dy) 

day 
dx 

+  28co^+2T^^\dxdi,. 
ay  dx  dy)         ^ 

Let  a  and  /3  he  two  quantities  at  present  nndetermined ;  then 
the  above  double  integral  is  identically  equal  to 

LJpo    dx  "     l^^Jy^    dy 

iwJy^X  dx  dy  \dxl 


^  (d(o^    ^  rr,  dm  dw\   ,     , 


where  ^  =  Z-f^-^,   B  =  R-a,    0=S-^. 

dx     dy 

The  expression 

I'^l'^^dxdy 

really  involves  only  a  single  integral,  because  the  integration  with 
respect  to  y  can  be  immediately  effected. 

The  expression 

I  —  fix  dy 
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also  really  involves  only  a  single  integral ;  because  we  may  change 
the  order  of  integration  if  we  make  suitable  changes  in  the  Umits, 
and  then  the  integration  with  respect  to  x  can  be  immediately 
effected. 

Now  consider  the  double  integral.    The  necessary  and  sufficient 
conditions  in  order  that 

.„     ^T,    day      ^^    dm      ^^  /dcoV  .    ^  fdoyV    ^^dca  dco 
dx  dy         \dxj  \dyj  ax  ay 

should  retain  an  invariable  sign  are  these, 

PQ  —  T'^  must  be  positive, 

and  {PG  -  BTf  must  be  less  than  {PQ  -  T^)  {PA  -  B') ; 

and  the  sign  is  then  positive  or  negative  according  as  P  is  positive 
or  negative.     (See  Differential  Calculus ^  Art.  236.) 

Now  we  may  suppose  that  the  arbitrary  quantities  a  and  ^  are 
so  taken  as  to  satisfy  the  condition  that 

{PG  -  BTf  is  less  than  {PQ  -  T^)  {PA  -  B^) ; 

fin  r1f\ 

this  condition  involves  a,  /8,  -j-  and  —  . 

ax  aij 

We  have  then  the  following  result.     In  order  to  ensure  a  mini- 
mum we  must  have  P  positive  and  PQ  -  T^  positive  throughout 

the  limits  of  the  integrations.    That  is,  we  must  have  -^  positive, 


Similarly  in  order  to  ensure  a  maximum  we  must  have  P  nega- 
tive and  PQ  -  T^  positive  throughout  the  limits  of  the  integra- 

tions;  that  IS,  ^  negative  and^^-.(^)  positive. 
It  will  also  be  necessary  that  the  expression 


J^oho  \  dx         dy  J         ^ 
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should  be  zero  or  negative  for  a  maximum,  and  zero  or  positive  for  a 
minimum ;  this  condition  will  be  secured  for  example  if  Bz  be  zero 
at  the  limits  of  the  integrations,  for  then  the  term  just  given  will 
vanish. 

The  whole  investigation  is  of  course  liable  to  the  objection  that 
as  the  values  of  a  and  ^  are  not  explicitly  found  we  have  no  means 
of  ascertaining  whether  they  remain  finite  throughout  the  limits  of 
the  integrations. 

214.  For  an  example  of  the  preceding  investigation  Brunacci 
supposes  -f  =  (J-j  -  a'  (^j  .     In  this  case  he  finds  that  the  rela- 

tion  between  x,  y,  and  z  is  to  be  determined  from  %^^a^~^ 

so  that 

z-=^^{x-\'ay)-\-  F{x  -  ay), 

where  ^  and  F  denote  arbitrary  functions.  For  a  particular  case  he 
supposes  that  the  surface  denoted  by  the  required  relation  is  to  pass 
through  an  oval  plane  curve  determined  by  the  equations 

y  =  mx  +  n,    ^  =  ^(^^  —  x^). 

He  says  that  then  by  determining  suitably  the  first  arbitrary 
function  we  shall  have 

z  =  VP^+  N  {oa  +  ay)'\'L{x-\'  ayf]  +F{x'-  ay), 

where  ^^^r'{l-ham)'^aV 

{l  +  am)' 


(1  +  am)' '  (1  +  amy ' 

But  the  surface  Brunacci  thus  obtains  will  not  pass  through  the 
curve  in  question  ii  F{x'^  ay)  is  still  left  arbitrary.  In  continuing 
the  discussion  of  this  example  he  arrives  at  the  result  that  there  is 
neither  a  maximum  nor  a  minimum.  He  says  that  this  ought  to  be 
the  case,  because  as  ^  is  zero  the  double  integral  ffyfrdxdy  over 
assigned  limits  is  also  zero.  Since  he  says  that  yfr  is  zero,  it  would 
appear  that  he  supposes  Fix-- ay)  =  0,  for  then  his  surface  does 
pass  through  the  curve  in  question  and  f  is  zero.     But  then  it 

16 
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is  not  obvious  what  he  means  by  saying  that  there  ought  to  be 
neither  a  maximum  nor  a  minimum,  since  it  is  quite  possible  that 
a  zero  value  of  a  function  may  be  a  maximum  or  a  minimum  value 
of  that  function. 

215.  In  his  eighth  section  Brunacci  supposes  that  -^  involves 
dz      dz     d^z       d^z  •,  d'^z  ,   ,  ;i     •     ^i, 

same  manner  as  before  to  determine  the  conditions  necessary  in 
order  that  jj'>^  dx  dy  may  have  a  maximum  or  minimum  value.  He 
arrives  at  the  same  results  as  Delaunay  afterwards  gave  in  liis 
memoir;  see  Art.  147. 

216.  The  remainder  of  Brunacci's  memoir  consists  of  four 

sections  and  is  devoted  to  the  investigation  of  the  conditions  for  a 

dz 
maximum  or  minimum  of  H'^if  dx  dy^  when  '^  involves  x^  y,  z^  -7- , 

dz 
and-^,  and  also  another  function  F,   which  is   determined  by 

—  =  <^j  where  j>  involves  cc,  ^/j  ^j  -j"  ?    ;t-  ?    ^y  ^^cL  --y- .    This 

case  is  analogous  to  that  involving  only  a  single  integral  in  which 
Brunacci  corrected  an  error  of  Legendre's.  Brunacci's  method 
does  not  appear  very  clear.  The  ordinary  method  would  be  to 
investigate  the  maximum  or  minimum  of 


//K+KS-^)H^^^' 


Then  when  the  usual  reductions  are  effected  the  variation  of 
the  double  integral  to  the  first  order  would  contain  under  the  inte- 
gral signs  two  terms,  one  of  the  form  AhV^  and  the  other  of  the 
form  Bhz,  We  should  then  assume  \  suqJi  as  to  make  J.  =  0,  and 
then  it  follows  that  in  order  that  the  variation  may  vanish  we  must 
also  have  5=0.  The  part  of  the  variation  which  is  of  the  second 
Order  might  then  be  examined  in  the  ordinary  way. 

217.  Nothing  was  added  to  this  part  of  the  Calculus  of  Varia- 
tions between  the  publication  of  Brunacci's  second  memoir  and  the 
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publication  of  Jacobi's  memoir.  Lacroix,  Dirksen,  and  Ohm  in 
their  respective  works  explained  Legendre's  method  without  any 
improvements.  Ohm  seems  to  have  regarded. the  results  as  more 
certain  than  they  really  are,  for  he  omits  all  reference  to  the  quali- 
fications indicated  by  Lagrange;  see  Articles  5  and  6.  Lacroix 
does  give  these  on  his  pages  811 — 813,  and  Dirksen  on  his  page 
113  notices  the  limitation  that  the  quantities  he  introduces  must 
remain  finite. 

218.  We  now  proceed  to  Jacobi's  memoir.  This  memoir  is 
entitled,  On  the  theory  of  the  Calculus  of  Variations  and  of  dif- 
ferential equations^  by  C.  G.  Jacobi.  It  was  published  in  the 
17th  volume  of  Crelle's  Mathematical  Journal  in  1837.  The 
memoir  purports  to  be  an  extract  from  a  letter  dated  November 
29thj  1836,  addressed  to  Professor  Enke,  secretary  to  the  mathe- 
matical class  of  the  Academy  of  Sciences  at  Berlin.  The  memoir 
extends  over  pages  68 — 82  of  the  volume ;  nine  pages  relate  to  the 
Calculus  of  Variations  and  the  remainder  to  the  differential  equa- 
tions which  occur  in  Dynamics.  A  French  translation  of  the 
memoir  appeared  in  the  third  volume  of  Liouville's  Journal  of 
Mathematics  in  1838. 

We  confine  ourselves  to  that  part  of  Jacobi' s  memoir  which 
relates  to  the  Calculus  of  Variations ;  for  an  account  of  Jacohi's 
researches  on  Dynamics  the  student  is  referred  to  Mr  Cayley's 
Report  on  the  recent  progress  of  Theoretical  Dynamics,  in  the  Report 
of  the  British  Association  for  the  advancement  of  Science  for  1857. 

The  remainder  of  the  present  chapter  consists  of  a  translation 
of  the  first  nine  pages  of  Jacobi' s  memoir;  it  will  be  seen  that 
Jacobi  merely  gives  the  enunciation  of  results  without  demonstra- 
tions, and  we  shall  afterwards  indicate  the  writers  who  have  sup- 
plied the  demonstrations. 

219.  I  have  succeeded  in  supplying  a  great  deficiency  in  the 
Calculus  of  Variations.  In  problems  on  maxima  and  minima  which 
depend  on  this  Calculus  no  general  rule  is  known  for  deciding 
whether  a  solution  really  gives  a  maximum  or  a  minimum  or 
neither.  It  has  indeed  been  shewn  that  the  question  amounts  to 
determining  whether  the  integrals  of  a  certain  system  of  differential 

16--2 
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equations  remain  finite  throughout  the  limits  of  the  integral  which 
is  to  have  a  maximum  or  minimum  value.  But  the  integrals  of 
these  differential  equations  were  not  known,  nor  had  any  other 
method  been  discovered  for  ascertaining  whether  they  did  remain 
finite  throughout  the  required  interval.  I  have  however  discovered 
that  these  integrals  can  be  immediately  obtained  when  we  have 
integrated  the  difierential  equations  of  the  problem  under  con- 
sideration, that  is,  the  differential  equations  which  must  be  satisfied 
in  order  that  the  first  variation  may  vanish.  In  fact,  suppose  that 
by  the  integration  of  these  differential  equations  we  have  obtained 
expressions  for  the  required  functions  involving  a  certain  number 
of  arbitrary  constants,  then  the  partial  differential  coefficients  of 
these  functions  with  respect  to  these  arbitrary  constants  will  furnish 
the  integrals  of  those  new  differential  equations  which  we  have  to 
solve  in  order  to  determine  the  criteria  for  the  existence  of  a  maxi- 
mum or  minimum, 

220.     Let  us  consider  the  simplest  case ;  let  the  integral  which 
is  to  have  a  maximum  or  minimum  value  be 


j/(^>  y^  y)  ^^» 


where  y'  is  put  for  ^ .  Then  we  know  that  y  is  to  be  found  from 
the  differential  equation 

dy     dx  dy' 

The  value  of  y  obtained  from  this  differential  equation  will  contain 
two  arbitrary  constants  which  I  will  denote  by  a  and  h.  The 
second  variation  of  the  proposed  integral  is 

where  w  =  8y  and  w'  =  -r~  * 
^  dx 

Now  to  have  the  complete  criteria  for  the  existence  of  a  maxi- 
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mum  or  minimum  we  must  know  the  complete  expression  of  a 
function  v  which  satisfies  the  differential  equation 


\dydy' 

this  may  be  seen  in  Lagrange's  Theory  of  Functions  or  in  Dirksen's 
Calculus  of  Variations.  (Ohm's  Calculus  of  Variations  is  not  exact 
on  this  point.)   The  expression  for  v  I  find  in  the  following  manner. 

Let 

wliere  ^,   ^  are  the  partial  differential  coefficients  of  y  with 

respect  to  the  constants  a  and  h  which  occur  in  y^  and  a  and  /8 
are  new  arbitrary  constants;  then  the  required  expression  for  v 

will  be 

\dydy      u  dy^  dx)  ' 

which  contains  one  arbitrary  constant,  namely,  —  . 

[The  differential  equation  which  v  must  satisfy  is  the  same  as 
equation  (2)  of  Art.  5,  supposing  2\  =  -t?.] 

221.  The  case  in  which  differential  coefiicients  of  a  higher 
order  than  the  first  occur  in  the  expression  which  is  to  be  a  maxi- 
mum or  minimum  is  more  difficult.  Let  the  expression  which  is 
to  be  a  maximum  or  minimum  be 

j/(^»  y^  y\  y')  dx, 

where  y'  —  -r-  and  y"  --A.    Then  we  know  that  y  must  be  found 
from  the  differential  equation 

dy     dx  dy'     d^  dy"        ' 
thus  y  will  contain  four  arbitrary  constants  which  may  be  denoted 
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iby  a,  a^,  a^,  a^.    Also  let  hy  =  w^  Sy'  =  w',  hy"=w"]   then  the 
second  variation  will  be 


/I 


\dy  ^y^y  ay  ay  ay 


^    dj      ,   „      dy 
dydy  dy 


t.w'^'^dx. 


d^f 
For  a  maximum  or  minimum  -j^a  must  retain  the  same  sign. 

But  in  order  to  have  the  complete  criteria  we  must  integrate  the 
following  system  of  differential  equations,  as  may  be  seen  in  La- 
grange's Theory  of  Functions. 


2 

'dxj  ' 


Uy  ^  dx)  \df'  ^dx+  ^"'J  -  \dy  dy'^""^  dx) 

d'f  (d^f  ,  dv\_f  d'f  V 

drW^dx)-[dydf'^''^) 


\2 


dy  /dy  ,dv.^\    (  dj 
W'W'^-d^-^^'^J^KW^''' 

From  these  three  differential  equations  of  the  first  order,  which 
present  a  rather  complicated  appearance,  the  three  functions  v,  v,, 
and  v^  must  be  determined ;  and  the  complete  expressions  for  them 
will  involve  three  arbitrary  constants.  I  have  found  the  integrals 
of  these  differential  equations  as  follows ;  let 

da        "■  da^^    ^  da^      ^  da^ ' 

•     '^da^'^'daj'^'da,^'^'>da,' 

so  that  u  and  m,  are  linear  expressions  of  the  partial  differential 
coefficients  of  y  with  respect  to  the  arbitrary  constants  which  it 
involves.  The  eight  constants  «,  «,,  «„  a,,  ^,  ^„ /3„  ^,  are  not 
entirely  arbitrary,  for  a  certain  relation  must  exist  between  these 
six  quantities  a/3,  -  a,^,  a/3,  -  a^,  0/3,  -  a^,  afi,  -  a  A,  «A  -  a^, 
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aA ""  *^A)  which  I  will  not  investigate  here.     The  following  then 
are  the  general  expressions  which  I  have  found  for  v,  v^,  v^; 

d\  d\ 


v,^-- 


d\f         d\f       dx""       "^  dx' 
d/u'dy"      dy"^       du.  du  ' 

dx         *  dx 

du  d^u^     du^  d^u 
dy         dy  dx1^'"d^  ~do? 

dx        ^  dx 


(    d\  d^u\  fdu  JX  _  du^  d\i\ 

V'd^~'^'  d^V  [dx  dx'      dx  da?) 


dv,      d^f      dy 
dx      dy  dy      dy"^^  f    du^  ^      dv^ 

\    dx        ^  dx) 

An  identical  equation  holds  between  the  six  quantities  a^^-a^ 

a/S^-a./, ,  besides  the  relation  which  exists  between  them, 

and  these  quantities  occur  in  v^^  v^,  and  v  only  in  the  form  of  ratios, 
so  that  they  constitute  in  fact  the  three  arbitrary  constants  which 
ought  to  appear. 

222.  The  general  theory  when  differential  coefficients  of  y  of 
any  order  occur  under  the  sign  of  integration  may  be  deduced 
without  difficulty  from  a  remarkable  property  of  a  certain  class  of 
differential  equations.  These  differential  equations  of  the  2n*^  order 
have  the  form 

where  ^^^  =  -—^ ,  and  ^,  -4^, ...  are  given  functions  of  x. 
ccx 

Now  suppose  y  to  be  any  integral  of  the  equation  F=0,  and 
put  u  =  ty,  then  will  the  following  expression  be  integrable, 

where  w<""  =  ^  ,  that  is  the  expression  is  integrable  without  know- 
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ing  t.  Moreover  the  integral  Is  of  the  same  form  as  F,  only  n 
must  be  diminished  by  1 ;  so  that 

where  ^<'"^=  ^-^  and  B,  B^^ ...  might  be  expressed  in  terms  of  ^ 

and  the  functions  A  and  their  differential  coefficients.  The  proof 
of  this  proposition  is  not  without  difficulty.  I  have  found  the 
general  expression  of  the  functions  B]  but  it  is  enough  for  the 

present  question  to  shew  that  I  y  Udx  can  be  put  in  the  form  indi- 
cated without  there  being  any  need  of  knowing  the  functions  B 
themselves. 

223.  The  metaphysic  of  the  results  obtained  (if  I  may  use  a 
French  expression)  depends  nearly  upon  the  following  consider- 
ations. The  first  variation  is  known  to  take  the  form  (vBydx, 
where  F=  0  is  the  equation  to  be  integrated.  The  second  variation 
then  tekes  the  form  JBVBydx.     If  then  the  second  variation  is  to 

be  incapable  of  changing  its  sign,  it  must  be  incapable  of  vanish- 
ing; so  that  the  equation  BV=  0,  which  is  linear  in  St/,  must  have 
no  integral  Sy  which  satisfies  the  conditions  to  which  by  the  nature 
of  the  problem  Sy  is  subjected.  Thus  we  see  that  the  equation 
SF=  0  plays  an  important  part  in  these  investigations,  and  we  soon 
perceive  its  connexion  with  the  difi'erential  equations  which  must 
be.  integrated  in  order  to  obtain  the  criteria  for  maxima  and  minima. 
Also  we  easily  see  that  a  partial  difi'erential  coefficient  of  y  with 
respect  to  any  constant  which  occurs  in  y  as  the  solution  of  F=  0, 
will  be  a  suitable  value  of  By  for  satisfying  the  differential  equation 
oF=0.  Thus  the  general  expression  for  By  as  the  integral  of  the 
equation  SF=0  will  be  a  linear  function  of  all  the  partial  difi'er- 
ential coefficients  of  y  with  respect  to  the  constants  which  it 
involves. 

224.  The  equation  BV=0,  of  which  we  can  thus  find  the 
complete  integral,  can  be  put  in  the  form  of  the  above  equation 
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7==  0,  with  hy  in  the  place  of  y.     By  means  of  the  properties  of 
equations  of  this  kind,  we  can  by  repeated  integration  by  parts 

transform  the  expression  jBVBydx  into  another,  which  contains 

a  perfect  square  under  the  integral  sign ;  we  thus  obtain  the  trans- 
formation  of  the  second  variation  which  was  always  desired. 

Take  for  example  the  integral  considered  already 

and  let  u  and  u^  have  the  meanings  already  assigned.    BV  can  be 
put  in  the  form 

BV=ABy  +  ~-^^—^: 

and  B  V  will  =  0  when  By  ^  u.    Now  put  By  =  uB'y ;  then  from  the 
general  theorem  (Art.  222)  we  have 

JBVBydx=^juBVB'ydx 

Denote  the  last  integral  by  I  F^  B'y'  dx ;  then  the  equation  F^  =  0 

is  satisfied  when  we  put  B'y=^^  ,  and  therefore  gy  =  ^^i' ""/i^^' . 
We  can  now  continue  the  same  method  by  putting 


so  that  by  the  same  general  theorem 

=  GByS!'y-J0{Byfdx; 
and  this  is  the  last  transformation,  in  which  the  arbitrary  variation 
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occurs  under  the  integral  sign  only  in  the  form  of  a  square.     And 
it  is  easily  seen  that 


B.^u'A,,    C=('^^^^^^)B„ 


and  therefore 


c=p'-^-^'p. 


Moreover  A^  =  -j^^  so  that  C  has  always  the  same  sign  as 

dY 

-=-™  has,  and  this  sign  must  be  always  positive  for  a  minimum 

and  always  negative  for  a  maximum.  We  must  moreover  examine 
whether  S"y'  can  become  infinite  within  the  limits  of  integration; 
this  we  can  ascertain  by  our  knowing  the  functions  u  and  u^ ,  and 
these  we  know  as  soon  as  the  complete  integral  of  the  equation 
F=  0  is  given. 

225.  Although  the  analysis  just  indicated  requires  a  good 
knowledge  of  the  Integral  Calculus,  yet  the  criteria  thence  obtained 
for  determining  whether  a  solution  gives  in  general  a  maximum  or 
minimum  are  very  simple.  I  will  consider  the  case  in  which  we 
have  under  the  integral  sign  j/  and  its  dififerential  coefficients  up  to 
the  n}^,  and  where  the  limiting  values  of  x,  t/,  y\  y\  ...  if""^^  are 
given.  Now  the  2n  arbitrary  constants  which  occur  in  integrating 
the  differential  equation  of  the  (2/^)*^  order  are  to  be  determined  by 
means  of  the  given  limiting  values ;  but  as  this  involves  the  solution 
of  equations  there  will  be  in  general  several  systems  of  values  for 
the  arbitrary  constants,  so  that  several  curves  may  be  found  which 
satisfy  the  same  dijlferential  equation  and  the  same  limiting  con- 
ditions. Let  one  of  these  systems  be  chosen,  and  let  one  limiting 
point  be  considered  as  fixed,  and  then  let  us  pass  from  this  point 
along  the  curve  to  following  points.  Now  take  one  of  these 
following  points  as  the  second  limiting  point ;  then,  as  stated  above, 
it  may  happen  that  through  this  and  the  first  fixed  point  a  second 
curve  can  also  be  drawn  which  satisfies  the  same  differential 
equation  as  the  first  curve  and  has  the  same  limiting  values 
of  y,  y'\  ...  y^'^'^K  As  soon  then  as  by  passing  along  the  curve 
we  arrive  at  a  point  for  which  one  of  the  other  curves  coincides  with 
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it,  or  as  we  may  say  approaches  indefinitely  near  to  it,  we  have 
reached  the  boundary  up  to  which  or  beyond  which  the  integration 
must  not  extend  if  there  is  to  be  a  maximum  or  a  minimum ;  but 
if  the  integration  does  not  extend  up  to  this  boundary  there  will 

be  a  maximum  or  minimum  provided  that  .  ^  ^^.^  retains   the  same 

sign  between  the  limits. 

226.  In  order  to  illustrate  this  by  an  example  I  will  consider 
the  principle  of  least  action  in  the  elliptic  motion  of  a  planet. 

The  integral  considered  in  the  principle  of  least  action  can  never 
be  a  maximum  as  Lagrange  believed ;  it  will  not  however  always 
be  a  minimum,  but  certain  conditions  must  hold  with  respect  to  the 
Hmits ;  these  conditions  are  given  by  the  preceding  general  rule, 
and  if  they  are  not  satisfied  the  integral  will  be  neither  a  maximum 
nor  a  minimum. 

Suppose  that  the  planet  begins  to  move  from  a  where  a  lies  be- 
tween the  perihelion  and  aphelion,  and  let  the  other  limit  be  5, 
(see  fig.  7) ;  let  2  J[  be  the  major  axis,  /  the  sun ;  then  we  know 
that  the  other  focus  of  the  ellipse  is  obtained  by  the  intersection  of 
two  circles  described  from  the  centres  a  and  h  with  the  radii  'lA  —  af 
and  2J^  —  S/ respectively.  The  two  intersections  of  the  circles  give 
two  solutions  of  the  problem  which  can  only  coincide  when  the 
circles  touch,  that  is  when  the  line  ah  passes  through  the  other 
focus.  Thus  if  we  draw  the  chord  ad  througli  the  focus  /',  then 
by  the  general  rule  (Art.  225),  the  other  limit  h  must  fall  between 
(^  and  a  if  the  integral  which  occurs  in  the  principle  of  least  action 
IS  really  to  be  a  minimum  for  the  ellipse.  If  h  coincides  with  a' 
then  the  second  variation  of  the  integral  cannot  become  negative, 
hut  it  can  become  zero,  so  that  the  variation  of  the  integral  is  then 
of  the  third  order,  and  so  may  be  either  positive  or  negative.  If 
^  falls  beyond  a  then  the  second  variation  itself  can  become 
negative. 

If  the  starting  point  a  is  between  the  aphelion  and  the  peri- 
helion then  the  extreme  point  a  is  determined  by  the  chord  of  the 
dlipse  drawn  from  a  through  the  sun/,  (see  figure  8).  For  if  a  and 
^  are  the  limits  we  can  obtain  an  infinite  number  of  solutions  by  the 
i^evolution  of  the  ellipse  round  ad.     If  then  in  the  last  case  the 
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second  limit  falls  beyond  a  there  will  be  a  curve  of  double  curvature^ 
between  the  two  given  limits  for  which  Ivds  is  less  than  it  is  for  the 
ellipse. 

227.  I  will  say  a  few  words  on  the  variation  of  double  inte- 
grals ;  the  theory  of  this  subject  is  susceptible  of  greater  elegance 
than  it  has  obtained  even  after  the  labours  of  Gauss  and  Foisson. 
In  order  to  give  an  example  of  the  way  in  which  it  seems  to 
me  proper  to  express  the  variation  of  a  double  integral,  I  will 
take  the  simplest  case  and  consider  BJJf{x,  y,  z^  jp,  <^  dx  dy  where 

^  -=  _    Q  =^  -4-  *     Let  w  be  the  variation  of  z ;  then  will 
^      dx'  ^      dy 

s///(a.,y,  ^.P.  q)dxdy^jjdxdy  (^|^+  |  J  +  |^). 

Now  the  -method  employed  in  single  integrals  consists  in  this ; 
the  expression  under  the  integral  sign  is  divided  into  two  parts,  one 
of  which  is  multiplied  by  w  and  the  other  is  the  element  of  an  inte- 
gral. The  first  must  be  put  equal  to  zero  under  the  sign  of  inte- 
gration if  the  variation  is  to  vanish ;  the  second  can  be  integrated 
and  we  make  the  integral  vanish.  So  in  like  manner  I  divide  the 
expression  under  the  double  integral  sign  into  two  parts,  one  of 
which  is  multipled  by  w  and  the  other  is  the  element  of  a  double 
integral  as  follows ;  hi  u  =  aw  and  put 

df        df  dw     df  dw  ___  J         du  dv      du  dv 
dz         dp  dx      dq  dy  dx  dy     dy  dx ' 

^  -      ,  .  dw     dw     ,^ 

Equate  the  terms  m.  w^  -j-  ^  -j-)  thus 

df       .      da  dv     da  dv      df        dv       df  dv 

dz  ~~  dxdy     dy  dx'    dp'~'     dy'     dq''        dx' 

1,  A  —^f      d  df      d  df 

dz     dx  dp     dy  dq' 

if  this  be  put  equal  to  zero  we  obtain  the  known  partial  differential 
equation,  which  is  here  deduced  in  a  perfectly  symmetrical  manner. 
The  function  v  must  satisfy  the  equation 

^  ^  +  ^  ^  =  0. 
dp  dx     dq  dy 
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If  we  put  -4  =  0,  we  have 

s///(^,  y,  ^>P>  1)  dxdy  ^fjdxdy  g  I  _  1 1)  =  jj^,^^, 

and  this  taken  throughout  the  given  limits  must  vanish.  If  z  is 
given  at  the  limits  w  is  zero  at  the  limits  and  therefore  also  aw, 

that  is,  u;  therefore  jjdvdu  is  zero.     If  the  values  of  z  at  the 

limits  are  entirely  arbitrary  v  must  vanish  at  the  limits,  or  if  i;  =  0 
represent  the  limiting  curve  the  arbitrary  functions  which  occur  in 
the  solution  of  J.  =  0  must  be  so  determined  that 

dp  dx     dq  di/'^    ^ 

228.  To  return  to  the  maximum  and  minimum ;  it  is  to  be 
regretted  that  so  much  confusion  prevails  in  the  use  of  these  words. 
Sometimes  an  expression  is  said  to  be  a  maximum  or  minimum 
when  all  that  is  meant  is  that  its  variation  vanishes,  sometimes 
when  it  really  is  neither  a  maximum  nor  a  minimum.  Sometimes 
an  expression  is  said  to  be  a  maximum  when  all  that  is  meant  is 
that  it  is  not  a  minimum.  Thus  Poisson  says  in  his  treatise  on 
Mechanics  that  the  shortest  line  on  a  closed  surface  between  two 
given  points  can  be  a  maximum ;  but  it  is  obvious  that  by  inde- 
finitely small  inflexions  we  can  increase  the  length  of  any  such  line 
however  long.  In  fact  the  shortest  line  will  only  be  really  a 
minimum  when  the  general  condition  laid  down  is  fulfilled  (Art. 
225) ;  that  is,  when  between  the  two  limiting  points  of  the  curve 
two  others  cannot  be  found  which  can  be  joined  by  another  such 
curve  indefinitely  close  to  the  first.  In  other  cases  the  shortest 
line  is  not  indeed  a  maximum;  it  is  neither  a  maximum  nor  a 
minimum.  For  surfaces  which  have  at  every  point  opposite  cur- 
vatures I  have  demonstrated  that  the  shortest  line  between  any 
two  points  is  really  a  minimum. 

[By  the  shortest  line  in  the  above  paragraph  is  meant  the  line 
which  is  furnished  by  the  ordinary  rules  of  the  Calculus  of  Varia- 
tions ;  the  investigation  of  it  is  given  in  most  treatises  on  the  sub- 
ject, but  these  treatises  do  not  determine  whether  the  line  called 
the  shortest  line  between  two  points  really  is  the  shortest  line 
between  those  points.     Such  a  line  is  also  called  a  geodetic  curve,'] 


CHAPTER  X. 

COMMENTATOES  ON  JACOBI. 


229.  We  now  proceed  to  give  an  account  of  the  commen- 
taries and  developments  which  have  arisen  from  Jacobi's  memoir. 

In  the  sixth  volume  of  Liouville's  Journal  of  Mathematics, 
dated  1841,  there  is  an  article  by  V.  A.  Lebesgue  entitled  Memoir 
on  a  Formula  of  Vandermondes  and  its  application  to  the  demon- 
stration of  a  Theorem  of  Jacohis.  It  extends  over  pages  17 — 35  of 
the  volume.  It  begins  thus — The  principal  object  of  the  following 
pages  is  in  the  first  place  to  demonstrate  the  identical  equation 


y 


^d\MtyY^^^d\B,t^\ 
dx^  dx^     ' 


both  the  summations  are  taken  from  /=0  to  «  =  w;  [tyY  denotes 

-7—  and  t^^^  denotes  -^i]  y^  t,  A^^  A^^  ...  A^  denote  any  functions  of 

a; ;  -Bq,  5j, ...5„  are  functions  oiy,  A^^  A^^...  A^  and  their  differen- 
tial coefficients.  In  the  second  place  we  propose  to  find  the  law  of 
the  functions  B^,  B^,  ...B^. 

The  above  words  indicate  the  object  of  Lebesgue's  article.  The 
investigations  are  rather  complicated  and  difficult  to  follow;  they 
depend  partly  upon  the  knowledge  of  the  condition  of  integrahility 
of  a  function. 

230.  In  the  same  volume  of  Liottville's  Journal  there  is  an 
article  by  C.  Delaunay  entitled  Essay  on  the  distinction  between 
maxima  and  minima  in  questions  which  depend  upon  the  Calculus  of 
Variations.  This  essay  is  in  fact  a  commentary  upon  Jacobi  s 
memoir ;  it  extends  over  pages  209 — 237  of  the  volume. 
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231.  Delaunay  first  proves  the  theorem  enunciated  by  Jacobi, 
which  we  have  given  in  Art.  222 ;  Delannay's  proof  is  somewhat 
complicated  but  perfectly  intelligible,  and  it  does  not  assume  a 
knowledge  of  the  condition  of  integrability  of  a  function.  It  may  be 
observed  that  the  result  obtained  by  Delaunay  might  be  stated 
more  distinctly  than  he  has  himself  stated  it.  He  really  proves 
the  following  theorem ;  whatever  functions  of  x  the  symbols  u^  y, 
^j,  ^2?  •••  ^n>  ni^y  denote,  it  is  possible  to  take  h^^h^,  ...h^  such 
functions  of  x  that 

where  the  summations  denoted  by  S  relate  to  the  letter  m  and 
extend  from  m  =  1  \o  m^n  both  inclusive.  Now  add  A^^y  to  both 
sides  of  this  identity,  and  suppose 

d-A   ^ 

Ay  +  ut  — ^51 — =&o; 

then 

d-A  ^^^""y        d%  ^ 

A^V+S^.--^-^^— =  %+S--^r- (1). 

If  now  u  be  taken  so  that  S^  ==  0  the  right-hand  member  of  this 
identity  is  immediately  integrable,  and  by  integrating  we  have 


/■ 


\A,u^y+tu  ^dx^t      ^      i       (2). 


Thus  Delaunay  first  establishes  the  general  identity  (1)  and 
then  deduces  (2)  which  is  Jacobi's  theorem  enunciated  in  Art.  222. 

This  is  in  fact  the  same  order  of  demonstration  as  that  chosen 
by  Lebesgue.  Delaunay's  demonstration  has  been  adopted  in  sub- 
stance by  subsequent  writers  on  the  Calculus  of  Variations ;  see  the 
works  of  Jellett,  Price,  and  Stegmann. 

It  should  be  observed  that  in  equation  (2)  since  it  has  been 
obtained  by  an  integration    an  arbitrary  constant   ought   to  be 
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explicitly  added  to  the  right-hand  side  or  else  supposed  to  be  im 
plicitly  involved  on  the  left-hand  side. 

232.  Delaunay  next  proves  that  SF  can  be  put  in  the  form 
which  Jacobi  gives ;  see  Art.  224.  Delaunay  then  investigates  in 
full  the  terms  of  the  second  order  in  the  variation  for  the  two  cases 
which  Jacobi  specially  considers,  namely 

j/(^j  y^  y)  ^^    and  jf{x,  y,  y\  y")  dx. 

A  mistake  occurs  in  this  part  of  Delaunay's  memoir  which 
should  be  noticed ;  it  is  on  his  page  222,  and  has  passed  from  De- 
launay into  other  writers.  We  will  here  notice  it  in  the  form  in 
which  it  appears  in  Mr  Jellett's  work,  since  that  will  probably  be 
most  accessible  to  the  reader.  On  page  95  of  Mr  Jellett's  work  he 
has  the  following  equation 


/.S5&-Af^ 


and  he  says  that  any  value  of  %  which  makes  S/3  =  0  will  also 
make 

*     d  B^ 

B^  +  —J£. 

^  dx  dx 

vanish  ;  the  true  inference  ought  to  have  been  that  any  value  of  hy 
which  makes  8/3  =  0  will  make 


d.B^ 


d'h'y 


^  dx  dx 

equal  to  a  constant  This  constant  will  not  be  zero  unless  a  rela- 
tion is  established  between  the  constants  which  are  involved  in  the 
value  of  B'y.  That  is,  in  Mr  Jellett's  notation  the  four  constants 
C^j  C^,  Cg,  C4  are  not  all  arbitrary,  for  such  a  relation  must  exist 
among  them  as  to  satisfy  his  equation  (d)  and  thus  reduce  them  to 
three  arbitrary  constants ;  and  this  should  be  the  case  since  equa- 
tion {d)  is  a  differential  equation  of  the  third  order. 

In  fact  Delaunay  by  this  mistake  omitted  that  part  of  Jacobi's 
memoir  which  forms  the  latter  part  of  Art.  221,  in  which  Jacobi 
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intimates  that  his  results  will  really  involve  no  more  arbitrary  con- 
stants than  they  ought ;  whereas  in  Delaunay's  process  there  would 
be  too  many  arbitrary  constants. 

It  is  possible  that  the  mistake  may  have  been  introduced 
through  Jacobi's  statement  given  in  Art.  224  that  F^  =  0  is  satis- 
fied when  we  put  Z'y  =  —^ ;  but  Jacobi  has  expressly  said  a  little 

before  that  u  and  u^  are  to  have  the  meanings  already  assigned,  and 
when  u  and  u^  were  introduced  in  Art.  221  it  was  stated  that  the 
constants  occurring  in  them  were  subjected  to  certain  relations. 

233.  Delaunay  next  considers  the  case  in  which  questions  of 
relative  maxima  and  minima  are  proposed.  Mr  Jellett  says  on  page 
363  of  his  work  with  reference  to  this  part  of  Delaunay's  memoir, 
*'  the  reasoning  does  not  appear  to  me  to  be  quite  satisfactory,  and 
the  conclusion  is  far  less  perfect  than  in  the  case  of  absolute  maxima 
and  minima." 

234.  Delaunay  examines  four  problems  as  examples  of  Jacobi's 
criteria.  1,  The  shortest  line  between  two  points.  2.  The  brachis- 
tochrone.  3.  The  curve  of  given  length  which  includes  a  given 
area.  4.  The  curve  of  given  length  which  has  its  centre  of  gra- 
vity highest  or  lowest. 

235.  Lastly  Delaunay  demonstrates  the  statements  made  by 
Jacobi  respecting  three  differential  equations  given  in  Art.  221.  It 
«iay  be  observed  that  Jacobi's  memoir  involves  two  points.  We 
have  on  the  one  hand  *  Jacobi's  own  method  of  exhibiting  the 
criteria  for  the  maxima  or  minima  values  of  an  integral;  this  is 
described  by  Jacobi  in  Art.  224,  and  it  is  explained  by  Delaunay 
in  his  pages  209—234.  On  the  other  hand  since  the  method  of 
Jacobi  does  solve  the  problem  in  question,  it  may  be  inferred  that 
his  method  will  really  supply  the  solution  of  the  complicated  differ- 
ential equations  on  which  Legendre  had  made  the  problem  depend ; 
this  is  in  fact  what  Jacobi  states  in  Articles  220  and  221,  and  what 
■Delaunay  explains  in  his  pages  234 — 237.  It  should  be  remarked 
that  Delaunay  here  notices  the  relations  which  must  exist  among 
^he  constants,  according  to  Jacobi's  observation  at  the  end  of  Art. 

17 
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221,  The  second  point  in  Jacobi's  memoir  will  thus  be  seen  to  be- 
long rather  to  the  subject  of  differential  equations  than  to  that 
of  the  Calculus  of  Variations. 

236.  Delaunay's  memoir  is  interesting  and  valuable  and  de- 
serves especial  attention  as  being  the  first  which  gave  a  demonstra- 
tion of  the  whole  of  Jacobi's  method.  We  have  however  not 
thought  it  necessary  to  reproduce  the  investigations  because  they 
have  been  substantially  adopted  by  writers  whose  works  are  readily 
accessible;  s€e  Art.  231. 

237.  In  the  Journal  de  VEcole  Polytechnique,  Cahier28, 1841, 
there  is  an  article  by  M.  J.  Bertrand  entitled,  Demonstration  of  a 
theorem  of  M.  Jacohi;  the  article  extends  over  pages  276 — 283. 
The  theorem  in  question  is  that  given  in  Art.  222.  Bertrand's 
article  was  published  in  the  same  year  as  those  of  Lebesgue  and 
Delaunay,  but  whether  it  preceded  them  both,  or  followed  them 
both,  or  came  between  them,  does  not  appear.  The  proof  given  by 
Bertrand  depends  upon  a  knowledge  of  the  condition  of  integr ability 
of  a  function ;  the  proof  is  valuable,  and  as  it  seems  possible  to  pre- 
sent it  in  a  clearer  form  than  Bertrand  has  done,  we  shall  exhibit  it 
here  with  some  modifications. 

238.  Let  ^0,  a^,  ^2,  ...  a„,  denote  any  functions  oix;  let  y  be 
any  function  of  a?,  and  let  y,  y\  ...  %f''^^  denote  the  successive  differ- 
ential coeflScients  of  y  with  respect  to  x.  Then  a  difierential  expres- 
sion of  the  following  form  we  shall  call  a  difierential  expression  of 
JacoM  B  form^ 

^^    dx   "^    dx""    "^    dx'     ■^•••■^     dx''    ' 

and  we  shall  denote  this  function  of  x,  y,  and  the  difierential  co- 
efficients of  2^,  hy  <f){y)  ;  and  <}>  {v)  will  denote  what  the  expression 
becomes  when  y  is  changed  to  v. 

We  shall  now  prove  the  following  theorem ;  let  t;  be  a  quantity 
such   that  v^{y)   is  an   exact  difierential  coefficient,   then  it  is 
necessary  and  sufficient  that  v  should  satisfy  the  difierential  equa- 
*  tion  ^  (v)  =  0. 
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By  saying  that  v<j)  [y)  is  an  exact  differential  coefficient  we  mean 
that  v^  {y)  will  result  from  differentiating  with  respect  to  x  some 
function  of  x,  y,  and  the  differential  coefficients  of  y,  this  function 
remaining  unchanged  in  form  whatever  may  be  the  value  of  y  in 
terms  of  x. 

We  have 

v^  (y)  =  v^  {y)  -y^  [v)  +  y^  {v). 

Now  V(j>{y)  —y<l){v)  is  an  exact  differential  coefficient.  For 
consider  a  pair  of  terms  from  this  expression,  for  example 

d\y^_    d'ay^ 
"    dx""       y    dx'    ' 

integrate  by  parts,  and  we  obtain 

^    dx'--'^       y    dx'-'        ]\dx    dx'-'        dx    dx"-'   J 

The  term  still  under  the  integral  sign  may  be  integrated  again 
by  parts ;  and  so  on.  Then  after  r  integrations  by  parts  we  shall 
have  under  the  integral  sign 

^  ^'^^'^ ""  d^  '^'^^'^'    *^^  ^^  ^^'^^' 

Thus  the  pair  of  terms  is  shewn  to  be  an  exact  differential 
coefficient  by  actually  finding  its  integral.  Similarly  each  pair  of 
terms  in  v<l>{y)  —y(f>{v)  is  an  exact  differential  coefficient,  and  there- 
fore vj){y)'-'y4>(v)  is  an  exact  differential  coefficient. 

Since  then  v<^{y)  —yj>{v)  +y^{v)  is  to  be  an  exact  differential 
coefficient,  and  v(l>{y) —ycl>{v)  is  such,  y(l>{v)  must  either  be  an 
exact  differential  coefficient  or  must  vanish.  The  former  cannot  be 
the  case,  since  it  is  impossible  that  y(j>  {v)  can  be  obtained  by  differ- 
entiating with  respect  to  x  any  function  of  y  and  its  differential 
coefficients  whatever  y  may  be ;  we  must  therefore  have  (f>  {v)  =  0. 

239.  We  shall  now  prove  the  converse  of  the  preceding  theo- 
rem, namely  the  following ;  if  any  linear  differential  expression  of 
an  even  order  has  the  property  that  it  is  made  an  exact  differential 
coefficient  when  multiplied  by  any  one  of  the  quantities  which 

17—2 
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make  the  difFerential  expression  vanish,  and  "by  no  other  mul- 
tiplier, that  differential  expression  can  be  put  in  Jacobi's  form. 

The  proof  of  this  theorem  is  somewhat  indirect.  We  first  ex- 
amine the  nature  of  the  conditions  which  must  be  satisfied  in  order 
that  a  linear  differential  expression  of  an  even  order  may  be  capable 
of  being  put  in  Jacobi's  form. 

If  we  develope  the  expression  which  we  have  denoted  by  ^{y), 
we  obtain  for  it 

""^  dx'^^'^^dx  dx'^-'  "*■  V    1 .  2       dx''^  """^y  dx'""-' 

/n{n-^l){n^2)  d\,  da^  d^ 

"^V         1.2.3  dx''^^^     ^^    dx  J  dx'""-'^ '" 

The  chief  point  to  be  observed  here  is  that  the  coefficient  a^ 
does  not  occur  until  we  arrive  at  the  term  -y-f ,  and  then  it  does 
occur  in  the  simple  form  a^. 

Now  let  any  linear  differential  expression  of  the  order  indicated 
by  2n  be  denoted  thus, 

in  order  that  this  differential  expression  may  take  Jacobi's 
form  the  coefficients  must  agree  with  those  in  the  developed 
form  of  <^(y).  This  requires  that  we  should  be  able  to  find 
<^n>  ^n-D  «««2?  ••.  ^o?  SO  as  to  satisfy  the  following  equations; 

n{n^l)d^  n[n^l)(n^i)d'a^  ..da 

1.2      dx'^"""^'     ^^^-2'  17273 ■^^^''^^^"^'^'^"-^^ 


It  will  not  be  necessary  for  us  to  do  more  with  respect  to  these 
equations  than  to  observe  the  following  two  points.  The  first, 
third,  fifth,...  of  these  equations  will  determine  successively  ^«? 
«^n-u  ^»i-2J  •••  ^0?  whatever  the  coefficients  Cg,,,  Ca„_2,  Cg^.^,  ...  c^,  ^o> 
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may  be;  and  they  assign  a  single  definite  value  to  each  of  the 
coefficients  a^^  a^_^,  ...  a^.  The  second,  fourth,  sixth,  ...  of  these 
equations  will  then  give  relations  involving  C3„_j,  C3„_g,  Cg^^, ...  Cg,Cj, 
which  these  coefficients  must  fulfil  in  order  that  it  may  be  possible 
for  the  proposed  differential  expression  to  take  Jacobi's  form. 

Now  let  the  differential  expression  which  is  under  consideration 
be  denoted  by  i|r  [y) ,  and  let  us  examine  the  nature  of  the  con- 
ditions which  must  be  satisfied  in  order  that  vy!r{y)  may  be  an 
exact  differential  coefficient  when  v  is  such  that  '^(v)  =  0  and  only 
then. 

In  order  that  V'\Jr  {y)  may  be  an  exact  differential  coefficient  it  is 
necessary  and  sufficient  that 

This  follows  from  the  known  condition  for  the  mtegrahility  of  a 
function  which  will  be  given  hereafter  in  this  work.  It  may  also  be 
deduced  from  a  known  theorem  in  the  differential  calculus,  namely 


dx''       dx^  dx"""^ 


VdxJ^     1.2      daT'Vdx'J 


+(-'»£■ 


Put  c^  V  for  z  and  use  this  theorem  to  transform  every  term 
in  vyjri^);  thus  we  shall  find  that  ^^{y)  consists  of  a  series  of 
terms  each  of  which  is  an  exact  differential  coefficient  together  with 
the  term  Cy^  where 

dx'""    ^    dx'""-'     "^     dx'""-^  dx  '*'^«^- 

Therefore  v'^{y)  cannot  be  an  exact  differential  coefficient 
unless  0  =  0. 

Or  we  may  obtain  the  result  still  more  simply  thus.  Integrate 
^7  parts  the  terms  of  vy^  (y)  as  much  as  possible ;  thus  we  shall 
find 

\v'^{y)dx—  8+  I  Gy  dx, 
where  ;S^  represents  a  series  of  terms  free  from  the  integral  sign. 
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Hen(^,  as  before,.  V'^{r{y)  cannot  be  an  exact  differential  coefficient 
unless  (7=0. 

Now  by  hypothesis  the  values  of  v  which  make  (7=0  must  be 
those,  and  those  only,  which  make  yfr{v)==0;  and  therefore  the 
differential  equation  (7=0  must  be  Identical  with  the  differential 
equation  ylr{v)  =  0.  Hence  comparing  the  coefficients  of  the  various 
differential  coefficients  oft?  we  must  have  the  following  relations 
satisfied, 


2n 


dc^ 


dx 
1.2         dx'       (2w-l)-^-4.c,^  =  c^_^, 

1^2.3  dx'  T72 d^  +  ^^^'-^^-df-'^^ 


Co. 


It  will  not  be  necessary  for  us  to  do  more  with  respect  to  these 
equations^  than  to  observe  the  following  two  points.  The  second, 
fourth,  sixth,  ...  of  these  equations  will  determine  successively 
<W-„  c^^,  c,^,  ...  C3,  Cj,  in  terms  of  c^,  c^^,  c,„  ^, ...  c„  c„;  and 
they  assign  a  single  definite  value  to  each  of  the  coeiBcients 
"sn-i,  Ca^j,  Cj^5,  ...  Cg,  c,.  The  first,  third,  fifth,  ...  of  these 
equations  will  then  give  relations  which  these  quantities  must 
satisfy,  and  by  substituting  the  values  of  these  quantities  the  re- 
lations will  only  involve  the  coefficients  with  the  even  suffixes.  It 
is  however  certain  that  these  relations  will  then  be  identically 
satisfied;  because  if  they  were  not  it  would  follow  that  some 
necessary  conditions  must  hold  among  the  coefficients  with  even 
suffixes  in  order  that  vf{y)  may  be  an  exact  differential  coefficient 
when  V  satisfies  ^{v)=^0  and  only  then.  But  this  is  impossible; 
because  by  the  former  part  of  the  present  article  we  know  that 
whatever  the  coefficients  with  even  suffixes  may  be,  if  the  others  are 
properly  determined,  ^{y)  will  take  Jacobi's  form,  and  there- 
fore vy^iy)  be  an  exact  differential  coefficient  when  v  satisfies 
■^(w)  =  0  and  only  then. 
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Hence  we  infer  that  exactly  the  same  conditions  must  hold 
whether  we  require  that  v'>^{y)  should  be  an  exact  differential 
coefficient  when  ij!r  (t;)  =  0  and  only  then,  or  whether  we  require 
tliat  i|r  [y)  should  be  capable  of  being  put  in  Jacobi's  form.  For 
we  have  proved  in  the  preceding  article  that  when  the  second  of 
these  properties  subsists  the  first  follows ;  and  we  have  proved  in 
the  present  article  that  to  ensure  either  the  first  or  the  second  pro- 
perty, each  coefficient  with  an  odd  suffix  must  have  a  single 
definite  value  in  terms  of  the  coefficients  with  even  suffixes  which 
are  themselves  arbitrary. 

Thus  we  have  proved,  as  we  proposed,  the  converse  of  the 
theorem  proved  in  the  preceding  article. 

240.    We  shall  now  prove  Jacobi's  theorem  given  in  Art.  222. 

Let  ^  [iy)  denote  what  <jE)  {y)  becomes  when  ty  is  put  for  y ;  and 
let  Y  denote  y^[ty)  —  ty^{y).  Then  Y  is  an  exact  differential 
coefficient  whatever  y  may  be ;  this  may  be  shewn  in  the  same 
manner  as  that  in  which  it  is  proved  in  Art.  238,  that 
v^{y)  --ycfy^v)  is  an  exact  differential  coefficient.  Let  ^  stand  for 
the  integral  of  Fand  let  k  be  an  arbitrary  constant. 

Suppose  -T~  to  be  a  quantity  such  that  -r-  {Z—  h)  is  an  exact 
differential  coefficient.    We  have 

=  z{Z'-k)-jzYdx; 

dz 
thus  if  J-  {Z—h)  is  an  exact  differential  coefficient  «F  is  so  also. 

But 

zY^yz{<t>{(y)^t<f>{y)}, 

and  <f>{fy)'-t<f){y)  is  of  Jacobi's  form  with  respect  to  u  and  its 
differential  coefficients,  where  u—ty.  Hence,  by  Art.  238,  if  ^Fis 
an  exact  differential  coefficient,  yz  must  be  one  of  the  values  of  u 
p      n  u  .       „       dz      d  [u\. 

found  from  <t>iu) --<f,{i,)  =  0,  say  yz  =  u,',  therefore  ^  =  ^  (^ ^ j  • 
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Tims  the  multiplier  of  Z—  h  wUch  will  make  the  product  an  exact 
differential  coefficient  Is  a  quantity  of  which  the  type  Is  -,-  f -^  j , 

We  must  now  Indicate  some  properties  of  the  expression  Z—h 
It  will  be  seen  on  examination  that  Y  does  not  contain  t  Itself  but 
only  the  differential  coefficients  of  t;  this  will  also  be  the  case 
with  Z,  which  Is  the  Integral  of  Y. 

For  suppose  the  differential  expression  Y  when  arranged  ac- 
cording to  differential  coefficients  of  t  to  take  the  form 

A  ^JL  J  ^  J.  A    ^ 

then  if -2' contained  t  at  all  it  could  be  only  by  reason  of  the  term 
A^t  entering  Into  Z;  and  then  -j-  or  Y  would  contain  the  term 
^  _^  ^    ^jj^  _^  jg  ^  function  of  y  which  is  at  present  quite 

dA 
arbitrary,  so  that  --r-^  cannot  be  zero.     Thus  as  Y  does  not  con- 
tain t  but  only  its  differential  coefficients,  It  follows  that  Z  does  not 
contain  t  but  only  its  differential  coefficients. 

We  may  shew  that  Z  does  not  contain  t  In  another  way.  If 
we  Integrate  each  pair  of  terms  in  Y  in  the  manner  given  in  Art. 
238,  we  find  that  Z  consists  of  pairs  of  terms  of  which  the  type  is 

(^  IV 1^  d^^^jtyr^  _  d^  d-\f\ 

^      ^  \dixf      dx'-'  dx'     dx"'    y 

and  on  effecting  the  differentiations  we  see  that  t  does  not  occur  in 
this  expression  but  only  differential  coefficients  of  t. 

If  then  we  put  r  for  ^  the  expression  Z-  k  will  be  a  differ- 
ential expression  of  the  order  2/i  -  2  with  respect  to  r  and  its  differ- 
ential coefficients.  And  the  solutions  of  Z-  ^  =  0  can  only  be  such 
quantities  as  render  Z  constant  and  therefore  Fzero;  that  is,  the 

values  of  t  must  be  those  of  which  the  type  is  -j-  (~M  . 
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Thus  Z--  &  IS  a  differential  expression  such  that  any  multiplier 
of  it  which  renders  the  product  an  exact  difFerential  coefficient  must 
be  a  solution  of  ^-^  =  0.  Hence,  by  Art.  239,  this  difFerential 
expression  must  be  capable  of  being  put  in  Jacobi's  form ;  that  is, 
omitting  the  arbitrary  constant,  the  integral  of  y^ity)  -  ty^{y)  is 
of  the  form 

If  now  we  suppose  y  such  that  <^(^)  =  0,  we  have  the  integral 
oiy^{ty)  assuming  the  above  form.  This  is  the  theorem  enunciated 
in  Art.  222, 

241.  A  remark  may  be  added  to  obviate  a  possible  miscon- 
ception of  part  of  the  preceding  article.  The  equation  F:^  0  is  of 
the  order  2n  ~  1  in  t  and  its  differential  coefficients ;  thus  the 
general  solution  of  it  will  involve  2n-l  arbitrary  constants.     This 

general  solution  would  make  Z  constant  since  it  makes  ^  =  o  • 

dx        ' 

therefore  in  order  that  Z-^k  may  be  zero  a  relation  must  hold 

among  the  2n~l  arbitrary  constants.     Thus  in  effect  we  have 

only  2n-2  arUtrary  constants  in  the  solution  of  Z-h-^,  as  of 

course  should  be  the  case.    Particular  solutions  oi  Z-h^Q  will 

then  be  obtained  by  giving  particular  values  to  any  or  all  of  these 

arbitrary  constants. 

242.  More  than  ten  years  elapsed  before  another  commentator 
upon  Jacobi's  memoir  appeared.  We  have  next  to  consider  a 
memoir  published  by  Professor  G.  Mainardi  in  the  third  volume 
of  Tortolini's  Annalt  di  Scienze  Mathematiche  e  Fisiche,  1852. 
This  memoir  is  entitled  Researches  on  the  Calculus  of  Variations; 
It  occupies  pages  149—192  of  the  volume,  and  there  is  an  appendix 
which  occupies  pages  379 — 383. 

243.  Mainardi  begins  by  referring  to  what  had  been  done  hj 
Poisson,  Ostrogradsky,  Cauchy,  Sarrus,  Jacobi,  Bertrand,  Lebesgue 
and  Delaunay ;  he  intimates  that  the  propositions  of  Jacobi  require 
yet  to  be  more  completely  developed,  and  he  says  that  with  respect 

0  the  criteria  which  distinguish  a  maximum  from  a  minimum  in 
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the  case  of  multiple  Integrals  he  believes  nothing  had  been  added 
to  the  remarks  of  Legendre  and  Lagrange. 

244.  Malnardi's  memoir  is  divided  Into  five  sections.  The 
first  section  occupies  pages  149 — 153 ;  this  section  contains  some 
illustrations  of  the  method  which  was  used  by  John  and  James 
BernouIUI  in  solving  isoperimetrical  problems.  Polsson  In  his 
memoir  had  referred  to  this  old  method,  see  Arts.  88  and  97 ;  and 
Mainardi  intimates  that  he  will  hereafter  publish  his  researches  on 
the  comparison  of  the  old  and  modern  methods.  He  confines  him- 
self in  this  section  to  shewing  how  the  old  method  could  be  made 
to  give  the  terms  relative  to  the  limits  in  the  case  of  a  single  Inte- 
gral, and  how  it  could  be  made  to  give  the  variation  of  a  double 
integral. 

245.  The  second  section  occupies  pages  154 — 171.  Mainardi 
says  that  in  this  section  he  proposes  a  new  method  for  distinguish- 
ing between  the  maxima  and  minima  values  of  integrals.  Speaking 
generally  this  method  may  be  described  as  Legendre's  improved 
by  some  additions  borrowed  from  Jacobi.     Mainardi  considers  sue- 

dv 
cessively  six  cases.     (1)  A  single  integral  involving  x^  y,  ^^^^  ^. 

(2)  A  single  integral  Involving  x,  y,  ^ ,  and  ,^ .  (3)  A  single 
integral  involving  ^^V^^^  -^p  and  ^J .  (4)  A  double  integral 
involving  x,  y,  z,  -^^  and  ^.     (5)  A  double  integral  involving 

«''  y^  ^'  I'  I'  £'  ^'  "^^  0'  ^^  "^^•^  *°"^^^^  ^p"'^  '^" 

particular  case  in  which  the  double  integral  involves  only  x,  y,  2> 

i '  ^ '  ^""^  d^y  •     ^^^  ^  ^'''^^^  'vai^^^\  involving  x,  y,  ^,  J^^ 

and  ^.     Of  these  cases  (1)  and  (4)  may  be  considered  to  be  com- 
dx 

pletely  investigated,  (2)  and  (3)  nearly  completely,  and  the  others 
only  imperfectly.  We  shall  presently  give  a  more  detailed  account 
"of  some  of  these  cases. 
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246.  In  his  third  section  Mainardi  gives  an  investigation  of 
Jacobi's  theorem  enunciated  in  Art.  222,  using,  as  he  says,  Bertrand 
for  his  guide.  This  investigation  extends  over  pages  172 — 179, 
and  then  Mainardi  indicates  briefly  the  application  of  the  theorem 
to  the  Calculus  of  Variations.  Mainardi's  proof  does  not  seem  so 
good  as  Bertrand's;  the  principal  difference  consists  in  replacing 
the  indirect  reasoning  of  Art., 239  by  direct  reasoning.  But  a 
student  who  had  not  read  Bertrand's  proof  would  find  one  point  of 
Mainardi's  unsatisfactory.  For  on  comparing,  as  we  have  done  on 
page  262,  the  coefficients  of  the  various  differential  coefficients  of  t?, 
Mainardi  only  writes  down  what  we  have  called  the  second,  fourth, 

sixth, equations;   and  he  says  briefly  that  these  include  the 

others;  see  his  page  177  at  the  top.     This  amounts  to  omitting 
one  of  the  most  difficult  points  in  the  investigation. 

247.  In  his  fourth  section  Mainardi  applies  Jacobi's  method  to 
a  double  integral ;  this  section  extends  over  pages  183—185.  There 
is  no  difficulty  in  his  first  case  where  differential  coefficients  of  the 
first  ojder  only  occur;  but  in  his  second  case  where  differential 
coefficients  of  the  second  order  occur  Mainardi  himself  intimates  at 
the  end  of  the  section  that  he  has  accomplished  very  little. 

248.  The  fifth  section  extends  over  pages  185—192.  In  this 
section  Mainardi  says  that  he  will  collect  some  applications  of  the 
Calculus  of  Variations  which  afford  ground  for  some  remarks ; 
accordingly  he  discusses  four  examples.  (1)  He  gives  a  theorem 
on  geodetic  curves ;  this  amounts  to  finding  the  first  integral  of 
the  equation  which  determines  such  a  curve  for  a  large  class  of 
surfaces.  (2)  He  speaks  of  Gauss's  theory  of  capillary  attraction 
as  affording  one  of  the  finest  modern  applications  of  the  Calculus 
of  Variations  ;  but  he  thinks  that  the  investigation  given  by  Gauss 
admits  of  great  simplification.  Accordingly  Mainardi  gives  an 
investigation  of  the  variation  of  the  function  which  Gauss  con- 
sidered ;  see  Art.  71.  Mainardi's  investigation  is  far  shorter  than  that 
of  Gauss,  but  it  would  not  be  very  easy  to  follow  unless  the 
student  had  previously  read  Poisson's  memoir  or  some  equivalent 
method.  (3)  Mainardi  forms  the  equation  furnished  by  the  Cal- 
culus of  Variations  for  the  form  of  a  flexible  surface  which  is 
in  equilibrium  under  the  action  of  gravity ;  this  problem  will  be 
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found  in  Mr  Jellett's  Calculus  of  Variations,  page  323.  (4)  Mai- 
nardi  says  that  Steiner  found  by  a  geometrical  method  an  elegant 
property  of  the  polygon  of  given  perimeter  which  can  be  drawn  on 
a  given  surface  so  as  to  have  a  maximum  area.  Mainardi  infers 
from  the  Calculus  of  Variations  that  when  such  a  polygon  is  to 
be  inscribed  in  a  given  polygon,  the  two  arcs  of  the  required 
polygon  which  meet  on  a  side  of  i\\Q  given  polygon  will  there  make 
equal  angles  with  that  side.  Mainardi  gives  no  reference;  a 
memoir  by  Steiner  will  however  be  found  in  the  sixth  volume  of 
Liouville's  Journal  of  Mathematics.  Steiner's  enunciation  of  his 
theorem  occurs  on  page  168,  and  the  enunciation  is  more  expKcit 
than  Mainardi's,  namely,  the  two  arcs  which  form  a  part  of  the 
inscribed  figure,  and  meet  on  the  same  side  of  the  given  figure, 
either  cut  it  in  one  point  at  equal  angles  or  else  touch  it  in  two 
points. 

249.  We  have  thus  given  an  outline  of  the  whole  memoir, 
and  we  shall  now  return  to  the  second  section  of  it  and  examine 
more  particularly  the  method  proposed  by  Mainardi  for  distinguish- 
ing between  maxima  and  minima  values.  The  second  section  con- 
stitutes in  fact  the  most  important  part  of  the  memoir,  and  although 
it  will  be  seen  that  the  investigations  are  incomplete,  they  are  not 
without  interest  and  value.  The  appendix  to  the  memoir  is  de- 
voted to  the  elucidation  of  part  of  the  second  section,  and  we  shall 
presently  have  occasion  to  refer  to  it.  We  may  remark  that  the 
whole  memoir  is  difficult,  and  that  it  is  disfigured  by  extreme 
inaccuracy  of  printing. 

250.  We  will  first  give  Mainardi's  method  for  distinguishing 
a  maximum  from  a  minimum  in  the  case  of  a  single  integral  in- 
volving x,y^  and  ^^  . 

•     Let  JF  {x,y,i/')  dx  denote    the   integral   which   is  to  be  a 

maximum  or  minimum.  Change  i/  into  j^-ftco,  where  i  is  sup- 
posed to  be  an  indefinitely  small  constant  quantity  and  oo  an  arbi- 
trary function  of  x.  Then  expand  the  new  value  of  F{x,  y,  yl 
in  a  series  proceeding  according  to  ascending  powers  of  i;  th^^ 
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tlie  new  value  of  the  integral,  that  is  IF  {Xj  y -^-lo),  y  -^ta)')  dx, 
is  equal  to 

JF{x,y,y')dx  +  I,i^-TJl^.., 

where  the  terms  not  expressed  involve  powers  of  i  higher  than  the 
second;  and 

The  expression  I  J.  constitutes  the  variation  to  the  first  order  of 
the  proposed  integral ;  this  must  vanish,  and  thus  by  the  usual 
method  we  arrive  at  the  equation 

dF_±dF_ 

dy      dxdy''^     ^  '* 

From  this  equation  we  must  suppose  y  to  be  found  in  terms 
of  a?,  and  when  this  value  of  j^  is  used,  let 

We  have  then  to  examine  the  sign  of 
\{Aa>' +  2Bma>' +  Co>")  dx. 


/(■ 


Now  assume  that  we  have  identically 

then  we  must  have 

a  +  lf'=:^,    b  +  AI=-B,    c^C (2). 

We  have  thus  three  equations  involving  the  four  unknown 
quantities  a,  J,  c,  M,  so  that  we  are  at  liberty  to  make  one  more 
supposition  respecting  them ;  it  is  found  convenient  to  introduce 
another  quantity  and  to  make  twb  more  suppositions. 

Let  6  denote  this  new  quantity,  and  suppose 

a^  +  60'  =  O,  and  5(?  +  c(9'=0 (3); 
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thus  (2)  and  (3)  supply  five  equations  for  determining  five  quan- 
tities. 

From  the  first  two  equations  of  (2)  combined  with  (3)  we 
obtain 

Be-\-  Cff  =  Me,    A0-\-B6^=  {MOy (4) . 

hence 

Ae+m'^{B0+cd'y=o (5). 

From  this  differential  equation  6  must  be  determined,  and  then 
from  the  first  of  equations  (4)  we  have 

then  from  equations  (2)  we  must  obtain  a  and  b ;  also  it  appears 
from  (3)  that  ac  =  ¥,  so  that 

ao)'  +  25ft)ft)'  +  C€o'^  =  c  fco'  +  ^o)^  . 
Also  c=  0;  thus  finally 

j{Aco'  +  2Bcoco'  +  Ceo")  dx=:Mo>'-\-[c  fco'  +  ^  cojdx, 

where  M  has  the  value  just  assigned. 

Hence  if  G  retains  constantly  the  same  sign  between  the 
limits  of  the  integration,  and  Moj^  either  vanishes  at  the  limits 
or  gives  rise  to  a  result  of  the  same  sign  as  (7,  we  have  in 
general  a  maximum  or  a  minimum  according  as  the  sign  of  G  is 
negative  or  positive. 

It  may  be  observed  that  7-y  =  — jy~~  =  —  -^  . 

0  0  6 

251.  The  above  article  contains  all  that  is  peculiar  to  Mai- 
nardi,  for  the  differential  equation  (5)  is  solved,  with  the  assistance 
of  Jacobi,  in  the  following  manner;  see  Art.  221.  Let  the  value 
of  y  found  from  (1)  be  denoted  hj  f{x,  y^,  7^,  where  7^  and  % 
are  arbitrary  constants ;  then  we  shall  have 

where  13^  and  0^  are  new  arbitrary  constants ;  this  we  shall  now 
prove. 

The  expression  J^  is  the  coefficient  of  t  in  the  expansion  of 
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the  varied  value  of  the  proposed  integral  \F{x,  y,  y)  dx^  and  I^ 

•2 

is  the  coefficient  of  \  in  the  same  expansion.    We  may  also  say 

that  I^  is  the  coefficient  of  %  in  the  expansion  of  the  varied  value  of 
/j ;  that  is,  if  in  I^  we  change  y  into  y  +  to),  and  expand  in  a  series 
proceeding  according  to  ascending  powers  of  i^  the  term  involving 
%  will  be  found  to  be  I^.  Now  if  the  limiting  values  of  y  are  fixed, 
/j  will  vanish  whatever  may  be  the  values  ascribed  to  the  constants 
7j  and  7^,  so  that  I^  will  also  vanish  when  7^  is  changed  into 
7j  +  S71,  and  7^  into  72  +  ^73 .     Thus  I^  vanishes  when 

and  Jj  also  vanishes  when  y  receives  the  increment 

where  87^,  and  873  are  indefinitely  small ;  that  is,  il^  vanishes  when 
i«  ==  :/-  S7.  +  -j-  S7  , 

and  87^  and  873  are  indefinitely  small. 

Now  we  may  modify  the  form  of  J^  and  of  I^  by  integration  by 
parts,  and  thus  obtain 

r     dF        [fdF     d  dF\      y 
^^^d^'^'^KTy'^Txd^l''^''^ 

T     (  d'F       .  d'F    A 

f(d^F         d'F     ,      d  ( d^F       .  d'F    \\     , 


And,  as  before,  if  in  I^  we  change  y  into  y  +  ico  the  term  involv- 
ing i  in  the  expansion  of  the  new  value  of  J^  will  be  il^.  Hence 
we  infer  that  the  coefficient  of  (o  under  the  integral  sign  in  I^  will 

vanish  when  io)  =  -/-  S7,  +  -f^  S7. . 

^7i      '     ^72    ^ 
But  the  coefficient  of  to  under  the  integral  sign  in  the  last  form 
of  Ig  is  a  linear  difierential  expression  of  the  second  order  in  ce>, 
and  so  the  general  form  of  the  value  of  eo  which  makes  this 
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coefficient  vanish  must  be  ^^u^-^^^u^,  where  ^^  and  /S^  are  arbitrary 
constants  and  u^  and  u^  are  functions  of  x.  Hence  we  infer  that 
the  value  of  m  which  makes  the  coefficient  of  o)  under  the  integral 
sign  in  the  last  form  of  I,  vanish,  must  be 

Thus  the  value  of  6  is  to  be  found  in  the  manner  already  stated. 

252.  The  solution  of  the  differential  equation  (5)  of  Art.  250 
does  in  fact  constitute  one  of  the  most  important  parts  of  Jacobi's 
theory.  We  have  here  had  occasion  to  use  it  in  only  a  simple  case, 
namely  that  in  which  equation  (5)  of  Art.  250  is  of  the  second 
order;  the  method  however  is  perfectly  general  whatever  be  the 
order  of  the  equation  analogous  to  (5),  and  we  shall  have  to  apply 
it  again.  The  general  process  is  as  follows.  With  the  usual  nota- 
tion the  terms  of  the  first  order  in  the  variation  of  an  integral  will 
take  the  form  jVhy  dx,  excluding  the  integrated  terms.  The  terms 
of  the  second  order,  with  the  same  exclusion,  will  take  the  form 

-  hvhydx,  where 

^^--d^^^y^d^^y-^df^y  ^- 

Now  suppose  that  the  solution  of  the  equation  F=  0  is 
2^=/(ir,  7j,72, ...), 
where  7^,  7^,  ..^are  arbitrary  constants.^   If  this  value  of  y  be  sub- 
stituted in  V  the  result  will  be  identically  zero,  so  that  we  may 
diiferentiate  Fwith  respect  to  any  of  the  arbitrary  constants  which 

occur  in  /,  and  the  result  will  still  be  zero.     Let  ^  =  ^»  then  by 

differentiating  V  with  respect  to  7^  we  obtain 

dV        dV  .dV    ,,  .  . 

dy         dy  dy 

This  shews  that  SF=0  is  satisfied  by  hy  =  u]   and  therefore  it 

will  be  satisfied  by  By  =  l3u,  where  /S  is  an  arbitrary  constant. 

Hence  the  general  solution  of  8F=  0  will  be 
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253.  Next  let  the  proposed  integral,  which  is  to  be  a  maxi- 
mum or  a  miniinum,  involve  x,  y^  -4-  and  -j^  • 

Let  ^F{x^  y,y\  y")  dx  denote  this  integral,  change  as  before  y 
into  y  +  «ft>,  and  expand  the  new  value  of  F{x,  y^  y\  y")  in  a  series 
proceeding  according  to  ascending  powers  of  i ;  then  the  new  value 
of  the  integral  may  be  denoted  by 

JF{x,y,y\y")dx'{-I,t  +  J,'^+ , 

where  J^^ j^^co^-a> +^,a>  )dx, 

^     f/d'F   ,  ,  d'F  „  ,  d'F    „,  ,  ^   d'F       , 


^   d^F        „     ^    d^F      ,  ,\j 
dydy  dy  dy  ) 


Then  as  usual  I^  must  vanish ;  this  leads  to  the  equation 

dF_d_dF    ^dF_  .. 

dy     dxdy^'^dxUy"^^ ^  ^* 

From  this  equation  we  must  suppose  y  to  be  found  in  terms  of 
X,  and  when  this  value  oty  is  used  let 

d'F_  d'F  ___  dW_  ^ 

W^"         ^WW^         dy'dy"''^ 
We  have  then  to  examine  the  sign  of 

[(-4co'  +  2J?ft)©  +  Cb^'  +  Qto""  +  2jErW  +  2K(om)  dx. 

Now  assume  that  the  expression  under  the  integral  sign  is  iden- 
tically equal  to 

(Jfa)V2iVa)(o'  +  Pa>T 

+  aco^  +  2ho>m  +  cm"^  +  gw'^  +  2Aft)(i>"  +  2^ctf' w" ; 
T.  H.  18 


274  COMMENTATORS  ON   JACOBI. 

then  we  must  have 

We  have  thus  six  equations  involving  the  7ime  unknown  quan- 
tities if,  N,  P,  a,  h,  c,  ff,  h,  k,  so  that  we  are  at  liberty  to  make 
three  more  suppositions  respecting  them  ;  it  is  found  convenient  to 
introduce  another  quantity  and  to  make  four  more  suppositions. 
Let  0  denote  this  new  quantity  and  suppose 

gff'  +  hd'  +  he^O,  Jeff' -^cff +10=^0,  hff'  +  bff  +  a0  =  O...{S)l 

also  suppose  ^^  ~a^  ^ 

Thus  (2),  (3)  and  (4)  supply  ten  equations  for  determining  ten 
quantities. 

From  the  equations  (2)  combined  with  (3)  we  obtain 
Q0''\K0'  ^B0^m^P0\ 

Kff'-\-G&^B0=^M0^Nff-\-{N0^P0y]  ^^^^ 

H&''\'Bff'\-A0=^{M0^N0'y  I 

Hence, 
H0"+Bff+A0 -  {Kff'+  Gff+B0y+{G0"  +  Kff  +  H0y  =  0...  (6). 

From  this  differential  equation  0  must  be  determined,  and  then 
from  equations  (2),  (3)  and  (4)  the  rest  of  the  unknown  quantities 
must  be  found. 

Also  since  c =  0,  we  have 

9 

aay"  +  2ho)co'  +  Cft)'^  +  gco'"^  +  27i(oco"  -f  2ka)%" 

but  by  eliminating  ff'  from  equations  (3)  we  obtain 

{k'-^gc)  0'  +  {hk^bg)0^O,    {hk^hg)  ff -\- {h'-ag)  0^0, 
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SO  that  since  ¥  —  gc  =  0,  we  have  also  hk  —  hg  =  0,  and  ]^  —  ag  =  0. 
Therefore 


'± 
9 


Also  g—  O)  thus  finally, 

Hence  if  G^  retains  constantly  the  same  sign  between  the  limits 
of  the  integration,  and  the  integrated  part  either  vanishes  or  gives 
rise  to  a  result  of  the  same  sign  as  (?,  we  have  in  general  a  maxi- 
mum or  a  minimum  according   as  the  sign  of  G  is  negative  or 

positive. 

254.  It  remains  to  shew  how  to  determine  the  auxiliary  quan- 
tities a,  J,  c,  h,  k,  if,  N,  P,  6  which  are  introduced  in  the  preceding 
article;  for  if  they  are  not  determined  we  shall  not  be  able  to 
ascertain  whether  they  remain  finite  or  not  between  the  limits  of 
the  integration.  The  value  of  0  is  determined  as  before ;  see  Arts. 
251  and  252.     If  we  represent  the  solution  of  (1)  by 

^=/(^^7i.  72^73.  74) 
where  7^,  7^,  7g,  7^  are  arbitrary  constants,  we  shall  have 

where  ^i,  ^^,  13^,  13 ^  are  new  arbitrary  constants. 

It  is  with  respect  to  the  methods  which  he  proposes  for 
determining  the  remaining  auxiliary  quantities  that  Mainardi's 
investigations  are  the  least  satisfactory.  He  proposes  in  fact  three 
"methods  for  this  purpose. 

(1)  He  intimates  obscurely  that  h  and  k  may  be  determined 
^hus;  let  (f)he&,  quantity  found  like  0  from  the  differential  equation 

18—2 
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(6)  of  the  preceding  article,  so  that  (f>  is  of  the  same  form  as  6  but 
has  other  arbitrary  constants  instead  of /3j,  ySg,  ^g  and  yS^;  then 
h  and  k  will  be  determined  by  the  equations 

Ge''+ke'  +  h0  =  O,     Gf  +  kcl>'+h(f>=:0 (7). 

Mainardi  seems  to  intimate  that  if  h  and  k  be  thus  determined 
and  then  the  remaining  auxiliary  quantities  deduced  from  such  of  the 
equations  (2),  (3),  (4)  as  may  be  convenient,  the  remainder  of  these 
equations  will  be  satisfied.     See  his  page  157  at  the  bottom. 

(2)  Mainardi  however  seems  to  allow  that  the  statements  just 
made  require  to  be  proved ;  and  accordingly  he  proceeds  to  verify 
them.  With  respect  to  this  verification  we  may  observe  that  it  is 
really  a  long  process,  and  in  consequence  of  it  Mainardi's  method 
loses  the  apparent  simplicity  which  constitutes  its  chief  recom- 
mendation. Moreover  in  this  verification,  on  the  sixth  line  of  his 
page  168  the  right-hand  member  of  his  equation  should  be  a  con- 
stant and  not  zero  as  he  gives  it ;  this  in  fact  is  the  same  mistake 
as  we  have  already  indicated  in  Art.  232.  Thus  h  and  k  cannot 
be  found  as  Mainardi  intimates  from  equations  (7)  where  the  four 
constants  in  <p  and  the  four  constants  in  0  are  all  arbitrary ;  there 
must  be  a  relation  between  these  constants. 

(3)  Mainardi  returns  to  the  point  in  the  appendix  and  offers 
another  reason  for  the  statement  that  h  and  k  are  to  be  found  from 
equations  (7).  He  says  the  equations  (2)  of  Art.  253  really  ex- 
press the  conditions  that  must  hold  in  order  that 

(^-a)  ay' +  2  {B--h)  a)a>'+  ((7-c)  «'+  {G  - g)  co"' 

+  2  {H-  h)  WO)"  +  2  {K-  k)  (oa>" 

may  be  an  exact  differential  coefficient.     Now  when  6  is  found 
from  equation  (6),  he  says  that 

AO'  +  2Beff  +  Cff'  +  Gff'^  +  ^HOff'  +  2Kffff' 
is  an  exact  differential  coefficient,  and 

aO'  +  2heff  +  G&^  +ge"'  +  2Me"  +  2kff6" 
vanishes.     Thus 
{A  -  a)  Q)'  +  2{B-^b)  WW  +  (C~c)  (o''^{G-g)  w'^ 

+  2  (J/-  h)  ww"  +  2  {K-  k)  tow 


MAINARDI.  277 

is  an  exact  differential  coefEcient  when  co—d,  and  when  g)='^, 
and  therefore  the  equations  (2)  must  be  satisfied  when  h  and  h  and 
the  remainder  of  the  auxiliary  quantities  are  found  in  the  way  pro- 
posed. This  however  is  quite  unsound ;  the  equations  (2)  express 
the  conditions  that  {A  —  a)  (o^  +  2  {B—h)  ««+  ...  should  be  an  exact 
differential  coefficient  whatever  m  may  be,  and  to  say  that  this  ex- 
pression is  integrable  when  ft>  =  ^  or  =  ^  is  very  different  from  saying 
that  it  is  an  exact  differential  coefficient  whatever  oo  may  be. 

255.  The  student  of  the  original  memoir  will  see  that  we 
have  not  kept  to  the  original  notation  ;  that  notation  is  singularly 
perplexing  and  the   language  inaccurate.    We  will  indicate  one 

example  of  the  latter;  Mainardi  has  a  term  (<?  —  7)  ^i  and  this 

term  vanishes  by  virtue  of  the  relation  0-^=0  which  he  esta- 
blishes ;  but  instead  of  saying  that  the  term  vanishes  he  says  that 
r=  0,  which  is  not  the  case.     This  inaccuracy  occurs  repeatedly. 

256.  We  will  now  indicate  the  method  which  Mainardi  gives 
for  distinguishing  a  maximum  from  a  minimum  in  the  case  of  a 
double  integral  which  involves  differential  coefficients  to  the  first 
order  only. 

Let     \F{x,  y,  z,  z\  z)  dxdy  denote  the  double  integral  which 

.  .  ,  dz 

IS  to  be  a  maximum  or  a  minimum,  where  z   stands  for  -^  and 

dz  . 

z^  for  -J- .     Change  z  into  z  +  iw  where  i  is  supposed  to  be  an 

indefinitely  small  constant  quantity  and  (o  an  arbitrary  function  of 
*  and  y.  Then  expand  the  new  value  of  F{x^  y,  z^  z\  z^  in  a  series 
proceeding  according  to  ascending  powers  of  i ;  thus  the  new  value 
of  the  double  integral  is 

\]F{x,  y,  z,  z\z])  dxdy-\-I,i'\-  /^  ~4- , 

,         ^      (((dF        dF    ,     dF    \  J    y 
where  /i  =  I   (  -7-  «  +  ^  7  a>  -]-  -j-  ^j]  dx  dy, 
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The  expression  /^  must  vanish,  and  thus  in  the  usual  way  we 
arrive  at  the  equation 

cfe       dx  dz      dy  dz^         ^  ^* 

From  this  equation  we  must  suppose  z  to  be  found  in  terms  of 
X  and  y,  and  when  this  value  of  z  is  used  let 

ds^         '      dzdz'        '      dzdz^        ' 

d'F  £F_  _  d^F_ 

dz'^-^'      dzdz,'     '      dz^~^' 

We  have  then  to  examine  the  sign  of 

( (^ffl"  +  2jB»(»'  +  2  Owft).  +  G^w''  +  2J3i»'«,  +  KmJ)  dxdy. 


//< 


Now  assume  that  the  expression  under  the  integral  sign  is 
identically  equal  to 

then  we  must  hare 

a  +  M'  +  N^  =  A,    h'hM=zB,    c-hN=G (2). 

We  have  thus  three  equations  involving  the  Jive  unknown  quan- 
tities a,  b,  c,  M,  N,  so  that  we  are  at  liberty  to  make  two  more 
suppositions  respecting  them ;  it  is  found  convenient  to  introduce 
another  quantity  and  to  make  three  more  suppositions. 

Let  6  be  this  new  quantity  and  suppose  that 

m'  +  K0^-\-c0  =  O  i (3). 

h0'  +  G0^  +a0=:o\ 
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From  (2)  and  (3)  we  obtain 

Eff  +  Kd,^Ce==N0  [ (4); 

B0'+C0,-^A0={M0y  +  {N0)} 

hence 
Bd'+  C0,  +  A0--{G0'  +  H0^+Bey-{H0'  +  K0^  +  C0),^O  (5). 

From  this  partial  difFerential  equation  0  must  be  found ;  then 
from  the  first  and  second  of  equations  (4)  we  obtain  M  and  N, 
namely, 

M=l{G0'-\-H0^  +  B0),    N^l{Hff  +  K0,+  G0); 

and  from  equations  (3)  we  obtain  a,  S,  and  c.    Now  we  have 
aw'  +  2bcoQ)'  +  2c(oa>^  +  Gw"'  +  iHtilto,  +  Koyf 

^0[m^ — ^— j 

/        H.\(        Gc-Hh   Y 

(     b'     {Gc-my],, 

+  X'~G~G{KG-ir')}     ' 
and  the  coefficient  of  «'  in  the  last  line  vanishes,  as  we  shall  find 

At  /3 

hy  eliminating  ^  and  ^  from  equations  (3). 
Hence,  finally,  we  obtain 
(({Aco'  +  2Ba)co'  +  2  C(om,  +  G<o"  +  2Hm'(o,  +  Ka>^)  dxdy 

Gff  +  He,^.m  ,.,y  ^  ^6'  ^  m,  +  ce  j^  |  ^^^^ 


The  expression  in  the  first  of  these  two  lines  really  involves 
only  a  single  integral;  the  expression  in  the  second  line  is  a  double 
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integral.     In  order  to  ensure  that  this  double  integral  shall  retain 

the  same  sign  whatever  w  may  be  we  must  have  K  —  -yj  and  G  of 

the  same  sign;  that  is,  GK—IP  must  be  positive.  Then  if 
QK—W'  is  constantly  positive  throughout  the  limits  of  the  inte- 
gration we  shall  in  general  have  a  maximum  if  G  be  constantly 
negative,  and  a  minimum  if  G  be  constantly  positive.  These  results 
agree  with  those  obtained  in  Art.  213. 

257.  A  value  of  0  which  will  satisfy  equation  (5)  of  the  pre- 
ceding article  may  be  obtained  in  the  manner  explained  in  Art. 
251.  Suppose,  for  example,  a  solution  of  (1)  obtained  which  in- 
volves two  arbitrary  constants,  and  denote  it  by 

«  =/(i«*;  y,  Iv  72) » 

where  7^  and  73  are  the  two  arbitrary  constants ;  then  the  partial 
differential  equation  (5)  will  be  satisfied  by 

where  ^^  and  ^^  are  arbitrary  constants. 

258.  Thus  it  will  be  seen  that  the  investigation  given  by 
Mainardi  of  the  question  discussed  in  the  preceding  two  articles 
may  be  considered  complete,  because  the  values  of  the  auxiliary 
quantities  introduced  can  be  really  found.  But  the  investigation 
is  not  preferable  to  another  which  Mainardi  gives  and  which  exactly 
follows  the  method  given  by  Jacobi  for  a  single  integral.  With 
this  other  investigation  we  will  close  our  account  of  Mainardi's 
memoir.     We  will  suppose,  as  is  usual  in  discussing  Jacobi's 

method,  that  the  limiting  values  of  «,  -j-  ^^^  'j-  ^^^  given  so  that 

the  quantities  a>,  co',  and  m^  vanish  at  the  limits.  With  this  sup- 
position it  will  be  found  that  the  expression  in  Art.  256  of  which 
the  sign  is  to  be  examined  may  be  written  thus, 
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We  may  prove  this  by  integrating 

1 1  {Bg>  +  0(o  +  Hw) '  (odxdy  and  1 1  ( (7a)  +  Ho)'  +  K(o)^  codxdy 

each  once  by  parts,  and  then  we  shall  obtain  the  same  expression 
as  we  used  in  Art.  256.  Or  we  may  modify  the  form  of  I^  and 
then  deduce  that  of  I^  in  the  manner  explained  in  Art.  251, 

Let  a  stand  for  A—B'--  0/,  then  the  expression  of  which  the 
sign  is  to  be  examined  may  be  written 

Jf  jao,  -  (^0)'  +  Ha>y  ~  {Em'  +  iTo),)  I  wdxdy. 
Let  0  be  such  a  quantity  that 

a0  ^{Ge'-\-  Hey  -  {ho' + ko),  =  o, 

and  assume  a>  =  u0.     The  above  double  integral  becomes 
jjLu0  -  ( Gu'0  +  Gu0'  +  Hufi  +  Hu0y 

-  {Hu'0  +  JTt*^' -I-  iTt*,^ 4-  Ku0)\ u0dxdy  ; 
and  this  on  reduction  will  be  found  equal  to 

-  /T|[(  Gv! + iTt^j  ^^'  +  {{m + ir«4,)  ^  I  ?^cfe%. 

Integrate  by  parts  and  omit  the  terms  which  vanish  at  the 
Hmits ;  thus  this  double  integral  becomes 

{\\{Gy!  +  Hu)  5V  -f-  {Hv!  +  Ku)  B'uX  dxdy, 
that  is, 

ffj  G^ji^  +  2mX  +  Ku^  e'dxdy. 

Hence,  finally,  we  have  in  general  a  maximum  if  GK—H^  m 
positive  and  G  negative  throughout  the  limits  of  the  integrations, 
and  a  minimum  if  GK—H'^  is  positive  and  G  positive* 

The  quantity  0  may  be  determined  in  the  manner  explained  in 
Art.  257.  •" 
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259.  In  the  volume  of  Tortolini's  Mathematical  Journal  which 
contains  Mainardi's  memoir  there  is  a  short  article  on  our  subject 
by  Professor  F.  Brioschi.  It  is  entitled,  On  a  theorem  ofJacoWs 
relative  to  the  criteria  for  distinguishing  the  maxima  from  the  mi- 
nima values  of  integrals.  The  article  occupies  pages  322 — 326  of 
the  volume. 

Brioschi  refers  to  Mainardi's  method  for  distinguishing  maxima 
from  minima  values,  and  he  says  this  method  is  complicated,  by 
the  admission  of  Mainardi  himself.  Brioschi  then  says  he  will 
briefly  indicate  criteria  for  solving  the  problem  proposed.  Thus 
the  title  of  the  article  does  not  give  a  correct  idea  of  its  con- 
tents; for  there  seems  to  be  no  reference  to  Jacobi's  theorem, 
but  instead  of  that  a  new  method  is  proposed. 

260.  Brioschi  does  not  demonstrate  the  theorems  he  enun- 
ciates ;  the  theorems  themselves  are  enunciated  in  the  language  of 
determinants.  The  following  example  will  give  some  idea  of  the 
object  of  the  article. 

Consider  the  expression 

u4g>'  +  Bm'^  +  (7g>"'  +  2Eco(o'  +  2Fwm"  +  2  Gw(o" ; 

this  expression  can  be  put  in  the  form 

where  a,  /3,  7  are  certain  functions  of  ^,  B,  ,.,  G;  we  have  in 
fact  indicated  the  values  of  a,  /S,  7  in  Art.  256.  The  use  of  such 
a  transformation  is  that  we  can  thus  see  what  conditions  must 
hold  in  order  that  the  original  expression  may  be  incapable  of 
changing  its  sign;  if  a,  7  and  C  are  all  of  the  same  sign,  or 
if  a  and  7  are  zero,  the  proposed  expression  cannot  differ  in  sign 
from  C.  Now  the  theory  of  determinants  furnishes  general  forms 
for  such  coefficients  as  we  have  denoted  by  a  and  7  whatever 
be  the  number  of  the  quantities  w,  Qy\  a>", ...  which  occur  in  the 
original  expression.  It  is  this  part  of  the  theory  of  determinants 
which  Brioschi  introduces;  and  he  indicates  its  use  in  the  ques- 
tion of  distinguishing  a  maximum  from  a  minimum  value  of  an 
integral  which  involves  x,  y,  and  z,  and  the  differential  coefficients 
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of  y  and  z  with  respect  to  x  up  to  those  of  the  w^^'  order.  But 
as  we  have  stated,  the  results  are  briefly  enunciated  without  any 
demonstration. 

261.  The  introduction  of  the  theory  of  determinants  into  the 
subject  is  an  important  point,  and,  as  we  shall  see  hereafter,  this 
has  been  recognized  by  Hesse  and  Clebsch.  It  should  be  stated 
that  there  are  intimations  of  the  value  of  the  theory  of  determinants 
in  Mainardi's  memoir,  but  we  have  not  adverted  to  them  in  our 
account  of  that  memoir,  because  they  are  merely  intimations  which 
do  not  in  any  practical  degree  affect  the  nature  or  value  of  Mai- 
nardi's  investigations. 

262.  On  the  last  page  of  Brioschi's  article  there  are  two  ob- 
servations which  may  be  noticed.  The  first  is  historical ;  Bri- 
oschi  states  that  the  formulae  for  the  complete  variation  of  a  double 
integral  were  given  by  Bordoni  in  his  treatise  on  the  higher 
Calculus  in  1831,  while  Poisson's  memoir  appeared  in  1833,  and 
Ostrogradsky's  in  1838.  Brioschi  however  refers  to  the  fact  that 
Poisson  had  himself  enunciated  his  formulae  in  1818.  This  fact 
seems  to  render  Brioschi's  observation  altogether  superfluous. 
Moreover  Poisson  enunciated  his  formulae  in  1816  and  not  in  1818 
as  Brioschi  states;  see  Art.  102.  Also  Ostrogradsky's  memoir 
was  first  published  in  1836  in  Crelle's  Journal,  and  not  in  1838, 
as  Brioschi  states. 

The  second  observation  is  on  a  mechanical  point.  Mainardi 
had  applied  the  Calculus  of  Variations  to  determine  the  form  of  a 
flexible  surface  which  is  in  equilibrium  under  the  action  of  gravity, 
Brioschi  states  that  Mainardi's  result  is  only  true  on  the  supposi- 
tion that  the  tension  is  constant  in  every  direction  round  any  point 
of  the  surface ;  he  says  that  this  follows  from  the  researches  of 
Poisson,  Cisa  de  Gresy  and  Mossotti.  Brioschi  gives  no  references 
to  the  places  in  which  these  writers  have  discussed  the  question, 
but  probably  the  following  are  the  works  he  has  in  view.  (1) 
Poisson's  memoir  in  XlnQi  M^moires  de  VInstitut  for  1812,  entitled 
Memoir e  sur  les  surfaces  Slastzques,  (2)  A  memoir  by  Cisa  de 
Grresy  in  the  Memorie  delta  Reale  Accademta  delle  Sctenze  di 
Torino,  Tomo  xxill.   1818,  entitled  ConsidSrations  sur  Veqmlihre 
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des  surfaces  flexihles  et  inextensihles.      (3)  Mossotti's  Leziom  di 
Meccamca  Itazionale,  Firenze,  1851. 

263.  The  next  memoir  we  have  to  consider  is  by  Eisenlohr, 
entitled  Eesearches  on  the  Calculus  of  Variations  ;  Untersuchungen 
ilher  Variations-rechnung.  Inaugural-Dissertation  von  Dr  Friedrich 
Eisenlohr.  Manheim,  1853.   This  is  a  quarto  pamphlet  of  20  pages. 

264.  The  memoir  begins  with  a  few  introductory  observations  ; 
the  author  says  that  his  object  was  to  give  a  simple  proof  of  the 
propositions  required  in  Jacobi's  method,  and  to  shew  that  in  a 
certain  case  that  method  might  be  extended  to  a  double  integral. 
He  says  that  so  far  as  he  knew  the  second  variation  of  a  double 
integral  had  not  yet  been  considered ;  on  this  point  Eisenlohr  was 
in  error,  as  appears  from  Articles  147,  213,  and  258. 

265.  The  memoir  is  divided  into  eleven  sections.  The  first 
section  contains  some  remarks  on  the  nature  of  the  Calculus 
of  Variations ;  and  Eisenlohr  here  objects  to  the  introduction  into 
the  subject  of  such  problems  as  we  have  considered  in  Art.  3. 
In  his  second  section,  Eisenlohr  gives  the  ordinary  investigation 
of  the  variation  of  a  single  integral.  In  his  third  section,  he  infers 
from  the  result  of  his  preceding  section  the  condition  that  must 
hold  in  order  that  a.  given  function  of  x,  y,  and  the  differential 
coefficients  of  y  with  respect  to  x,  may  be  an  exact  diiferential 
coefficient.     In  his  fourth  section,  Eisenlohr  distinguishes  between 

the  maximum  and  minimum  of  jf[x,y,~^j  dx;   and  in  effect 

he  verifies  the  statements  of  Jacobi  in  Art.  220.  In  his  fifth 
section,  Eisenlohr  distinguishes  between  the  maximum  and  mini- 
mum of  jf(x,  y,  ^ ,  ™|^  dx ;  and  in  effect  he  verifies  the  state- 
ments of  Jacobi  in  Art.  221.  These  investigations  in  his  fourth  and 
fifth  sections  serve  as  Eisenlohr  says  to  prove  the  truth  of  Jacobi's 
sohitiom  a  posteriory  and  the  length  to  which  they  extend  shews 
the  necessity  for  some  general  method  of  treatment.  Accordingly 
in  his  sixth  section,  Eisenlohr  gives  his  investigation  of  the  funda- 
mental theorems  of  Art.  222.     In  his  seventh  section,  he  shews 
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the  application  of  these  fundamental  theorems  to  the  Calculus  of 
Variations.  In  his  eighth  section,  Eisenlohr  investigates  the  maxi- 
mum or  minimum  of  if{x,  y,  t/',  y')  dx^  as  in  Jacobi's  process  of 

Art.  224 ;  Eisenlohr  also  illustrates  Art.  225  of  Jacobi's  memoir, 
in  the  case  where  we  have  to  find  the  maximum  or  minimum  of 

Ifi^^y^Zj)  ^^'  ^^  ^^®  ninth  section,  Eisenlohr  gives  the  ordi- 
nary investigation  of  the  variation  of  a  double  integral  arising 
from  the  variation  of  the  dependent  variable;  he  confines  himself 
to  the  case  in  which  no  differential  coefficient  occurs  of  a  higher 
order  than  the  first.  In  his  tenth  section,  Eisenlohr  gives  a  theorem 
respecting  linear  partial  diff'erential  equations,  analogous  to  that 
which  he  proved  in  his  sixth  section.  In  his  eleventh  section  he 
distinguishes  between  the  maximum  and  minimum  value  of  a 
double  integral  in  which  no  diff'erential  coefficient  occurs  of  a 
higher  order  than  the  first ;  this  investigation  is  equivalent  to  that 
by  Mainardi  which  we  have  given  in  Art.  258. 

It  may  be  observed  that  Eisenlohr  is  free  from  that  mistake  as 
to  the  constants  which  we  have  noticed  in  Arts.  232  and  254. 

From  the  above  general  account  of  Eisenlohr's  memoir  it  will  be 
seen  that  the  only  points  of  novelty  which  it  presents  are  the  proof 
of  Jacobi's  theorems  in  the  sixth  section,  the  application  to  the  Cal- 
culus of  Variations  in  the  seventh  section,  and  the  extension  of 
Jacobi's  theorems  in  the  tenth  section ;  these  we  shall  now  give* 

266.  Eisenlohr  says  in  his  sixth  section  that  Jacobi's  method 
depends  upon  the  following  theorem ;  a  diff'erential  expression  of 
the  form 

can  always  be  put  in  the  form 

This  theorem  was  not  proved  by  Jacobi  himself;  proofs  how- 
ever   had    been    given  by  Delaunay,   Lebesgue,   and  Bertrand. 
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Eisenlolir  says  that  Bertrand's  proof  is  the  only  one  that  is  satis- 
factory, and  that  is  very  long ;  {worunter  nur  der  letztere  Beweis 
lefriedigend,  aher  auch  seJir  weitlaufig  ist).  Eisenlohr  does  not  say 
what  objection  he  has  against  the  proofs  given  by  Delaunay  and 
Lebesgue.  He  then  produces  his  own  proof,  which  he  says  rests 
upon  the  same  principles  as  Bertrand's.  Eisenlohr  establishes  the 
following  theorem.  Let  there  be  any  linear  differential  expression 
which  involves  x,  y,  and  the  differential  coefficients  of  3^  with  respect 
to  X ;  let  it  be  multiplied  by  7/  so  that  we  may  denote  the  product 
by  yF{x,  y,  y\  y" , ...).  Now  put  y  =  wz,  where  w  is  any  function 
of  X,  and  subtract  the  terms  which  involve  z^,  so  that  the  remainder 
may  be  denoted  by  zF^  {x,  z\  z\  . . .).  If  then  F^  {x,  z\  z'\  . . .)  is  an 
exact  differential  coefficient  whatever  w  may  be,  the  expression 
yF{x,  y,  y,  y\  .>')  can  be  put  in  the  form 

^r^+  dx  +  dx'  ^••••^^s^r 

We  shall  denote  this  form  for  shortness  by  y^{x,  y,  y,  y\  ...). 
Now  i{  F{x,  y,  y\  y,  ...)  be  linear  and  of  an  order  not  exceeding 
In  it  is  obvious  that  if  J^,  5^,  J^,  ...  &„,  are  properly  chosen 

F{x,y,y\f,,..)-^^{x,y,y',y\,..) 

can  be  made  to  involve  only  differential  coeflScients  of  y  of  odd 
orders ;  that  is,  we  can  obtain  the  identity 

Fix,  y,  y\  /,  ...)  -  *(^,  y,  /,  f  ^  ...)  =e,y'  +  c^'  +...  +  0,,^^^'^ 

(See  the  commencement  of  Art.  239.)  If  then  we  wish  to  prove 
that  F{x,y,  y,  y'\  ...)  can  be  put  in  the  form  ^{x,  y,  y,  y\  ...), 
we  must  shew  that  c^,  c^, ...  c^^^  all  vanish. 

We  suppose  it  given  that  if  in  yF{x,  y,  y\  y' ...)  we  change  y 
into  wz  and  subtract  the  terms  which  involve  z^  the  remainder 
when  divided  by  z  is  an  exact  differential  coefficient  whatever  w 
may  be;  and  we  shall  ^rom  that  y^[x,  y,  y\  y\  ...)  possesses  the 
same  property.  For  when  we  change  y  into  wz  in  the  last  expres- 
sion we  obtain  a  series  of  terms  of  which  the  type  is 

d\hJwzY> 

wz- Vt.      - , 

dx"^        ' 
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and  after  subtracting  all  that  involves  z^  we  obtain  pairs  of  terms  of 
which  the  type  is 

dx'  dx'      ' 

and  thus  after  dividing  by  z  the  type  becomes 

and  this  expression  is  an  exact  differential  coefficient,  as  we  see  by 
the  method  used  in  Art.  238  and  referred  to  in  Art.  240. 

Thus  3^$ (ir,?/,y,  y ',...)  does  possess  the  property  which  by 
hypothesis  yF(x,  y,  y\  y'\  ,..)  possesses ;  hence  also 

y  {F(x,  y,  y\  y\  ...)  ~  $(^,  y,  y\  y\  ...)} 

possesses  the  property,  and  therefore  so  also  does  the  identical 
equivalent  of  this  expression,  namely 

Thus 

-  wz  [g^w'  4-  cy-V  . . .  -f  c^_,  w^'"'-^'^] 

is  an  exact  differential  coefficient,  whatever  w  may  be,  or  else  it  is 
zero.  Now  apply  the  theorem  in  Differential  Calculus  which  we 
have  quoted  in  Art.  239,  to  every  term  in  the  former  part  of  the  last 
expression,  or  else  integrate  by  parts  as  much  as  possible ;  we  shall 
thus  find  that  the  whole  expression  consists  of  terms  which  are  im- 
mediately integrable  together  with  a  term  —  Qwz^  where 

Now  G  does  not  contain  z  and  z  is  arbitrary,  so  that  Gwz  cannot 
he  an  exact  differential  coefficient ;  we  must  therefore  have  (7=0. 
And  as  G  must  vanish  whatever  w  may  be,  the  coefficients  of  the 
uifferential  coefficients  of  w  which  occur  in  G  must  separately 
vanish ;  thus  we  shall  obtain  in  succession 

Csn^i  =  0,  C2„_3  =  0,  ...  Ca  =  0,  Cj  =  0. 
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This  proves  Eisenlohr's  theorem.  Now  to  apply  this  theorem 
consider  the  expression 

change  y  into  wz,  subtract  the  part  involving  z^,  and  divide  by  z ; 
we  thus  obtain  pairs  of  terms  of  which  the  type  is 

The  last  expression  is  an  exact  differential  coefficient,  as  we  see 
by  the  method  used  in  Art.  238  and  referred  to  in  Art.  240. 
Hence  by  Eisenlohr's  theorem  it  follows  that  the  expression 

«y|«o«^+     ^^     +     ^— +  •••+ — ^s — }, 

which  is  of  the  form  yF{x,  y,  y,  y",  ...),  where  ^^(0;,  y,  y',  y", ...) 
is  linear,  can  be  put  in  the  form 

yy^y^  dx  ^  dx^  "^•••"*""~^^r 

267.  The  proof  in  the  preceding  article  is  that  given  by 
Eisenlohr  himself,  except  that  he  does  not  enter  into  any  detail 
respecting  the  relation  (7=0,  but  merely  intimates  that  it  follows 
from  the  known  condition  of  integraUUty  of  a  function.  It  may  be 
remarked  that  the  memoir  is  not  free  from  misprints  and  inaccu- 
racies;  thus,  for  example,  Eisenlohr  uses  the  words  differential 
equation  repeatedly,  when  he  means  differential  expression^  and  he 
speaks  of  subtracting  the  coefficient  of  z""  when  he  means  subtracting 
the  terms  involving  z^, 

268.  In  his  seventh  section  Eisenlohr  shews  that  the  terms 
of  the  second  order  in  the  variation  of  an  integral  will  take  the 
form  which  Jacobi  gives;   see  Art.  224.      The   variation  to  the 

first  order  may  be  denoted  by  jvBydx,  where  we  omit  the  in- 
tegrated terms ;  that  is,  we  suppose  the  limiting  values  of  x  and 
y,  and  of  the  differential  coefficients  of  y  to  be  fixed.     Then  the 
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quantity  of  the  second  order  which  we  have  to  examine  will 

be  ISVSydx.     We  have  then  to  shew  that  8F  is  a  function  of 

Sy  and  its  differential  coefficients  which  can  be  put  in  Jacobi's 
form.  This  will  follow  by  Eisenlohr's  theorem  since  we  shall 
prove  that  SV  has  the  following  property;  in  SFSy  change  Sy 
into  wBz  where  w  is  any  function  of  x,  and  subtract  the  terms 
involving  {Szy,  then  divide  by  Sz,  and  the  quotient  will  be  an 
exact  differential  coefficient  whatever  w  may  be. 

For  suppose  that  /  VB^/dx  becomes  /  VJBz  dx  by  the  change  of  3^  into 

wzj  then  by  the  same  change  jSVBt/dx  must  become  IsV^Bzdx,  that 
is,  BVBt/  becomes  BVJBz  by  the  change  of  Sy  into  wBz,  The  part  of 
SV.Bz  which  involves  {Bzy  is  -^  (BzY;  hence  the  expression  which 
is  to  be  shewn  to  be  an  exact  differential  coefficient  is 


'bvb,^^m], 


J_  fcxrcs        dV. 
Bz 

thatis,  SF,~^S^. 

Now  suppose  that  jf{x,z,z,  ...)dx  represents  the  integral  of 
which  the  variation  to  the  first  order,  excluding  the  integrated 
terms,  is  1  VJBz  dx :  then  P^  —  -™-  is  an  exact  differential  coefficient  ; 

and  so  also  is  BV^  —  B-^ .     Hence  we  have  only  to  shew  that 
^        dz 

^df     dV 
dz'"~T^^^  is  an  exact  differential  coefficient.    Now  if  we  de- 

velope  \B  -J-  dx  by  the  ordinary  process  of  the  Calculus  of  Vari- 
ations we  shall  find  that  we  obtain  a  series  of  terms  free  from 
the  integral  sign,  together  with  the  term 


J  [dz      dx  dz'  ^  dx'  dz"      -  r      ' 
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where  ^yj  stands  for  4-.     And  the  last  integral  will  be  found  to 

be  1~7-^  hz  dx,  SO  that  S  -^  —  -y-i  hz  is  an  exact  differential  coeffi- 
cient. 

Hence,  hVhy  does  possess  the  required  property,  and  there- 
fore by  Eisenlohr's  theorem  SFcan  be  put  in  Jacobi's  form. 

269.  The  following  is  the  theorem  which  Eisenlohr  gives  in 
his  tenth  section,  analogous  to  that  in  his  sixth  section. 

Let  F{x^y^z,z,z^^,..)  be  any  linear  differential  expression 
in  z,  and  its  partial  differential  coefficients  with  respect  to  x  and 
y,  where  as  usual  accents  ahove  z  indicate  differentiations  with 
respect  to  x,  and  accents  below  z  indicate  differentiations  with  re- 
spect to  y.  Multiply  the  expression  by  z,  put  z  =  wt  where  w  is 
any  function  of  x  and  y,  and  subtract  all  the  terms  which  involve 
f.  If  every  term  of  the  remainder  when  divided  by  t  is  susceptible 
of  at  least  one  integration  with  respect  to  x  ov  y  whatever  tv  may 
be,  F{x,  y,  z,  z,  ^,, ...)  can  be  put  in  the  form 


d^  ^2 


dy 

I. 
jdy 


+^AG/'+ir,z:+K,zj 


+ 


The  proof  is  similar  to  that  in  Art.  266.  We  denote  the 
expression  last  given  by  ^  {x,y,z,z\z^,.,,). 

Then  in  the  first  place  we  observe  that  by  properly  choosing 
the  coefficients  A^,  A^,  J?^,  0^,  A^,  ...  we  can  obtain  the  following 
identity, 

zF{x,  y,  z,  z\  z^,  ...)  -  z^{x,  y,  z,  z\  z^, ...)  =  z'^{x,  y,  z,  z^, ...)) 
where  "^{x,  y,  z',  z^, ...)  is  a  linear  function  of  the  differential  co- 
efficients of  z  of  odd  orders. 

In  the  second  place  we  prove  that  z^{x,y,  z,z\z^,.,.)  possesses 
the  property  which  by  supposition  zF(x,  y,  z,  z\z^,  ,..)  possesses. 
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For  change  ^  into  wt  and  subtract  all  that  involves  f  and  then 
divide  by  ^ ;  we  thus  obtain  terms  which  may  be  arranged  in  pairs, 
and  by  pairing  them  suitably  we  shall  obtain  expressions  which  are 
integrable  either  with  respect  to  x  or  y.    For  example  a  part  of  the 

result  is 

and  we  arrange  these  terms  in  the  following  pairs, 

w-T^  A.  (ivtY  —wt-Y-  Aajo  . 
dx     ^^    ^  dx    ^ 

the  first  of  these  four  expressions  is  exactly  integrable  with  respect 
to  X  and  the  second  with  respect  to  y\  the  third  expression  is 
equal  to 

and  the  fourth  to 

and  thus  every  term  is  susceptible  of  exact  integration  either  with 
respect  to  X  or  y. 

The  general  process  which  is  exemplified  in  the  first  and 
second  of  these  four  expressions  presents  no  difficulty  ;  that  which 
is  exemplified  in  the  third  and  fourth  of  these  expressions  will 
he  now  given. 

Let  us  denote  one  of  the  terms  in  z^{x,  y,  z,z\z^,,.^  by 
J'^      f^r     d""^ 


^  dx^dy\     dx^dy"" 

19—2 
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where  r  +  5  =  /)  +  a-  =  m;  then,  as  we  suppose  r  not  equal  to  p, 
there  will  also  be  the  term 

^dx^df\     dx'-dy'l' 

Now  change  z  into  wt  and  subtract  all  that  involves  t^^  and  divide 
by  t.    We  thus  obtain 

^"     /       d'^wt  \  d^      (       d^w  \ 

dx'  df  \C  dx^  dy^)      ^^  dx^  dy''  V      dx""  dy'J  ' 

.  d"^     (  ^d'^wt\  d"^      (^    d'^w  \ 

^^^  '"d^drK^d^^)-'''' d^i^^  r  ^^J • 

Now  by  repeated  integration  by  parts  we  have 

where  8  represents  a  series  of  terms  free  from  the  integral  sign. 
Then  if  we  integrate  both  members  of  the  last  equation  with  respect 
to  y,  we  shall  find  that  the  only  term  on  the  right-hand  side  that 
remains  under  the  douhle  integral  sign  is 


<-)"//^ 


d'^w     ^  d'^wt     ,    . 


''  6?/       dx^  dy' 

And  this  term  is  the  only  term  that  will  remain  under  the 
double  integral  sign  when  we  integrate 


wt   ^^  ^     {K-. 

dx^dy''\     dx'dy' 

Hence  the  first  pair  of  terms  written  above  is  such  that  it  consists 
of  parts  which  are  susceptible  of  exact  integration  either  with  re- 
spect to  X  or  y.  And  the  same  holds  with  respect  to  the  second 
pair  of  terms.  Thus  z^(x,y,  z,  z\  z^, ...)  does  possess  the  property 
in  question. 

Jn  the  third  place  it  will  follow  that  z'<it{x,  y,  z,  z^, ...)  must 
also  possess  the  property  in  question  or  else  vanish  identically; 
and  from  this  it  will  follow  that  "^{x.y,  z',  z^,  ,..)  does  vanish 
identically. 

If  for  example  ^(rr,  y,  z\  z^,  .,.)  does  not  involve  differential 
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coefficients  of  a  higher  order  than  the  third,  we  should  have  for 
z'^{x,  y,  z,  z^,  ...)  an  expression  of  the  form 

z  W  +  M,z^  +  N.z^'^  +  N,z;'  +  N,zJ  +  iv;^,,  j  . 

Hence  the  following  expression  must  be  susceptible  of  inte- 
gration with  respect  to  x  or  y,  or  else  vanish  identicallj, 

w  jif,  {wty  +  M,  {wt),  +  N,  [wty^  +  N,  {wt)';  +  N,  {wt)\^  +  N,  {wt),}^ 

By  reducing  the  terms  of  the  first  line  by  integration  by  parts 
with  respect  to  x  or  y^  we  arrive  at  an  unintegrated  expression  of 
the  form  Gt  where  G  does  not  contain  t ;  this  must  vanish  since 
it  cannot  be  an  exact  integral  with  respect  to  x  or  y.  And  as  G 
must  vanish  whatever  w  may  be,  we  shall  find  in  succession  that 
N^j  N^,  N^,  N^,  ifg,  ifj  must  all  vanish. 

Thus  Eisenlohr's  theorem  is  established. 

The  theorem  is  applied  to  the  purposes  of  the  Calculus  of  Vari- 
ations in  a  manner  similar  to  the  application  of  the  theorem  in 
Eisenlohr's  sixth  section, 

270.  The  next  work  we  have  to  consider  is  by  Spitzer,  en- 
titled On  the  criteria  for  maxima  and  minima  in  problems  of  the 
Calculus  of  Variations.  This  work  consists  of  two  memoirs 
which  were  communicated  to  the  Academy  of  Sciences  at  Vienna ; 
the  memoirs  were  published  in  1854  in  the  Sitzungsherichte  of  the 
Academy.  The  first  memoir  extends  over  pages  1014 — 1071  of 
the  12th  volume,  and  the  second  over  pages  41 — 120  of  the  14th 
volume  of  the  Sitzungsherichte, 

Spitzer  refers  in  the  beginning  of  his  first  memoir  to  the 
memoirs  of  Jacobi  and  Delaunay,  which  we  have  already  noticed ; 
and  then  he  says,  that  he  has  sought  to  deduce  Jacobi's  criteria  in 
another  manner,  and  believes  that  this  new  way  may  deserve 
some  consideration. 

271.  The  two  memoirs  consist  altogether  of  thirty  sections, 
of  which  thirteen  are  contained  in  the  first  memoir,  and  the 
J^emainder  in   the  second.      The  first  section  gives  the  ordinary 


294  COMMENTATOES  ON  JACOBI. 

investigation  of  the' terms  of  the  first  order  in  the  variation  of  an 
integral  which  involves  x^  y,  and  the  differential  coefficients  of  y 
with  respect  to  x.  The  second  section  gives  an  investigation  of 
the  terms  of  the  second  order  in  the  variation  of  the  integral. 
The  third  section  shews  how  Legendre  transformed  the  terms  of 
the  second  order  so  that  the  existence  of  a  maximum  or  minimum 
might  be  recognized ;  Spitzer  writes  the  equations  at  full  for  the 
case  in  which  the  integral  involves  only  the  first  differential 
coefficient  of  y^  for  the  case  in  which  it  involves  hoth  the  first 
and  second  differential  coefficients  of  ?/,  and  for  the  case  in  which 
it  involves  the  first  second  and  third  differential  coefficients  of  y. 
In  his  fourth  section  Spitzer  makes  some  remarks  on  the  equa- 
tions given  in  his  third  section ;  he  shews  that  the  equations  take 
the  complicated  form  that  has  been  indicated  in  Arts.  220  and  221, 
and  he  says  that  Jacobi  had  succeeded  in  integrating  these  equa- 
tions by  a  refined  and  difficult  analysis,  and  that  he  himself  had 
solved  the  equations  in  a  much  simpler  manner.  The  fifth  sec- 
tion contains  that  part  of  Jacobi's  theory  which  we  have  given 
in  Art.  252.  The  sixth  section  indicates  briefly  the  general  way 
in  which  Spitzer  proposes  to  solve  the  problem  under  discus- 
sion. The  seventh  section  contains  a  complete  investigation  of  the 
general   criteria  for   the   maximum   or  minimum   of  an  integral 

Fc&,  where   V  involves  a?,  y^  and  y\     The  eighth  section  con- 


/, 


tains  a   discussion  of  that  particular  case  in  which  -y-72  is  zero. 

The  ninth  section  contains  a  complete  investigation  of  the  ge- 

neral  criteria  for  the  maximum  or  minimum  of  an  integral       Fete 

where   F  involves  x^  y,  y\  and  y'\     The  tenth  section  contains  a 

discussion  of  that  particular  case  in  which  -j-j^  is  zero.    The 

eleventh  section  contains  a  complete  investigation  of  the  general 

criteria  for   the  maximum   or  minimum  of   an  integral    I     Vdx 

where  F  involves  x,  y,  y\  y'\  and  y".     The  twelfth  and  thirteenth 

sections   contain  a  discussion   of  that  particular   case  in  which 

d^V 

-pj,^  is  zero.     The  fourteenth,   fifteenth,  and  sixteenth  sections 
t/ 
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contain  some  additional  investigations  respecting  the  particular 
cases  which  are  discussed  in  the  eighth,  tenth,  twelfth,  and  thir- 
teenth sections.  The  seventeenth  section  gives  the  ordinary  in- 
vestigation of  the  terms  of  the  first  order  in  the  variation  of  an 
integml  which  involves  Xy  y,  z,  and  the  differential  coeflScients  of 
y  and  z  with  respect  to  x.  The  eighteenth  section  gives  an  inves- 
tigation of  the  terms  of  the  second  order  in  the  variation  of  the 
integral.  The  nineteenth  section  shews  how  the  terms  of  the 
second  order  are  to  be  transformed  so  that  the  existence  of  a 
maximum  or  a  minimum  may  be  recognised ;  the  necessary  equa- 
tions are  given  at  full  for  the  case  in  which  the  differential  co- 
efficients which  occur  do  not  rise  above  the  first  order,  and  for  that 
in  which  they  do  not  rise  above  the  second  order.  The  twentieth 
section  generalises  the  theorem  given  in  the  fifth  section.  The 
twenty-first  and  twenty-second  sections  contain  a  complete  inves- 
tigation of  the  general  criteria  for  the  maximum  or  minimum  of 

an  mtegral  I     Vdx  where  V  involves  x,  y,  z,  y  and  z.     The  re- 

maining  sections  contain  discussions  of  the  particular  cases  which 
occur  when  V  assumes  particular  forms. 

272.  Speaking  generally  we  may  describe  Spitzer's  work  in 
the  terms  we  used  with  reference  to  Mainardi's,  namely,  as  Le- 
gendre's  method  improved  by  additions  borrowed  from  Jacobi; 
see  Art.  245.  Spitzer  was  acquainted  with  Mainardi's  memoir, 
for  he  refers  to  it  on  page  62  of  the  14th  volume  of  the  Sitzungs^ 
henchte.  The  investigations  of  Spitzer  however  are  much  more 
complete  than  those  of  Mainardi ;  Spitzer  does  not  shrink  from 
tlie  labour  of  working  out  the  solutions  of  his  equations  com- 
pletely. Spitzer  was  the  first  who  developed  completely  the 
second  variation  of  an  integral  involving  x,  y,  y\  y'\  and  y"';  the 
preceding  writers  had  confined  themselves  to  the  case  in  which 
the  integral  involved  only  x^  y,  y'  and  y\  Spitzer's  investigation 
of  this  problem  is  extremely  complex,  and  occupies  twenty  large 
octavo  pages;  besides  seven  more  pages  which  relate  to  certain 
special  cases.  In  fact  it  seems  improbable  that  any  student 
would  verify  the  long  calculations  contained  in  Spitzer's  twelfth 
and  thirteenth  sections,  and  in  his  sections  comprised  between  the 
twenty.first  and  thirtieth  inclusive. 
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It  should  be  observed  that  the  memoir  Is  well  and  correctly 
printed ;  some  mistakes  at  the  ends  of  sections  8,  10,  and  13  are 
corrected  by  the  author  himself  in  "a  note  to  section  14.  A  mis- 
take occurs  in  the  second  line  of  page  1032  of  the  12th  volume  of 
the  Sitzungsherichte^  for  the  sign  of  the  right-hand  side  of  the 
equation  must  be  changed;  this  mistake  leads  to  two  more  on 
the  same  page,  and  it  appears  again  on  page  44  of  the  Uth 
volume. 

273.  We  will  now  give  some  specimens  of  the  investigations 
and  conclusions  of  Spitzer. 

In  Arts.  250  and  251  we  have  shewn  how  in  general  we  may 

distinguish  between  the  maximum  and  minimum  of  I     Vdx,  where 

V  involves  a?,  y,  and  y'.    Now  suppose  for  a  particular  case  that 

j-^  =  0,  then,  excluding  the  integrated  terms,  the  value  of  I^  on 

page  271  will  take  the  form 

r^d'y    d    d'V\^,^^ 

J\d7/^      dxdydyj 

Thus  for  a  maximum  or  minimum  it  is  necessary  that 

d'^V     d    d'V 
dy^      dx  dy  dy 

should  be  respectively  constantly  negative  or  constantly  positive 
throughout  the  limits  of  the  Integration. 

d^V 
Since  ^-tj  =  0,  It  Is  obvious  that  Fmust  be  of  the  form 

thus  the  differential  equation  from  which  y  is  to  be  found,  namely, 

dV^d^  ir=o 
dy      dx  dy'        ' 

becomes  ^  +  ^  ^-.^-^^  =0, 

that  is  :7    -  -3^  =  ^• 

ay      dx 


SPITZER.  297 

This  gives  y  as  a  function  of  x  without  any  arbitrary  constant. 
Thus,  adopting  geometrical  language,  the  limiting  points  between 
which  the  required  curve  is  to  be  drawn  cannot  be  taken  arbitrarily ; 

they  must  lie  on  the  curve  determined  by  -i^—  -X  =  0,  or  else  the 
problem  will  be  impossible. 

In  the  next  place  let  UB  suppose  that  besides  -7-72'  =  ^j  we  have 

d^V     d     d^V  .         .       . 

also  -7-2-  —  -J-    y    7  7  =  0 ;  Spitzer  in  his  fourteenth  section  deter- 
mines what  the  form  of  V  must  then  be,  in  the  following  manner. 

d^V 
Since  -j-q  =  0,  we  must  have  Fof  the  formj/^  {x,i/)  +y'f^  (^?^)« 
ay 

Now  BupiposG  f^  {x,  y)  BXiA  f^{x,  y)  expanded  in  series  proceeding 

according  to  ascending  powers  of  y,  and  let 

f^{x,y)=^A,  +  A^y  +  A,f  +  A,/+... 

f^{x,y)^B,  +  B,y  +  B,f+B,y'+... 

Thus       ^=1.2^,4-2.3^2^  +  3.4.1,2^'^+... 

+  y'(1.25,  +  2.3532/  +  3.4J5,2^^+...); 

^'^-r=B,  +  2B,y^ZB,f  +  AB,y'+.,.; 


dydy' 


sw"-"''"-'"-'^'-'^-'*"**^'^-'" 


And  since 


dW       d    d'V 


dy^       dx  dy  dy' ' 
we  must  have 

2^,=^;,  3^3=5;,  4^,= 5;,... 

Thus       F=A  +  ^,y  +  §^2^=  +  §^3^'+^3^'+... 

+  y(53  +  5,y  +  5,3,=  +  J5,/  +  J5,/+...), 
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This  gives  for  V  the  following  form, 

or  we  may  express  our  result  without  any  loss  of  generality  thus, 

With  this  value  of  V  we  have 

j  Vdx  =  ^  {x,  y)  +ji/x  (x)  dx ; 

thus  in  8  1  Vdx  the  unintegrated  part  is  jx{x)  lydx,  and  this  will 

not  vanish  unless  %  [x)  vanishes.  Then  /  Vdx  is  exactly  integrable, 
and  its  maximum  or  minimum  can  be  sought  by  ordinary  methods. 

274.    Besides  Spitzer's  method,  we  may  use  another  for  finding 
the  form  of  V  in  order  that  we  may  have 

dW    ^       ,    ,      d'^V     d    d'V      ^ 
^  =  0,  and  also -^-^^^-^  =  0. 

The  latter  result  is  the  condition  of  mtegrahility  of  the  function 
-J- ;  so  that  we  must  have  -j~  an  exact  differential  coefficient  of 
some  function  of  x  and  y.     Thus 

We  do  not  introduce  y'  into  the  function  f{x,y),  because  if 

dV 
we  did  -T-  would  contain  y";  and  this  is  impossible,  because  since 

d'v      y 

dV 
and  so  -j-  does  not  involve  y". 


0,   we  know  that  V  is   of  the   form  f{x,y)  +y'f{x,y), 

dV 
dy 

dy      dx     ^  dy  ^ 
therefore  V=\fjy +  y- ^f^  d^,. 


Thus  e=f4-,/£. 
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Now  let  F{x,  y)  be  such  a  function  of  x  and  y,  that 
dF     [df  , 
-^^Ity^'' 

where  Xi  (^)  is  an  arbitrary  function  of  x, 

wliere  Xz  (^)  is  another  arbitrary  function  of  x. 
Therefore        ^=^+y^  +  2/%/H  +%2H 

=  j^(^:  2/)  +/%2  (^)  ^^}  +  2/Xi'  H- 

And  this  agrees  with  Spitzer's  form  of  F. 

275.     We  will  in  the  next  place  shew  the  manner  in  which 
Spitzer  investigates  the  criteria  for  the  maximum  or  minimum  of 

1  Vdx,  where  V  involves  x,  y,  y'  and  y".    We  have  first  to  find 

in  the  ordinary  manner  the  terms  of  the  first  order  in  S  /  Vdx  and 

to  make  them  vanish.     Then  to  distinguish  between  a  maximum 
and  a  minimum,  we  must  investigate  the  sign  of 


'fdW   ,     dW   ,.     d'V     ,,   ,   ^   d'V 


where  w  is  put  for  Sy. 

c.  „r     dV        dV    ,     dV    „ 

buppose  W=  -r-  w+  --ri ^  +  -ttp  ^  j 

then  the  above  expression  which  we  have  to  examine  is  equivalent 
to 

(dW     /dW\'l  .     ,dW 


w 


+ 


[{dW     fdW\'  ,  fdW\"\      , 
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The  coincidence  of  the  two  expressions  is  easily  shewn  by  in- 
tegrating j(-j-T)'^(i^  once  "by  parts,  and  j[~T-jr]  '^dx  twice  by 
parts. 

Now  assume  that  these  terms  of  the  second  order  can  he  put 
in  the  form 

where  v,  -y^,  v^^  \,  and  fi  are  at  present  undetermined. 

In  order  that  this  transformation  may  be  possible  the  following 
equations  must  be  satisfied : 

d'V_   .       ,d'V 

-7  =  'y  +  ^1  +  V 


//2  > 


cZ^F  _  dW 

dt/df^^'^^df 

d'v  __        dnr 

dy'dy"~''^'^^dy"^' 

We  may  observe  that  if  X  and  fi  are  known  the  last  three  of 
these  five  equations  will  find  in  succession  Vg,  v^  and  v. 

We  do  not  propose  to  give  the  long  process  by  which  Spitzer 
solves  these  equations ;  we  will  however  briefly  indicate  the  prin- 
ciple on  which  he  proceeds. 

Let  u^  denote  a  value  of  w  or  hy  which  makes  the  unintegrated 
terms  of  the  second  order  in  the  variation  vanish,  that  is,  which 
makes 

dW    fdW\  ,  (dW\'     ^  ,  . 
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then  we  may  infer  that  this  will  make  w'*  +  \v)  +  yi^w  vanish,  that 
is,  we  shall  have 

t*/' +  Xw/ + /^t^^  =  0 (2). 

Similarly,  let  u^  be  another  such  value  of  w  or  Sy,  then 

<'  +  X<  +  /^2^,  =  0 (3). 

Then  from  (2)  and  (3)  we  can  find  X  and  ^  in  terms  of  u^  and 
Wg  and  their  first  and  second  differential  coefficients;  and  when  -y,  t;^, 
and  v^  are  expressed  in  terms  of  X  and  {i  from  the  last  three  of  the 
five  equations  given  above,  it  remains  to  shew  that  the  first  two  of 
these  five  equations  are  satisfied. 

WJien  the  equation  (1)  is  developed  it  takes  the  form 

^"y    nn     ^fd'VV   ,„      r     d'V      d'V     fd'V\'     fd'V\"\     „ 

"'i^-i^v+l^^jr^^^ ^^)- 

This  is  a  differential  equation  of  the  fourth  order,  so  that  u^ 
and  u^  may  each  involve  four  arbitrary  constants.  But  practically 
to  find  u^  and  u^  we  do  not  require  to  solve  this  differential  equa* 
tion ;  for  we  use  the  principle  explained  in  Art.  252. 

Spitzer  does  shew  that  when  X  and  fM  are  found  in  the  manner 
indicated,  and  then  v,  v^ ,  and  v^  deduced,  the  first  two  of  the  five 
equations  given  above  are  satisfied,  provided  a  certain  relation 
subsists  among  the  eight  constants  which  occur  in  w^  and  u^.  This 
agrees  with  Jacobi's  statements  in  Art,  221. 

Since  the  above  five  equations  lead  by  the  elimination  of  X 
and  fi  to  three  differential  equations  of  the  first  order  for  finding 
^>  ^^1,  and  v^,  it  follows  that  if  the  most  general  values  of  these  quan- 
tities are  obtained  three  arbitrary  constants  should  be  involved. 
And  Spitzer  shews  that  the  eight  constants  which  occur  in  u^^  and 
tf.^  do  combine  in  such  a  manner  as  to  leave  finally  three  independ- 
ent arbitrary  constants  in  the  values  of  v,  t?j,  and  v^.    This  gives  a 
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completeness  to  the  investigations  which  is  desirable,  but  it  is  not 
absolutely  necessary.  For  all  that  is  required  in  order  that  the 
proposed  transformation  of  the  terms  of  the  second  order  in  the 
variation  may  be  effected,  is  that  certain  differential  equations 
should  be  satisfied;  and  it  would  have  been  of  no  importance  if 
the  number  of  arbitrary  constants  had  been  less  than  the  extreme 
number  which  the  most  general  solutions  would  supply. 

276.  The  general  results  at  which  Spitzer  arrives  in  the  in- 
vestigations noticed  in  the  preceding  article  are  the  same  as  those 
of  Jacobi  given  in  Art.  224 ;  but  in  addition  to  these  he  discusses 
some  particular  cases,  and  these  we  will  now  consider. 

Suppose  then  that  we  have  -7-772  =  ^  J  ^^^^  ^  must  be  of  the 
form 

In  this  case  the  difierential  equation  in  y,  which  is  formed  by 
equating  to  zero  the  terms  of  the  first  order  in  S  /  Vdx,  is  a  dif- 
ferential equation  of  the  second  order.  We  will  suppose  its  inte- 
gral to  be  y^^{x,a^,a^. 

Now  assume  that  tl^e  terms  of  the  second  order  which  we  have 
to  examine  can  be  put  in  the  form 

vw^  +  2v^ww'  4-  v^w'^  '\'\P{w-\'  Xwf  dx ; 

and  put  for  shortness 

dW_  ,      ^^-R      JlZ_^n 


dydy"         '      dydy' 

Then  we  require  that 

Aw""  +  Bv)^  +  Ww-m'  +  ^Ewv)'  +  2-Fi^w?' 
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Thus  we  must  have 

u4  =  t;'  +  PX^ 

F^v  +  v.'-^-XP. 

Now  let  u=  C^  -^  +  ^2;/    ?  where  G^  and  Cg  are  arbitrary 

constants ;  and  assume  X  such  that  u  +\u  =  0;  we  shall  then 
examine  if  we  can  satisfy  the  above  five  equations.  The  third 
and  fourth  give  immediately  v^  =  E,  v^=^I)}  then  the  second  and 
fifth  give 

u  ^ 
it  remains  to  try  if  the  values  thus  obtained  satisfy 

This  requires  that 

u  ^  '  u        ^  ' 

that  is 

{A^F'  +E'')u  +  u'  {2E'  +  D''  -P^  +  ^"  (2E  +  iy  -5)  =0. 

This  equation  is  in  fact  what  equation  (4)  of  the  preceding 

article  becomes  when  -j-7r2  =  0,  with  u  in  the  place  of  w ;  and  from 

Art.  252  we  know  that  the  value  assigned  to  u  does  satisfy  it. 

Thus  the  unintegrated  part  of  the  terms  which  we  are  ex- 
amining, that  is, 

{p{w+XwYdx, 
becomes 

j{B  -  2^~  D')  (^'  -  ~  ^  Jdx ; 
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hence  for  a  maximum  or  minimum  5—2^— Z)' must  Ibe  respec- 
tively negative  or  positive  throughout  the  limits  of  the  inte- 
gration. 

Next,  suppose  that  we  have 

^,  =  0,  andalso^,-2^^^-.^^^j=0. 
The  unintegrated  part  of  the  terms  of  the  second  order  is  now 
({A-F'  +  E")w'dx, 


/( 


and  thus  for  a  maximum  or  minimum  A  —  F'  +  E"  must  be  re- 
spectively negative  or  positive  throughout  the  limits  of  the  in- 
tegration. 

in  this  case  the  equation  -^ (  -j-p  j  +  f  ~-j-^  J   =  0,  is  no 

longer' a  differential  equation  for  finding  w,  because  w"",  w'\  w\ 
and  w  disappear  from  it.    This  suggests  that  the  equation  obtained 

by  putting  the  terms  of  the  first  order  in  BJVdx  equal  to  zero 

will  not  be  a  differential  equation  in  t/,  but  an  ordinary  equation ; 
and  this  will  be  found  to  be  the  case. 

For  Spitzer  shews  in  the  same  manner  as  in  Art.  273,  that 
the  form  of  V  must  in  this  case  be 

4>  i^y  y)+y'f  {^,  y)  +  {%  (^,  y,  y')]\ 

and  as  in  Art.  273,  we  shall  obtain  for  determining  y  the  equation 

dy      dx 
Lastly,  suppose  that  we  have 

^^F_  d'V     ^    d'V       (dW\_. 

dy'-     ^'        dy'^'^'^l^'-^yd^")-^^ 
and  also 

df      \dydy')^\dydy")-^- 
Spitzer  shews  in  the  same  manner  as  in  Art.  273,  that  the 
form  of  F  must  in  this  case  be 

y4>  [x)  +  {^  {x,y)}'  +  {x  {x,  y,  y')]'; 


SPITZER.  305 

thus  in  Si  Vdx  the  unintegrated  part  is  /<^  (a?)  Sydx,  and  this  will 

not  vanish  unless  (f>  {x)  vanishes.    Then  I  Vdx  is  exactly  integrable, 
and  its  maximum  or  minimum  can  be  sought  by  ordinary  methods.* 

277.  We  may  also  obtain  the  results  of  the  preceding  article 

d^V 
by  another  method.    Suppose  -3-772  =  0,  then  the  left-hand  member 

of  equation  (4)  of  Art.  275  takes  the  form 

{2E+  D'  -  B)  w"  +  {2E  +  D"  -  F)  w'-^iA-^F'-^-  E")  w, 

where  -4,  B,  D,  E,  i^have  the  same  meaning  as  in  Art.  276.    The 
above  expression  may  be  written  thus 

{(2jg?+  D'  -.  B)  w'Y  +  (^  -  i^'  +  E")  w, 

so  that  we  have  to  determine  the  sign  of 

|[{(2^+  U  -  B)  w'Y  +  (^  -  iT'  4.  E')  v)-]  wdx. 

Suppose  u  such  a  quantity  that 

{(2^+  D'  -  B)  v!]'  +  (^  -  F'  +  E')  w  =  0. 
Then  the  expression  which  we  have  to  examine  may  be  written 

J  \{{2E^  U -  B)  w'Y  -  {(2^+  Z>' ~  B)  u'Y"^  wdx. 

Integrate  by  parts ;  then  the  terms  remaining  under  the  integral 
sign  will  be 

J  Ub  -  2^  -  D')  w"  -.  (5  -  2J5;-  D')  u'  (~)1  dx, 

ftat  is,  J(5 ~  2JS-  U)  [w'-^^v^dx. 

This  agrees  with  the  result  at  the  bottom  of  page  803. 

278.  In  his  sixteenth  section  Spitzer  examines  some  excep- 
tional cases  which  occur  ia  finding  the  maximum  or  minimum  of 

20 
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I  Vdx,  when  V  Involves  x,  y^  y\  y'\  and  y".     He  does  not  here 

prove  that   V  must  have  specific  forms  in  certain  cases,  hut  he 
assumes  specific  forms  for  V  and  shews  that  certain  exceptional 
^  cases  do  thence  arise.     The  following  four  forms  for  V  are  ex- 
amined, 

1.  <i>{x,  y,  y\  y")  +  y'"  f  {x,  y,  y\  y") . 

2.  ^  {x,  y,  y)  +  y"ylr{x,  y,  y')  +  \x  {x,  y,  y\  y")]'. 

3.  ^  [x,  y)  +y'ylr{x,  y)  +  [x,{x,  y,  y')J  +  [x^i^,  i/,  y\  3^")]'- 

4.  y^  {x)  +  \xdx,  y)]'  +  [xM  y,  2^')]'  +  \xA^i  V^  y\  /')]'• 

279.  In  concluding  our  account  of  Spitzer's  memoirs,  we  may 
state  that  the  most  interesting  and  valuable  portion  of  them  con- 
sists in  the  examination  of  certain  special  cases  in  which  the 
general  results  obtained  by  Jacobi  require  to  be  modified;  and 
these  special  cases  appear  to  have  been  examined  by  no  other  writer. 

280.  The  next  memoir  we  have  to  consider  is  by  Otto  Hesse ; 
it  is  entitled,  On  the  criteria  for  the  maxima  and  minima  of  single 
Integrals.  It  was  published  in  the  54th  volume  of  Crelle's  Mathe- 
matical Journal  in  1857,  and  occupies  pages  227 — 273  of  the 
volume.  In  the  beginning  of  his  memoir  Hesse  refers  to  the 
following  authors  who  have  written  commentaries  on  Jacobi's 
memoir,  Lebesgue,  Delaunay,  Bertrand,  Eisenlohr  and  Spitzer; 
he  makes  special  mention  of  Spitzer,  and  commends  his  acuteness 
and  industry.  It  seems  probable  that  Hesse  was  led  to  turn  his 
attention  to  the  subject  by  seeing  Spitzer's  investigations. 

281.  The  first  twenty  pages  of  Hesse's  memoir  contain  inves- 
tigations of  Jacobi's  theorems.  Although  there  is  little  that  is 
substantially  new  here  given,  the  investigations  are  well  worthy 
of  study  from  their  complete  and  systematic  form. 

282.  In  the  next  seven  pages  the  result  obtained  by  Jacobi's 
method  is  developed  by  the  aid  of  the  theory  of  determinants,  so 
BS  to  present  the  unintegrated  part  of  the  second  variation  in  a 
more  explicit  form  than  that  in  which  Jacobi  leaves  it.    These 
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seven  pages  constitute  the  most  important  portion  of  the  memoir ; 
and  we  will  give  here  the  result  obtained  by  Hesse.     Suppose 

that  I  Vdx  is  to  be  a  maximum  or  minimum,  where  V  contains  a;,  y, 

and  the  differential  coefficients  of  y  up  to  the  v}^  inclusive.  Let  z 
stand  for  S?/ ;  then  the  terms  of  the  second  order  which  we  have 

to  examine  can  be  put  in  the  form  1  ^lr  {z)  zdx.     This  is  proved 

by  Hesse ;  it  is  equivalent  to  the  statement  in  Art.  223,  that  the 

terms  of  the  second  order  can  be  put  in  the  form  I  hVhydx.    Now 

let  u^v^w^,,.  be  values  of  z  which  satisfy  the  equation  -^/r  (0)  =  0 ; 
we  suppose  n  of  these  solutions  obtained,  and  they  will  be  all  of 
the  same/(?rm,  but  differ  in  the  values  of  the  2n  arbitrary  constants 
which  each  of  them  involves.  Now  adopting  the  usual  notation  of 
determinants  let 


V  = 


u.  u , 


Jn) 


vs 


,(n) 


z,  z. 


^.(«) 


and 


V,   v\   v",  . 


,An-l) 


where  accents  denote  as  usual  differential  coefficients.  Thus  v  is 
a  determinant  of  the  {n  + 1)*^  order  and  Vn  is  a  determinant  of  the 
n^^  order.     Then  Hesse  proves  that  the  terms  of  the  second  order 

which  we  have  to  examine  can  be  put  into  the  form  \  N^dx, 

where  N  is  the  second  differential  coefficient  of  V  with  respect 
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Moreover  Hesse  draws  particular  attention  to  the  fact  that 
certain  relations  must  hold  among  the  arbitrary  constants  involved 
in  u,v,w,...  See  Arts.  221  and  232. 

283.  The  remainder  of  Hesse's  memoir  is  devoted  to  the 
examination  of  three  particular  cases,  that  in  which  the  integral 
involves  x,  y,  y\  that  in  which  the  integral  involves  x,  y,  y\  y\ 
and  that  in  which  the  integral  involves  x,  y,  y\  y'\  y'".  These 
cases  are  treated  very  fully,  and  the  relations  which  hold  among  the 
arbitrary  constants  are  completely  exhibited.  No  notice  however 
is  taken  of  the  exceptions  to  the  general  theory  which  Spitzer 
considered ;  see  Arts.  273,  274,  276.  In  connexion  with  the  first 
of  the  three  particular  cases  which  he  examines,  Hesse  gives  a 
good  discussion  of  the  remarks  made  by  Jacobi  relating  to  the 
extreme  limits  which  may  be  assigned  to  an  integral  in  order  to 
ensure  a  maximum  or  a  minimum  ;  see  Art.  225. 

284.  The  memoir  by  Hesse  forms  the  most  elaborate  commen- 
,  tary  that  has  yet  appeared  on  Jacobi's  theorems  and  method.    The 

student  who  masters  this  and  examines  what  Spitzer  has  given  on 
the  exceptional  cases  will  not  require  any  further  information  on 
the  maxima  and  minima  of  single  integrals  which  involve  one 
dependent  variable.  Hesse  uses  the  theory  of  determinants,  but 
a  student  who  is  acquainted  with  the  elements  of  that  subject  will 
not  find  any  serious  difficulty  in  Hesse's  memoir. 

285.  We  have  next  to  consider  a  memoir  by  A.  Olebsch ;  it 
is  entitled  On  the  reduction  of  the  second  variation  to  its  simplest 
form.  It  was  published  in  the  55th  volume  of  Crelle's  Mathemati- 
cal Journal  in  1858,  and  occupies  pages  254 — 273  of  the  volume. 

This  is  the  first  of  three  memoirs  by  this  writer  on  the  Calculus 
of  Variations.  He  begins  by  referring  to  Jacobi's  results,  and  to 
the  excellent  memoir  published  by  Hesse  respecting  them.  He 
then  indicates  the  points  in  which  Jacobi's  results  require  still  to 
be  generalised,  namely,  that  similar  investigations  should  be  sup- 
plied for  the  case  of  a  single  integral  which  involves  more  than 
one  dependent  variable,  and  for  the  case  of  a  multiple  integral,  and 
for  the  case  in  which  equations  are  given  connecting  the  variables 
involved  in  the  integral.     The  present  memoir  proposes  to  supply 
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some  of  these  required  Investigations.  Thus,  Clebseh  states  that 
the  memoir  solves  the  following  problem ;  to  reduce  the  second 
variation  of  a  single  Integral  so  as  to  make  It  depend  upon  the 
smallest  number  of  variations,  the  Integral  Involving  any  number 
of  dependent  variables  and  their  differential  coefficients  to  any 
order,  and  also  any  number  of  equations  being  given  connecting 
the  variables.  In  addition  to  the  solution  of  this  problem,  there  is 
a  short  section  on  the  subject  of  multiple  integrals,  but  this  Is  of 
no  great  Importance;  the  writer  however  intimates  that  at  the 
time  of  printing  he  had  succeeded  in  overcoming  the  difficulties  of 
this  part  of  the  subject,  and  would  publish  a  memoir  on  it,  and  in 
fact  the  third  memoir  fulfils  this  promise. 

As  an  example  of  his  method,  Clebseh  gives  the  ordinary  case 
of  one  dependent  variable  without  any  connecting  equations,  and  he 
arrives  at  the  result  obtained  by  Hesse;  see  Art.  281. 

286.  The  second  memoir  by  Clebseh  is  entitled  On  those 
fToUems  in  the  Calculus  of  Variations  which  involve  only  one  in^ 
dependent  variable.  It  was  published  in  the  55th  volume  of 
Orelle's  Mathematical  Journal  in  1858,  and  occupies  pages  335 — 355 
of  the  volume. 

This  memoir  may  be  said  to  consist  of  two  parts.  The  first 
part  is  occupied  in  proving  that  the  solution  of  any  problem  in  the 
Calculus  of  Variations  In  which  there  is  only  one  independent 
variable  may  be  made  to  depend  on  the  solution  of  a  certain  partial 
differential  equation  of  the  first  order.  It  had  been  Intimated  by 
Jacobi  that  this  proposition  was  true  in  a  certain  case,  so  that  a 
problem  in  the  Calculus  of  Variations  could  be  treated  in  a  manner 
analogous  to  the  treatment  of  dynamical  problems  by  the  methods 
of  Hamilton  and  Jacobi.  Clebseh  easily  proves  the  proposition 
which  he  enunciates. 

The  second  part  of  the  memoir  is  occupied  in  shewing  that 
this  mode  of  treating  a  problem  in  the  Calculus  of  Variations 
presents  great  advantages  in  the  discussion  of  the  terms  of  the  second 
order  with  the  view  of  discriminating  between  maxima  and  minima 
values.    This  part  of  the  memoir  is  extremely  complicated  and 
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requires  the  reader  to  possess  a  good  knowledge  of  the  theory  of 
determinants, 

287.  The  third  memoir  by  Clebsch  is  entitled  On  the  second 
variation  of  Multiple  Integrals.  It  was  published  in  the  56th 
volume  of  Crelle's  Mathematical  Journal  in  1859,  and  occupies 
pages  122—148  of  the  volume. 

The  object  of  the  memoir  is  to  shew  how  to  discriminate  be- 
tween the  maxima  and  minima  values  of  multiple  integrals ;  hke 
the  second  memoir  by  the  author  it  is  extremely  complicated,  and 
requires  the  reader  to  possess  a  good  knowledge  of  the  theory  of 
determinants. 

288.  We  have  been  compelled  to  give  very  brief  accounts  of 
the  memoirs  by  Hesse  and  Clebsch.  From  the  nature  of  the 
memoirs  it  seems  impossible  to  present  any  abridgement  of  them 
or  any  extract  from  them  which  will  be  easily  intelligible ;  and 
moreover  the  memoirs  belong  rather  to  the  Theory  of  Determinants 
than  to  the  Calculus  of  Variations.  As  however  these  memoirs 
have  been  published  so  recently  they  can  be  readily  obtained,  and 
thus  there  is  less  need  of  a  detailed  account  of  them  than  in  the 
case  of  works  which  are  more  difficult  of  access. 


CHAPTER  XL 

ON  JACOBI'S  MEMOIE. 


289.  The  preceding  chapter  contains  an  account  in  clirono- 
logical  order  of  the  writings  of  commentators  on  Jacohi's  memoir ; 
the  present  chapter  consists  of  some  miscellaneous  articles  bearing 
on  certain  parts  of  Jaeobi's  memoir. 

In  Art.  228  we  have  given  Jaeobi's  remarks  on  the  shortest 
line  that  can  be  drawn  on  a  surface ;  these  remarks  are  connected 
with  those  in  Art.  225.  We  have  also  intimated  that  some  of  the 
commentators  on  Jaeobi's  memoir  have  considered  these  parts  of 
it;  see  Arts.  265  and  283.  There  is  a  note  by  J.  Bertrand  entitled 
On  the'  shortest  distance  between  two  points  on  a  surface,  which  was 
published  in  1855  in  the  second  volume  of  the  third  edition  of 
Lagrange's  Mecanique  Analytigue,  pages  350 — 352.  We  will  give 
this  note  in  the  next  article. 

290.  When  a  material  point  moves  on  a  fixed  surface,  and 
has  an  initial  velocity  but  is  acted  on  by  no  force,  Lagrange  proves 
that  its  velocity  is  constant  and  the  curve  which  it  describes  is  the 
shortest  that  can  be  drawn  between  two  of  its  points.  In  order  to 
pi^ove  this  proposition  the  illustrious  author  shews  that  the  varia- 
tion of  the  arc  /  ds  is  zero,  and  therefore  there  is  either  a  maximum 
or  a  minimum ;  but  he  says  there  cannot  be  a  maximum  and  there- 
fore there  must  be  a  minimum.  This  manner  of  reasoning  is  in- 
a<lmissible,  because  we  know  that  the  variation  of  an  integral  may 
be  zero  while  the  integral  is  neither  a  maximum  nor  a  minimum. 
However  in  the  particular  case  in  question  Lagrange's  statement 
IS  exact,  as  we  may  shew  in  a  few  words. 
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The  differential  equation  which  expresses  that  the  variation  of 
the  integral  Jds  is  zero  proves,  as  is  well  known,  that  the  oscu- 
lating plane  of  the  curve  is  at  every  point  normal  to  the  surface. 
But  if  we  suppose  the  two  extremities  of  the  arc  considered  to  be 
indefinitely  close,  among  all  the  arcs  drawn  on  the  surface  joining 
the  extremities,  the  least,  that  in  fact  which  differs  least  from  the 
chord,  will  evidently  be  the  arc  which  has  the  least  curvature, 
that  is,  the  arc  which  has  the  greatest  radius  of  curvature.  But 
the  arcs  which  unite  two  points  .of  the  surface  indefinitely  close 
may  be  considered  as  having  the  same  tangent,  and  therefore,  by 
the  well-known  theorem  of  Meunier,  that  of  which  the  osculating 
plane  is  normal  to  the  surface  has  the  greatest  radius  of  curvature, 
and  is  consequently  the  shortest. 

The  proposition  enunciated  by  Lagrange  is  exact  as  we  have 
just  seen  for  any  indefinitely  small  arc,  but  it  would  cease  to  be 
so  if  we  considered  an  arc  of  finite  size.  There  exists  a  curious 
theorem  on  this  subject  enunciated  by  Jacobi  without  demonstra- 
tion, which  gives  a  general  method  for  determining  with  respect 
to  every  line  traced  upon  a  surface  and  satisfying  the  conditions  of 
a  minimum,  the  limits  between  which  it  is  really  the  shortest 
line. 

Let  AMA'  be  such  a  line ;  proceed  along  this  line  from  the 
point  A  which  is  fixed  towards  the  following  points  of  the  curve. 
If  we  take  one  of  these  points  as  a  second  limit  it  may  happen  that 
between  this  point  and  the  first  another  curve  can  be  drawn  which 
satisfies  the  analytical  condition  for  a  minimum  as  well  as  the  first; 
then  the  line  considered  will  cease  to  be  a  minimum  between  the 
point  A  and  the  second  extremity  considered,  at  a  point  for  which 
the  second  line  coincides  with  (se  confond)  the  first. 

This  theorem  has  not  been  demonstrated  by  the  mathematicians 
who  have  explained  the  celebrated  letter  in  which  it  is  enunciated. 
We  think  that  it  will  be  useful  to  indicate  briefly  how  it  follows 
from  the  analysis  of  Jacobi. 

The  integral  considered  being  \f(x,  y,  ^\dx,  the  variation 
takes  the  form  j  Vhydx,   V  being  the  function  which  by  being 
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equated  to  zero  farnishes  by  integration  the  solution  of  the  pro- 
blem. 

.      dH 
That  there  may  be  a  minimum,  the  fimction  'j%  must  remain 

constantly  positive  during  the  limits  of  integration.  This  con- 
dition will  certainly  be  fulfilled  whatever  the  limits  may  be,  be- 
cause we  have  seen  that  there  is  always  a  minimum  between  any 
two  limits  whatever  if  they  are  sufficiently  close.  Besides  this  we 
must  have  according  to  Jacobi's  analysis  another  condition  ful- 
filled. Let  y  denote  the  expression  deduced  from  the  equation 
F=  0,  then  y  contains  two  constants  a  and  h  suppose ;  let  a  and 
^  be  two  other  constants,  and  let 

Then  the  other  condition  is  that  it  must  be  possible  to  take  the 
constants  a  and  y8  so  that  the  expression 

\dydy      u  dy^  dxj 

may  not  become  infinite  between  the  limits  of  integration,  or, 
which  comes  to  the  same  thing,  u  must  not  vanish  between  these 

limits.    Hence  it  is  clear  that  for  each  value  of  —  if  the  expression 

for  u  becomes  zero  in  two  points  of  the  minimum  line  furnished 
by  the  Calculus  of  Variations,  then  between  these  two  points  we 
can  affirm  that  the  integral  is  a  minimum.  Now  two  such  points 
will  possess  the  property  indicated  by  Jacobi,  that  is,  it  will  be 
possible  to  draw  between  them  two  lines  indefinitely  close,  each 
of  which  *has  the  minimum  property.  For  we  observe  that  the 
expression 

da         db 

is  the  general  integral  of  the  linear  equation  SF=  0,  in  which  Sy 
is  the  unknown  quantity.  (See  Jacobi's  Memoir.)  If  then  we 
put  instead  of  y  the  value  y  + 1*,  where  a  and  /S  are  so  chosen  as 
to  make  u  indefinitely  small,  which  is  allowable,  the  expression  V 
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will  vanish,  because  by  supposition  y  makes  it  vanish  and  the 
indefinitely  small  increment  u  renders  its  variation  zero. 

Thus  there  are  two  lines  indefinitely  close  joining  the  same 
two  points,  for  which  the  relation  F=  0  is  fulfilled,  that  is,  two 
lines  which  equally  satisfy  the  conditions  of  minimum. 
'  The  proposition  thus  demonstrated  is  not  identical  with  that  of 
Jacobi,  but  it  is  perhaps  allowable  to  suppose  that  the  illustrious 
author  went  a  little  too  far  in  the  rapid  sketch  which  he  gave  of 
his  results ;  it  is  clear,  for  example,  that  the  conditions  found  by 
him  are  sufficient  but  not  necessary  for  the  existence  of  a  minimum. 
There  is  therefore  no  ground  for  affirming  that  the  minimum  ceases 
to  exist  because  the  function  u  becomes  zero ;  but  this  would  be 
necessary  in  order  that  the  enunciation  should  take  the  completely 
affirmative  form  given  above. 

We  may  observe  before  closing  this  note  that  Jacobi's  memoir 
contains  the  enunciation  of  another  very  remarkable  theorem;  if  at 
every  point  of  a  surface  the  two  curvatures  are  in  opposite  directions 
the  line  which  satisfies  the  analytical  conditions  of  a  minimum  is 
always  really  the  shortest.  We  confine  ourselves  to  recalling  this 
theorem  to  the  attention  of  mathematicians ;  a  more  detailed  dis- 
cussion of  the  geometrical  problem  which  is  the  object  of  this  note 
would  be  out  of  place  here. 

291.  Bertrand  in  the  first  paragraph  of  his  note  says  that 
Lagrange  is  right  in  asserting  that  there  is  necessarily  a  minimum 
in  the  case  considered ;  in  the  third  paragraph  of  his  note  he  says 
that  Lagrange's  statement  is  not  necessarily  exact  except  for  an 
indefinitely  small  arc. 

^  The  remarks  which  Bertrand  then  makes  on  Jacobi's  theorem 
coincide  in  substance  with  those  of  other  writers  on  this  subject ;  see 
for  example  Mr  Jellett's  treatise,  pages  90  and  98.  These  remarks 
depend  on  the  following  consideration ;  Jacobi's  method  reduces  the 
unintegrated  part  of  the  terms  of  the  second  order  to  the  form 
1  fcZy /I   du^       dBy\% 

and  thus  we  cannot  be  sure  of  a  minimum  if  u  vanishes  between 
the  limits  of  integration.  Bertrand  however  is  alone  in  pointing 
out  that  this  does  not  prove  so  much  as  Jacobi   asserts  in  the 
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particular  problem  under  consideration,  for  Jacob!  asserts  that  there 
will  not  be  a  minimum ;  and  Bertrand  conjectures  that  Jacobi  here 
overstated  his  results.  But  it  has  since  been  shewn  by  Ossian 
Bonnet  that  Jacobi  was  quite  correct;  the  proposition  to  which 
Bertrand  calls  attention  at  the  end  of  his  note  is  also  proved  bj 
Bonnet. 

Two  notes  have  been  written  by  Bonnet  on  the  point  we  are 
considering.     The  first  note  is  entitled  On  some  properties  of  geo" 

desiG  lines.      It    was  published   in  the  Comptes  Rendus de 

VAcademie  des  Sciences,  Vol.  40,  1855,  pages  1311 — 1313.  We  will 
give  it  in  the  next  article. 

292.  A  line  traced  upon  a  surface  is  called  a  geodesic  line, 
when  its  osculating  plane  is  always  normal  to  the  surface. 

An  arc  of  a  geodesic  line  is  the  shortest  line  that  can  be 
drawn  on  a  curved  surface  between  its  two  extremities,  provided 
the  arc  be  comprised  within  certain  limits  which  have  been  fixed 
by  Jacobi  in  the  following  manner.  Consider  a  geodesic  line  AM 
which  starts  from  the  point  A,  and  let  A  be  the  point  where  this 
line  is  met  by  another  geodesic  line  AM'  which  also  starts  from 
the  point  A  and  is  indefinitely  close  to  AM.  Between  the  points 
A  and  A'  the  line  AM  will  always  be  a  minimum  line ;  but  beyond 
the  point  A'  the  line  AM  will  generally  be  neither  a  maximum  nor 
a  minimum.  Assuming  this,  let  p  denote  the  variable  distance 
MM'  between  two  indefinitely  close  geodesic  lines  AM  and  AM'. 
By  a  formula  due  to  Gauss,  p  considered  as  a  function  of  the 
arc  AM  will  satisfy  the  differential  equation  of  the  second  order 

ds"  ^  BE       ' 
where  AM=^  s,  and  i2,  E'  are  the  principal  radii  of  curvature  of  the 

surface,  and  in  addition,  when  5  =  0  we  have  ^  =  0  and  -^  =  the 

angle  dO  between  the  geodesic  lines  AM  and  AM',  which  will 
completely  determine  p.     Now    suppose   that  the  surface  is  of 

opposite  curvatures :  yp^i  will  be  negative,  and  we  can  assume 
MM 


where  a  is  a  real  constant. 


1        _l 
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Let  US  take  the  equation 

and   integrate  it   so  that  when  5  =  0  we  may  have  p,  =0  and 

~f^  =  d0:  we  shall  ohtain 
as 

But  from  a  theorem  demonstrated  by  M.  Sturm  in  his  excellent 
Memoir  on  differential  equations  of  the  second  order,  it  is  known, 
that  for  any  interval  whatever  starting  from  5  =  0,  the  value  of  p^ 
must  vanish  at  least  as  often  as  that  of  j9 ;  but  p^  never  does 
vanish,  and  so  p  cannot  vanish.  Thus  in  a  surface  of  opposite 
curvatures  a  geodesic  line  is  always  a  minimum  throughout  its 
length.  This  beautiful  theorem  was  enunciated  by  Jacobi,  but 
it  had  not  been  demonstrated  up  to  the  present  time  so  far  as 
I  know. 

Suppose  in  the  next  place  that  ^^  is  positive  and  less  than  -g. 
Consider  the  equation 

ds'  ^  a'     ^' 

and  integrate  it  so  that  when  5=0  we  may  have  p,  =0  and  ^  =  dd; 
we  shall  obtain 

p,  =5  ad0  sin  ~ . 
'^  a 

But,  from  a  second  theorem  demonstrated  by  M.  Sturm,  it  is 
known  that,  starting  from  s-0,  p  will  vanish  before  p/,  but  f, 
ifanishes  when  s  =  Tra,  therefore  p  vanishes  before  s  =  ira.  Hence 
we  infer  that,  in  the  case  considered,  a  geodesic  line  cannot  be 
generally  a  minimum  line  throughout  a  greater  length  than  ira. 
Consequently  the  shortest  distance  between  any  two  points  on  a 
convex  surface  is  less  than  ira  where  a^  is  a  number  greater  than 
the  product  RR  of  the  principal  radii  of  curvature  for  all  points 
of  the  surface. 
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293.  The  theorem  due  to  Gauss  which  Bonnet  quotes  in  the 
preceding  article  is  contained  in  the  Disquisitiones  generales  circa 
superficies  curvas.  This  memoir  was  presented  by  Gauss  to  the 
Koyal  Society  of  Gottingen  on  October  8th,  1827,  and  was  published 
in  1828  in  the  sixth  volume  of  the  Commentationes  Becentiores  of 
that  Society.  This  memoir  is  reprinted  in  Liouville's  edition  of 
Monge's  Application  de  V Analyse  h  la  G6omStrie. 

The  theorem  in  question  is  also  proved  by  Ossian  Bonnet  in 
his  memoir  on  the  general  theory  of  surfaces  in  the  Journal  de 
TEcole  Polytechnique,  Cahier  xxxil,  1848. 

The  memoir  by  Sturm  to  which  Bonnet  refers  will  be  found  in 
the  first  volume  of  Liouville's  Journal  of  Mathematics. 

The  second  note  by  Bonnet  is  entitled  Second  note  on  geodesic 
lines.  It  was  published  in  the  Gomptes  Eendus...Yol.  41,  1855, 
pages  32 — 35.     We  give  it  in  the  next  article. 

294.  In  a  note  presented  to  the  Academy  on  the  18th  of  June, 
I  established  some  general  properties  of  geodesic  lines.  My  in- 
vestigations depended  on  the  following  theorem  due  to  Jacobi. 

Let  AM  he  any  geodesic  line  which  starts  from  the  point  A,  and 
suppose  A'  to  be  the  point  where  this  geodesic  line  is  met  by  a  geodesic 
line  which  also  starts  from  the  point  A  and  is  indefinitely  near  to 
the  first;  then  the  line  AM  will  be  a  minimum  between  the  points 
A  and  A\  and  will  cease  to  be  a  minimum  beyond  the  point  A'. 

Jacobi  did  not  demonstrate  his  theorem ;  he  merely  said  that 
it  might  be  easily  deduced  from  the  general  rules  which  he  gave 
for  distinguishing  maxima  from  minima  in  questions  which  de- 
pend upon  the  Calculus  of  Variations.  M.  Bertrand  has  given  a 
proof  of  the  first  part  of  the  theorem  in  the  notes  which  he  has 
added  to  his  excellent  edition  of  the  MScanique  Analytique;  that 
IS,  he  has  proved  that  between  the  points  A  and  A  the  line  AM 
is  a  minimum.  In  the  mode  of  proof  M.  Bertrand  has  followed 
the  indications  of  Jacobi.  With  respect  to  the  second  part  of  the 
theorem  M.  Bertrand  thinks  that  it  may  not  be  exact,  and  that 
at  all  events  the  method  of  Jacobi  is  not  competent  to  decide  the 
point.  It  is  in  fact  certain  that  the  general  conditions  found  by 
Legendre  and  completed  by  Jacobi,  for  distinguishing  between 
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maxima  and  minima  in  problems  which  depend  upon  the  calculus 
of  variations  are  sufficient  hut  not  necessary.  I  have  succeeded 
in  proving  by  particular  considerations  both  parts  of  Jacobi's 
theorem.  I  request  permission  from  the  Academy  to  communicate 
my  demonstration,  which  thus  removes  the  difficulties  which  re- 
late to  an  important  question,  and  at  the  same  time  gives  more 
precision  to  the  results  of  my  previous  investigations. 

Let  AMB  be  an  arc  of  a  geodesic  line  which  starts  from  A 
and  ends  at  B.  (The  reader  is  requested  to  make  the  figure  for 
himself.)  Draw  any  line  AM^B  indefinitely  close  to  AMB  and 
having  the  same  extremities.  I  proceed  to  estimate  the  difference 
of  the  lengths  of  AMB  and  AM^B  as  far  as  small  quantities  of  the 
second  order ;  for  this  purpose  I  draw  through  the  different  points 
of  AMB  geodesic  curves  normal  to  AMB,  and  I  denote  in  general 
by  ft)  the  portion  of  these  curves  comprised  between  AMB  and 
AM^B.  Suppose  the  element  MJSf  of  AMB  =  ds,  and  the  corre- 
sponding element  M^N^  of  AM^B  =  ds^ ;  then 

M,N,  =  ds,  =  ^[{M,py  +  {PN,y% 

P  being  the  point  in  NN^  such  that  NP  =  MM^ .     But 

PN^  =  -^ds-wds, 

and  M^P  is,  by  a  theorem  due  to  Gauss,  the  integral  of  the  equation 

d^u       u    ^ 
dco'^BR'"^' 

which  for  G)  =  0  satisfies  the  conditions  u  —  ds,  -y-  =  0.     Therefore 

aco 

if  we  neglect  powers  of  co  above  the  second.     Therefore 

or  more  simply,  to  the  order  of  approximation  which  we  want, 
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Therefore   the  difference  between  AM^B  and  AMB^  that  is.  the 
second  variation  of  the  integral  Jds,  will  be 


Ik'- 


m)^' • w- 


We  see  immediately  that  if  RE  be  negative  this  second  varia- 
tion is  always  positive ;  this  proves  the  first  Jheorem  which  I  have 
established  in  another  manner  in  my  first  note ;  in  any  surface  of 
opposite  curvatures  a  geodesic  line  is  a  minimum  throughout  its 
length. 

Now  let  ns  call  p  the  distance  comprised  between  the  line  AMB 
and  another  geodesic  line  indefinitely  close  to  it  which  also  starts 
from  A^  so  that  we  have 

ds^^RE     ^' 

and  when  5  =  0  we  have  ^  =  0  and  -~-  ==  the  indefinitely  small  angle 

d6  between  the  two  geodesic  lines ;  the  expression  (I)  can  be  put 
in  the  form 

l/(--t7>4/(»'-|i)"*4/(5'S)'*- 

But,  lip  does  not  vanish  within  the  limits  of  integration, 


]\p  ds) 


^^¥)'^=o, 


for  0)  is  zero  at  the  limits ;  thus  the  second  variation  is  reduced  to 

ik-tf)'^- 

that  is,  to  a  positive  result.  I  conclude  therefore,  that  so  long  as 
the  extremity  B  is  not  beyond  the  point  A'  where  the  line  AMB  is 
Jiiet  by  the  geodesic  line  indefinitely  close  to  it  which  also  starts 
from  the  point  A,  the  arc  AMB  of  the  geodesic  line  is  a  minimum 
tetween  the  point  A  and  the  point  5;  this  is  the  first  part  of 
Jacobi's  theorem. 
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If  the  point  B  is  beyond  A\  then,  since  to  is  only  subject  to  the 
condition  of  vanishing  at  the  points  A  and  Bj  we  can  take  for  to  a 
value  which  satisfies  an  equation  of  the  form 

where  h  is  real,  and  ii^hich  is  such  that  <»  =  0  and  -j-  ^dO  when 
5  =±  0.    This  follows  from  the  fact  that  in  an  equation  of  the  form 

when  G  is  diminished  continuously  the  roots  of  the  equation  j?  =  0 
increase  continuously,  {p  and  ^retaining  the  same  values  for  5=0). 
We  have  then  for  this  particular  value  of  (o 


but,  since  w  is  zero  at  the  limits,  we  have  also 


therefore 


/('"'-M')*=-/p^- 


Thus  the  second  variation  of  the  integral  Jds  can  become  nega- 
tive, and  the  arc  AMB  is  neither  a  maximum  nor  a  minimum 
between  the  point  A  and  the  point  B.  The  second  part  of  Ja- 
cobi's  Theorem  is  thus  established. 

We  have  said  above  that  when  once  Jacobi's  Theorem  is  fully 
demonstrated  we  can  give  more  precision  to  the  enunciation  of  the 
results  contained  in  the  note  of  the  18th  of  June.  In  fact  we  can 
say  that  if  in  any  convex  surface  the  product  RE  of  the  principal 
radii  of  curvature  is  less  than  the  constant  a^  the  shortest  distance 
from  one  point  to  another  upon  the  surface  will  always  be  less 
than  ira.  Hence  it  follows  that  every  convex  surface  in  which 
the  principal  radii  of  curvature  do  not  become  infinite  is  neces- 
sarily a  closed  surface. 
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295.  Although  so  many  proofs  have  been  given  of  Jacobi's 
theorems  that  it  may  appear  superfluous  to  present  others,  yet  the 
following  proofs  are  of  interest  as  they  depend  on  the  principles  of 
the  Calculus  of  Variations  itself.  They  were  published  in  an 
article  entitled  Observations  on  JacoWs  Memoir  on  the  Calculus  of 
Variation's,  by  E.  Heine,  in  Crelle's  Mathematical  Journal,  Vol.  54, 
1857,  pages  68 — 71.     They  will  occupy  our  next  two  articles. 

296.  The  proposition  which  Jacobi  published  in  the  17th 
volume  of  Crelle's  Journal  and  which  was  proved  by  Lebesgue  and 
by  Delaunay  in  the  6th  volume  of  Liouville's  Journal  may  be 
demonstrated  also,  without  much  trouble,  in  the  foUow^ing  way, 
which  depends  on  very  different  principles. 

Let  A  be  any  given  function  of  cc,  u  any  function  of  x,  and 
let  u\  u\  .,,  denote  the  differential  coefficients  of  u  with  respect 
to  X,    Put 

2Z=^{-lYJAu^''^u^''^dx (1), 

where  u^''^  stands  for  -y-^ :  then 

8Z=(^lT(Au^'''Bu^''dx. 


r=(~l)"fA^- 


Now  by  integrating  by  parts  in  the  ordinary  way  BZ  can  be 
separated  into  two  portions,  namely,  one  which  is  free  from  the  in- 
tegral sign,  and  which  we  will  call  L,  and  another  portion  which 
remains  under  the  integral  sign,  namely, 


/ 


dx"" 


Let  1/  denote   any  given  function  of  x,   and   put   u=yt,  so  that 
^u^T/Bt;  thus 

BZ^L+jy^^^-^Btdx (2). 

Now  we  must  obtain  an  equivalent  value^foi  BZ  if  we  first 
put  yt  for  u  in  (1),  and  then  effect  the  variation;  the  ybrm  how- 
ever of  the  expression  for  BZ  will  differ  from  that  in  (2) ;  and 
this  difference  in  form  accompanied  with  equivalence  of  value  will 
give  a  proof  of  Jacobi's  Theorem. 

21 
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Put  yt  for  Uj  then  v}^^  takes  the  form 

aj5<"^  +  a/'^''^  +  . . .  +  a^_/ +  a,  A 

where  a,  cr^,  ...  are  simple  functions  of  y  and  therefore  functions  of 
X,  Thus  Au^'^^u^'''^  will  consist  of  a  series  which  we  may  denote  by 
^^^{m)^(^)  ^}^gpg  lY^^  indices  m  and  p  may  take  all  values  between  0 
and  n,  and  the  functions  denoted  by  y8  will  be  like  a,  a^ , ... ,  given 
functions  of  a?.  Put  this  expression  for  Au^'^^u^'''^  in  (1),  then  we 
shall  shew  that  2Z  can  be  put  in  the  form 

2Z=:M+j{G,U^  C,t't'+  Cft"-...±CJ''¥''^)dx (3), 

where  M  contains  no  integral  sign,  and  G^,  G^,  ...  are  given  func- 
tions of  X, 

For  S  Wf^H^^^dx  consists  partly  of  terms  for  which  m  =^,  which 

thus  have  already  the  form  in  (3),  and  partly  of  terms  in  which  m 
and  p  are  different.  Suppose  then  p  greater  than  m,  and  first  let 
jp  =  m  +  1 ;  for  such  terms 

l^t^'^H^^^  dx  =  l^eH^'^'-'^'^dx 

and  thus  we  obtain  again  terms  of  the  form  in  (3).  Next  suppose 
p  —  m  greatei;than  unity ;  then  by  using  the  following  formula 

ji3e'^¥'^dx^^r¥^-'^-  l^'rH^-'^dx-  j/se'^-'H^'-'^dx, 

as  often  as  necessary,  we  shall  obtain  terms  in  which  the  indices  of 
t  are  either  equal  or  differ  by  unity ;  and  thus  finally  we  obtain 
terms  of  the  form  in  (3). 

Now  take  the  variation  of  Z  expressed  as  in  (3) ;  then  by  the 
ordinary  formulas  of  the  Calculus  of  Variations  the  term  in  S^ 
which  remains  under  the  integral  sign  is 


/{ 


'^.-^-'-^--^-^j"^ «■ 
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The  expression  (4)  must  therefore  be  equal  to  the  integral 
in  (2) ;  thus 

The  quantity  G^  is  equal  to  y  — \  ^      .     For  since  u  =  yt,  we 

have 

thus  the  term  y  — V^ — 

is  the  only  term  which   can  contribute  any  portion  to   C^t,    and 
thus  obviously 

We  can  now  prove  Jacobi's  Theorem. 

Let  ?7=A^  +  "^+...  +  — ^^r— , 

where  ^^^j  ^^, ...  are  given  functions  of  x.    Put  u=yt  where  ?/  is  a 
givQn  function  of  x ;  then  from  what  has  been  proved 

d{B,t')         d-{Br) 

where  5„,  5^, ...  are  known  functions  of  a;,  like  O,,  C,,  •••  were. 

Also        i?„  =  2/|A^  +  -^^  +  -+       Ja=«      I' 

thus  when  y  is  so  chosen  that  it  is  an  integral  of  the  differential 
equation  U=0,  we  have  B^=0;  and  then 

as  Jacobi's  Theorem  asserts. 

Hemark.     In  order  practically  to  determine  the  values  of  J5j, 
^2>  ...which  do  not  come  into  consideration  in  Jacobi's  memoir, 

21—2 
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the  method  may  he  modified  by  first  integrating  by  parts  and  thus 
reducing  JAu^''^u^''^dx  to  lu      ^  ^    ^  dx.  Now  put  tyhv  u,  and  then 

we  have  to  consider  integrals  of  the  form  Wti^^dx^  and  not  as  be- 
fore integrals  of  the  form  jl3rH^'^dx. 

297.  Jacobi  published  another  proposition  in  his  Memoir,  of 
which  Delaunay  has  given  a  long  demonstration  in  the  place  already 
named.     This  is  the  proposition ; 

let     J^\f{x,y,y\...y'^')dx, 

then  hJ  consists  of  a  part  free  from  the  integral  sign  together  with 

the  integral  I  Vhy  dx^  where 

This  is  well  known;  then  Jacobi  asserts  that  SFmay  be  put  in 
the  form 

A^.i^^-^'^W^'^- «• 

We  proceed  to  prove  this.  Let  S  and  6  be  symbols  of  variation 
which  are  independent  of  each  other ;  then  the  double  variation  8  6 J 
will  be  equal  to 

tj/'iy'^'^yn  (Sy^»%^'  +  %<"»8/0  ^^ (7). 

where  the  sign  of  summation  refers  to  all  values  of  m  andjp  which 
are  comprised  between  0  and  n.  But  on  the  one  hand  this  expres- 
sion must  be  of  the  form 

L+  (sV0ydx; 

for  if  we  vary  eT"  with  the  symbol  0  we  should  obtain  an  integrated 
part  and  the  unintegrated  part  I  V6y  dx ;  and  if  we  now  vary  the 
result  with  the  symbol  S  we  obtain  for  the  unintegrated  part 
(BVOydx. 
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Moreover  the  expression  given  above  for  B  6 J  can  be  put  in 
the  form 

M+j{ASyey-'Afy'ey'+...±A,By'''Wy'''')dx (8), 

as  we  shall  shew  presently.     Now  by  the  ordinary  method  of 
integrating  by  parts  the  unintegrated  part  of  the  last  expression  is 

found  to  be  I  WOydx ;  and  thus 

sf=tf; 

which  was  to  be*  proved. 

We  have  then  only  to  shew  that  S  6 J  really  has  the  form  (8). 
The  terms  in  (7)  for  which  m  =jp  have  already  the  required  form ; 
suppose  then  J?  greater  than  m,  and  first  let  p  =  m-\-l.  Then  it  is 
plain  that  by  single  integration 

f  ^  (Sy"^^%^"^-*-^>  +  By^'^'-'^ey^''^)  dx 
is  referred  to  the  form 

If  j?  be  greater  than  m+  1,  then  by  single  integration  we  make 


depend  on 
and 


[ /3  {By^'^Wy^'^  +  By^^Wy^""^)  dx 

[/3  {By^^'^'Wy^'-'^  +  By^^'^Wy^''^'^)  dx 
[/?  {By^'^Wy^^^^  +  By^^-'Wy^''^)  dx ; 


and  by  proceeding  thus  we  shall  ultimately  arrive  at  the  form 

in  (8). 

298.  There  is  an  article  by  Minding  entitled,  On  the  trans- 
formations  which  serve  for  distinguishing  maxima  from  minima  in 
ihe  Calculus  of  Variations,  It  was  published  in  Crelle's  Mathe- 
inatical  Journal,  Vol.  55.  1858,  pages  300—309.     The  object  of 
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this  article  is  to  demonstrate  two  theorems  used  in  Jacobi's  memoir; 
namely,  the  theorem  in  Art.  222  in  the  form  in  which  it  is  given 
in  Arts.  229  and  231,  and  the  theorem  respecting  the  form  of  8F 
in  Art.  223.  The  demonstrations  are  somewhat  complex,  but  per- 
fectly satisfactory;  as  they  consist  however  almost  entirely  of 
ordinary  algebraical  transformations  it  will  be  unnecessary  to  enter 
upon  them  here. 

299.    We  will  close  this  chapter  by  giving  two  examples  of 
the  investigation  of  a  maximum  or  minimum  value. 

For  the  first  example  we  will  apply  Jacobi's  method  to  the 

expression  I  Vdx  where  F=  fp  +  ~]  a;  -[-  (2c  +  cy^)  x.    This  is  in 

fact  the  example  given  on  page  108 ;  the  quantities  which  were  there 

denoted  by  r,  p,  -^  are  now  denoted  respectively  by  x,  y,  p.    The 

expression  of  the  second  order  which  determines  whether  there  is  a 
maximum  or  a  minimum  is  here 

jL  {BpY  +  2BpBt/  +  (ex  +  i)  (Sj/)4  dx. 
Let  ^^exy^x^(p  +  l), 

therefore  S/3  =  cxBt/  —  cc  -7-  f  Sp  4-  —  j ; 

therefore     I  B^hydx  =  1  cx  {hyf  dx  —  j  xhy  -7-  f  Sp  -f  ~ j  c?a; 

Thus  we  see,  since  the  limits  are  supposed  fixed,  that  the  terms 
which  we  have  to  examine  can  be  put  in  the  form  JBlSBydx;  this 
is  in  accordance  with  Jacobi's  theory. 
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ISTow  j  B^B2/dx  =  j  uB/S  —  dx,  where  u  is  at  present  undeter- 
mined ;  also  if  u  Tbe  properly  determined  we  shall  have 

for  this  only  requires  that 

\         xj  dx\    dx  J  "^      dx\       dx\u )y 

d  {     dBy        rs    du 
=  — 7-  iux—f^  —  OJov  -7-  y , 
ax  {      ax  *^  aa?j 

"~        dx\     dxj  dx  dx     dx\    ^  dxj ' 

that  is,  we  must  have 

/        1\      d  (    du\ 
\        xJ      ax\   dxj 

Suppose  then  that  u  is  taken  to  satisfy  this  differential  equation ; 
then  we  get 

neglecting  the  terms  free  from  the  integral  sign,  which  vanish  at 
the  limits  if  no  infinite  quantities  occur. 

Now  u  is  such  a  quantity  that  if  put  for  Sy  in  S/3  we  get 
8^  =  0 ;  hence  the  value  of  u  is  known  hy  Jacobi's  theory ;  see 

Art.  220.     The  value  of  y  which  makes  S I  Vdx  =  0  is  in  the 

dz 
present  case  to  be  obtained  by  finding  -j-  from  the  value  of  z  on 

page  108,  and  then  changing  r  into  x.     Thus  it  is 

and  therefore  the  value  of  u  is  in  the  present  case  of  the  same  form, 
^vith  A  and  B  replaced  by  new  constants.    The  second  constant 
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must  be  supposed  zero  in  order  that  u  may  not  be  infinite  when 
a?  =  0 ;  hence  finally 

u  =  a  f  V*'^'"^'^  cos  ft)c?ft), 

Jo 

where  a  is  an  arbitrary  constant. 

This  value  of  u  however  vanishes  when  a?  =  0,  so  that  the  ex- 
pression under  the  integral  sign  in  the  value  of  I  h^hydx  becomes 

infinite  when  a;  =  0.  Hence  we  are  not  certain  that  in  this  case  we 
really  have  obtained  a  minimum. 

300.  The  next  example  is  intended  to  draw  attention  to  the 
case  in  which  we  have  to  discriminate  between  the  maximum  and 
minimum  of  a  function  when  the  limits  are  not  fixed.  Writers  on 
the  calculus  of  variations  appear  frequently  to  intimate  that  the 
fact  of  the  limits  being  variable  does  not  really  render  the  problem 
more  difiicult ;  this  however  does  not  seem  correct. 

Let  us  consider  the  problem  of  the  brachistochrone  in  which 
the  moving  particle  is  to  pass  from  one  given  curve  to  another, 
starting  with  an  assigned  velocity.  Take  the  axis  of  x  vertically 
downwards ;  let  h  be  the  height  due  to  the  initial  velocity,  x^  and  x^ 
the  abscissae  of  the  starting-point  and  the  final  point  respectively. 

Then  we  have  to  find  the  minimum  value  of  I    ^Vdx,  where 

^^^JihJtx-x)  ^^^  P^-T-'  We  shall  treat  the  problem  in 
what  seems  the  best  way ;  we  shall  attribute  no  variation  to  the 
independent  variable  x  but  shall  obtain  the  requisite  generality  in 
our  formulae  by  changing  the  limits  of  the  integration.  Suppose 
then  that  p  receives  the  variation  Sp,  and  that  the  limits  x^  and  x^ 
become  respectively  x^  +  dx^  and  x^  +  dx^.  In  consequence  of  the 
change  in^  and  x^  a  change  takes  place  in  F,  and  to  the  second 
order  V  becomes 

rrdV^   ^dV.        Id'^V,^..       d'V  .    ^        Id'V,.   ., 
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Hence  the  variation  of  the  integral  is 

the  limits  in  the  last  line  being  x^  +  dx^  and  x^  +  cfog. 

Now  we  observe  that  if  in  an  integral  I     (f>  [x)  dx  the  upper 
limit  is  increased  by  dx^  the  integral  is  increased  by 

to  the  second  order ;  and  if  the  lower  limit  is  increased  by  dx^  the 
integral  is  diminished  by 

dx,<f>{x,)  +  l{dx,Y<l>-ix,), 

to  the  second  order.     Thus  the  above  variation  becomes  to  the 
second  order 

F,  dx,  -  V,  dx,  + 1  f;  {dxx  - 1  v;  {dx,Y 

/•*2  +  <^3  (dV^  dV    ,     ]     y 

Jxy+dXi  [dp   ^      dx,      ^) 

where  V  stands  for  the  complete  differential  coefficient  -7- ,  and 

ctx 

the  suffixes  1  and  2  indicate  that  x  is  made  equal  to  aj^  and  cCg 
respectively. 

By  reducing  the  second  of  the  above  three  lines  the  variation 
becomes  to  the  second  order 

F,  dx,  -  F,  dx,  + 1  F/  {dx^^  -  i  F/  (c?x/ 


,   psfc^F,       c?F  ,   I   , 
+  I     i—r-  op  +  -^—  da;,  Y  dx 
Jxi  [ap  -^      dx,     ^) 
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CJTT 

The  term  I  -j-  Sp  dx  of  the  variation  becomes  by  integration 
by  parts 

Hence  we  infer  that  we  must  have  -^  equal  to  a  constant,  in 

order  to  obtain  a  minimum. 

We  have  now  to  examine  the  remaining  terms  of  the  variation. 
We  shall  first  transform  82/^  and  Sy^, 

Suppose  y  =  x{^)  the  equation  to  the  upper  limiting  curve,  and 
y  z=.'>^{x)  the  equation  to  the  lower  limiting  curve.  Then  the 
co-ordinates  x^,  y^  satisfy  the  latter  equation,  and  so  also  must  the 
co-ordinates  of  the  new  extreme  point  which  is  obtained  by  changing 
the  curve  and  the  limits.  The  abscissa  of  the  new  extreme  point 
is  x^  4-  dx^ ;  the  ordinate  of  the  new  extreme  point  will  be  found 
by  changing  x^  into  x,^  +  dx^  in  the  function  y^  +  Sy^,  so  that  it 
will  be 

in  which  we  must  suppose  x  put  equal  to  x^.     Thus  to  the  second 
order  the  ordinate  in  question  is 

and  this  must   be  equal  to  i/^  {x^  +  dx^  estimated  to  the  second 
order.     Hence  we  get 

A  similar  expression  holds  for  hy^. 

With  these  values  of  8y^  and  hy^  we  shall  find  that  the  variation 
reduces  to  the  following  terms  of  the  first  order, 

(f).{*'(»)-|}-.-©,{x'(«)-t^. 

+  V^dx^  -  V^dx^  +  dxj   ^-j~-  dx; 
j^j  ax^ 
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together  with  the  following  terms  of  the  second  order, 


1  ['o^  i^dW 
"^2 


The  interpretation  of  the  terms  of  the  first  order  is  well  known, 
but  we  will  give  it  here  to  render  our  investigation  complete. 

Equate  to  zero  the  coefficient  of  dx^\  thus 
substitute  the  values  of  Fand  -^  ,  and  we  obtain 


P'^^  [x)  + 1 


-k'- 


Thus  {]p->^'  (x)  +  l}^  =  0,  which  shews  that  the  curve  described 
cuts  the  lower  limiting  curve  at  right  angles. 

Next  equate  to  zero  the  coefficient  of  dx^\  thus 

dp^^  ^       dp  dx         )i     J^i  dx^ 

XT       dV        V(H-/)  ^  T.  .,.      dV  .  , 

JNow  -^r-  =  — ^-^ ^  '    a ,  and  by  supposition  -7-  is  equal  to 

dx,     2{h-^x^x,f  '      ^"^  dp         ^ 


V  1 

a  constant,  that  is  -77; —71 ^  =  ~7~  ^^7  5 

'  V(i+y)  V(A  +  i»-^i)    v« 

hence  /== \ -i— ,    l+p'= 7 ^ — ^ 


Thus  ^^  ^* 


<^*,     2(a-7t-a;+a!,)^(A4-a;-a;,)*' 
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and  ["^^dx^      ^(a^h'-x-\-x,)^        1 

J  dx^  i\la i\l(li ■\-x  —  x^        p t^a' 

Hence  |  ^-^~e?a;  = 7- ( ). 

J  x^  dx^  si  a  Vi?2     VJ 

Thus  our  equation  "becomes 

f         i^X^H  +  1  \    .l_(hJ^^cs 

that  is  3^+     1     +    1    fl«i)=o. 

Therefore  xi^tlFz  +  1=0,  and  thus  the  tangents  to  the  limiting 
curves  at  the  points  where  the  described  curve  meets  them  are 
parallel. 

We  have  now  remaining  in  the  variation  only  terms  of  the 
second  order ;  by  reduction  they  become 

Now  it  is  by  no  means  evident  that  the  above  expression  is 
necessarily  positive,  so  that  we  are  not  sure  of  the  existence  of  a 
minimum  as  asserted  by  Legendre ;  see  Art.  203,  Nor  do  Jacobi's 
investigations  give  us  here  any  assistance.  The  above  expression 
shews  that  coeteris  paribus  the  suppositions  that  '^"  {x^  is  positive 
and  that  %"  {x^  is  negative  are  favourable  to  the  existence  of  a 
minimum.  This  makes  the  lower  limiting  curve  convex  to  the 
axis  of  X  and  the  upper  limiting  curve  concave  to  the  axis  of  x  at 
the  points  where  the  described  curve  respectively  meets  them;  and 
it  is  obvious  from  a  figure  that  these  circumstances  are  favourable 
to  the  existence  of  a  minimum. 


CHAPTER    XIL 

MISCELLANEOUS   MEMOIRS. 

301.  The  present  chapter  contains  an  account  in  chronological 
order  of  various  articles,  memoirs,  and  treatises,  connected  with  the 
Calculus  of  Variations. 

302*     Poisson,  Memoires  de  V Institute  1812,  page  224. 
Poisson  here  finds  the  differential  equation  to  the  surface  of  con- 
stant area  which  makes  1  IV(1  +i?^  +  ^)  f-  +  ~)  dxdy  a  minimum, 

where  p  and  p  are  the  principal  radii  of  curvature  at  the  point  {x^  y^  z) 
of  the  surface.    He  adds  that  the  equation  obtained  would  also  be 

obtained  if  we  required  that  //\/(l  +i^'^  +  ^)  \ 1)  dxdy  should 

be  a  minimum,  or  that  1 1  V(l  +i?^  +  j'^)  (-2  +  "T2)  ^^  %  should  be  a 

minimum ;  for  1 18  — =2^ — —  dx  dy  vanishes,  so  far  as  the  terms 

under  the  sign  of  double  integration  are  concerned.  There  are 
two  misprints  in  Poisson's  remarks,  but  there  can  be  no  doubt 
that  his  meaning  is  what  we  have  here  given. 

303.  Eodrigue.  Bulletin  des  Sciences  par  la  Sociite  Philo^ 
matigue  de  Paris,  1815,  pages  34—36. 

This  paper  is  on  certain  properties  of  double  integrals  and  of 
the  radii  of  curvature  of  surfaces*     It  is  stated  that  the  variation 

of  the  double  integral  //^(p,  q)  {rt  —  s^)  dxdy  contains  only  terms 
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relative  to  the  limits.  This  may  Ibe  verified  without  much  diffi- 
culty ;  that  is,  we  can  shew  that  the  part  of  the  variation  under  the 
double  integral  sign  is  identically  zero.  Hence  we  see  that  this 
statement  is  an  extension  of  that  quoted  in  the  preceding  article 
from  Poisson. 

304.  Poisson.  Bulletin  des  Sciences  par  la  SocietS  Philoma- 
tique  de  Paris,  1816,  pages  82 — 86. 

This  paper  is  on  the  Calculus  of  Variations  with  respect  to 
multiple  integrals.  Poisson  refers  to  the  difficulty  which  Lacroix 
had  found  in  the  variation  of  a  double  integral,  which  led  him  to 
infer  that  hx  must  be  supposed  a  function  of  x  only  and  hy  a  func- 
tion of  y  only  f  see  Art.  40.  Lagrange  adopted  the  same  hypothesis 
as  sufficient  for  his  purpose  without  asserting  its  necessity;  see 
Mecanique  Analytique,  3rd  edition,  Vol.  I.  page  92.  Poisson  re- 
moves the  difficulty  by  giving  the  correct  expressions  for  Bz,  Bz^, ,., 
instead  of  those  given  by  Lacroix.  The  substance  of  this  paper 
was  given  by  Lacroix  in  his  third  volume,  pages  717 — 720;  and  it 
was  afterwards  incorporated  by  Poisson  in  his  memoir  on  the  Cal- 
culus of  Variations.     See  Art.  102. 

305.  Choisy.  Essai  Historique  sur  le  prohUme  des  maximums 
et  minimums  et  sur  ses  applications  a  la  mecanique  par  J,  D,  Ghoisy, 
Geneva,  1823. 

This  work  consists  of  66  quarto  pages.  It  is  divided  into  two 
parts.  The  first  part  is  on  the  abstract  problem  of  maxima  and 
minima ;  this  contains  five  chapters ;  (1)  Preliminary  considerations, 
(2)  Elementary  and  synthetical  methods,  (3)  Analytical  methods 
up  to  those  of  the  Bernouillis  inclusive,  (4)  Methods  of  Euler,  (5) 
Methods  of  Lagrange.  The  second  part  is  on  the  applications  of 
the  theory  of  maxima  and  minima  to  Mechanics ;  this  contains  six 
chapters ;  (1)  On  the  use  of  indeterminate  coefficients  in  the  appli- 
cations of  the  Calculus  of  Variations  to  Mechanics,  (2)  On  the 
principle  of  least  action,  (3)  On  the  Cycloid,  (4)  On  the  Catenary, 
(5)  On  elastic  curves,  (6)  On  equilibrium. 

At  the  end  of  the  work  is  a  list  of  authors  on  the  subject ;  this 
list  does  not  seem  to  contain  anything  of  importance  in  addition  to 
the  usual  references. 
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The  present  writer  has  never  seen  Choisy's  work ;  for  the  above 
notice  of  it  he  is  indebted  to  a  friend,  who  at  his  request  examined 
the  copy  in  the  Bodleian  Library  at  Oxford. 

306.  C.  H.  Graeffe.  Commentatio  Historiam  GalcuU  Varia- 
tionum  mde  ah  origine  Calculi  Differentialis  atgue  Integralis  usque 
ad  nostra  tempora  complectens. 

This  essay  obtained  a  prize  from  the  University  of  Gottingen 
in  1825 ;  the  adjudicators  however  state  that  it  is  defective  in 
giving  so  little  information  on  the  more  recent  investigations  re- 
lating to  the  Calculus  of  Variations.  The  author  in  his  preface 
states  his  intention  of  going  further  into  the  subject  in  a  future 
essay ;  this  intention  however  does  not  appear  to  have  been  ever 
carried  out. 

The  essay  occupies  60  quarto  pages ;  it  traces  the  history  of  the 
subject  from  its  origin  until  the  time  of  Lagrange.  The  essay  thus 
goes  over  the  same  ground  as  the  well-known  work  of  Woodhouse. 
It  is  however  not  so  full  as  the  work  of  Woodhouse ;  it  sometimes 
merely  states  that  certain  results  were  obtained,  without  explaining 
the  method  by  which  they  were  obtained. 

The  essay  does  not  bear  upon  the  subject  of  the  present  volume, 
because  it  scarcely  alludes  to  anything  after  the  works  of  La- 
grange. A  few  lines  are  given  to  Dirksen,  a  few  to  Ohm,  and  a  few 
to  Buquoy ;  the  latter  two  are  not  highly  estimated  by  Graeffe. 
Thus  he  says :  "  Conatus  quos  Ohm  ad  hunc  calculum  stabiliendum 
publicavit  parvi  momenti  sunt...,"  and  "...  ad  calculi  variationum 
principia  fundanda  Comitem  de  Buquoy  etiam,  quanquam  frustra, 
vires  tentasse ;  non  est  tamen  meum  propositum  hos  conatus  scien- 
tiam  non  augentes  accurate  explicare."  Graeffe  refers  to  Lacroix  in 
the  following  terms:  "...inter  eos  qui  libros  quibus  doctrinse 
matheseos  exponuntur  perscripserunt,  Lacroix  calculum  variationum 
diligentissime  tractasse." 

These  extracts  are  all  taken  from  the  last  two  pages  of 
Graeffe's  work.  The  present  writer  has  never  seen  the  work  of 
Buquoy  to  which  Graeffe  refers;  its  title  appears  to  be  Mm 
^igene  Darstellung  der  Orundhhren  der  Variations-rechnung,  and 
the  date  1812  is  ascribed  to  it  in  a  bookseller's  catalogue. 
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307.  Minding.  Orelle^s  Mathematical  Journal^  Vol.  5,  pages 
297 — 304,  1830.  This  article  is  entitled  On  curves  of  shortest 
perimeter  on  curved  surfaces;  it  contains  a  discussion  of  a  problem 
proposed  in  the  third  volume  of  Crelle's  Journal  by  Crelle  himself. 
The  problem  is  to  find  the  shortest  curve  which  can  be  drawn  on 
a  given  surface  so  as  to  include  a  given  area.  Minding  obtains 
the  following  results.  If  the  given  surface  be  a  sphere  the  required 
curve  is  a  plane  curve,  and  therefore  a  circle.  He  obtains  the  re- 
quired curve  when  the  surface  is  a  right  cone.  He  remarks  that 
if  the  surface  be  any  developable  surface,  the  required  curve  must 
be  such  as  will  become  a  circle  when  the  surface  is  developed; 
this  follows  from  the  known  fact  that  of  all  plane  figures  a  circle 
is  that  of  least  perimeter  which  bounds  a  given  plane  area. 

Minding  also  establishes  the  following  result.  Whatever  be 
the  surface  the  curve  required  has  this  property ;  the  cosine  of  the 
angle  between  the  osculating  plane  of  the  curve  at  any  point  and 
the  tangent  plane  of  the  surface  at  that  point  is  proportional  to 
the  radius  of  curvature  of  the  curve  at  that  point.  This  property 
has  since  been  proved  by  other  writers  who  have  discussed  the 
problem,  namely,  Delaunay,  Bonnet,  Jellett,  and  Schellbach. 

The  last  five  pages  of  the  article  are  occupied  with  an  investi- 
gation respecting  another  property  of  the  curve ;  Minding  appears 
to  have  here  fallen  into  an  error,  and  some  detail  will  be  required 
to  illustrate  the  point; 

A  geodesic  line  is  a  curve  drawn  on  a  surface  so  that  at  every 
point  its  osculating  plane  contains  the  normal  to  the  surface  at 
that  point.  Now  suppose  a  series  of  geodesic  lines  starting  from 
a  common  point  on  a  surface,  and  let  a  series  of  curves  be  drawn 
cutting  these  geodesic  lines  at  right  angles.  The  latter  curves 
may  be  called  geodesic  circles,  because  it  can  be  proved  that  the 
length  of  the  geodesic  line  drawn  from  the  common  starting-point 
to  any  point  of  one  of  these  curves  is  constant.  This  property  of 
a  geodesic  circle  from  which  its  name  is  derived  is  proved  by 
Minding,  although  he  does  not  use  this  name.  The  name 
is  used  in  Price's  Infinitesimal  Calculus,  Vol.  Ii.  and  the  pro- 
perty is  there  proved;   see  also  Bonnet's  Memoir  on  the  general 
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theory  of  surfaces  in  the  Journal  de  VEcoh  Polytechmque^  Cahier 
32,  page  74. 

The  property  then  which  Minding  considers  that  he  proves  is 
that  the  curve  of  least  perimeter  which  can  be  drawn  on  a  given 
surface  so  as  to  include  a  given  area  is  a  geodesic  circle.  This  is 
in  fact  true  for  any  developable  surface  in  virtue  of  the  remark 
aheady  made ;  but  it  does  not  appear  to  be  generally  true.  It  is 
however  remarkable  that  Bonnet  and  Schellbach,  who  both  seem  to 
allude  to  Minding's  solution,  take  no  notice  of  this  part  of  it. 

We  will  indicate  the  grounds  for  considering  this  part  of 

Minding's  article  to  be  erroneous.    Let  p  be  the  radius  of  curvature 

at  any  point  of  the  required  curve,  6  the  angle  which  the  osculating 

plane  at  any  point  of  the  curve  makes  with  the  tangent  plane  to 

the  surface  at  that  point.     Then  the  characteristic  property  of  the 

cos  0 
required  curve  is  that =  a  constant.    If  then  Minding's  result 

r 

were  correct  it  would  follow  that  this  property  must  necessarily 
belong  to  a  geodesic  circle.  Suppose,  for  example,  that  we  consider 
an  ellipsoid ;  let  the  semiaxes  be  a,  &,  c  in  descending  order  of  mag- 
nitude ;  and  suppose  we  require  the  curve  of  least  perimeter  which 
can  be  drawn  on  the  surface  so  as  to  enclose  an  area  equal  to  half 
that  of  the  ellipsoid.  It  would  appear  obvious  that  the  required 
curve  must  in  this  case  be  the  ellipse  which  has  h  and  c  for  its 

•                                                                        cos  0 
semiaxes ;  for  this  curve  satisfies  the  condition =  a  constant, 

P 

since  cos  0=0,  and  it  encloses  an  area  equal  to  half  that  of  the 

ellipsoid.  It  is  however  also  obvious  that  this  curve  cannot  be 
a  geodesic  circle,  for  if  it  were,  the  pole  of  the  circle  must  be  the 
extremity  of  the  longest  axis  of  the  ellipsoid,  and  the  lengths  of 
geodesic  lines  from  this  point  to  the  ellipse  in  question  are  not  aU 
equal. 

We  will  however  examine  Minding's  solution.  Let  a  series  of 
geodesic  lines  be  drawn  on  a  given  surface  all  starting  from  a  fixed 
point.  Let  s  denote  the  length  of  a  portion  of  one  of  these 
Pleasured  from  the  fixed  point,  -^  the  angle  which  the  selected 
geodesic  line  makes  at  starting  with  some  fixed  line  on  the  surface; 

22 


338  MINDING. 

thus  s  and  yfr  serve  as  co-ordinates  to  determine  a  point  on  the 
surface. 

Now  let  (f)  be  such  a  function  of  s  and  'yjr  that  ^dyfr  represents 
the  length  of  an  element  of  the  geodesic  circle  which  passes  through 
the  point  {s,  'f) ;  then  </>  will  he  a  known  function  because  the 
surface  is  supposed  a  given  surface.  With  this  notation  it  will 
readily  follow  that  the  length  of  the  perimeter  of  any  curve  is 

expressed  by  the  integral  j^/fJdffT~{ds)'  between  suitable  limits; 

and  the  area  of  the  enclosed  surface  is  expressed  hj  jj(t>dfds 

between  suitable  limits.     Hence  by  the  usual  considerations  we 
have  to  find  the  minimum  of 


hj\/cl^'{dfy+{dsy  +  jj(j>d'ylr  ds, 

where  A  is  a  constant. 

Minding  then  proceeds  thus.     We  have  for  determining  the 
curve  of  shortest  perimeter  the  equation 

;^8  (^f{dyiry+{dsy+  sjj^df  ds  =  o. 

For  brevity  put  c?P'=  <^'(^f)2+ (&)^  and  suppose  that  only  f 
varies  since  it  is  known  that  the  two  equations  which  are  obtained 
by  varying  s  and  '^fr  must  coincide ;  thus  we  obtain 

this  gives  the  following  as  the  differential  equation  of  the  curve  of 
least  perimeter, 

This  equation  will  be  satisfied  by  the  supposition  ds  =  0,  as  it  is 
easy  to  see.     For  it  follows  from  this  supposition  that  dP=  ^#' 

so  that  the  differential  equation  becomes  (-^j  d'f-d^=^  0,  and 

this  is  identically  true,  whether  ^  depends  on  'f  or,  as  in  some 
cases  may  happen,  is  independent  of  ^|r. 


/f 
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This  is  Minding' s  process.  It  appears  from  this  process  that 
when  we  take  the  variation  of  the  proposed  expression,  the  term 
remaining  under  the  integral  sign  is 

Hence  the  equation  for  determining  the  required  curve  is 

Minding  in  effect  multiplies  the  expression  on  the  left-hand  side 
of  this  equation  by  -jj  ,  and  then  puts  -yj  =  0  as  a  solution.  This 

is  of  course  unsound. 

We  may  put  the  solution  in  a  slightly  different  form.  Minding 
really  takes  s  as  the  independent  variable;  it  is  however  more 
natural  to  take  ylr  as  the  independent  variable.   The  double  integral 

jl(f)dylrds  may  be  reduced  to  a  single  integral  by  supposing  the 

integration  j(j>ds  effected;  denote  icj^ds   by  v,  where  v  will  be  a 

function  of  s  and  i|r.     We  have  then  to  find  the  minimum  of 

Hence  in  the  usual  way  we  obtain 

-  ,  d^                          ,  ds 
dv  ds  d    d^  _ 

Now  this  equation  cannot  be  generally  satisfied  by  supposing 
^  =  0 ;   for  this    supposition   leads    to  -y-  4-  A  -^  =  0,  that  is, 

i>  +  h  -^  =  0;  and  since  <^  is  a  function  of  s  and  ^lr  this  equation 

connects  s  and  '\fry  and  shews  that  «  is  a  function  of  i|r,  so  that 

ds  . 

^x  IS  not  zero. 

22—2 
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308.  Goldschmidt.  Determmatio  superficiei  mmimrn  rotatione 
curvcB  data  duo  puncta  jungentis  circa  datum  axem  ortce.  Auctore 
Benjamin  QoldscJimidt.     Gottingen,  1831. 

This  essay  obtained  a  prize  from  the  university  of  Gottingen  in 
1831 ;  it  occnpies  32  quarto  pages.  The  problem  discussed  is  to 
find  the  curve  joining  two  given  points  which  by  revolving  round 
a  given  axis  will  generate  a  minimum  surface.  The  problem  is 
solved  in  three  different  ways  by  using  different  formulae  for  the 
area  of  a  surface  of  revolution,  and  the  result  is,  as  is  well  known, 
that  the  surface  is  in  general  that  obtained  by  the  revolution  of  a 
catenary  round  its  base.  The  author  then  investigates  the  pos- 
sibility of  drawing  a  catenary  which  shall  have  a  given  base  and 
pass  through  two  given  points.  The  conclusion  is  that  sometimes 
two  such  catenaries  can  be  drawn,  sometimes  only  one,  and  some- 
times no  catenary.  When  no  catenary  can  be  drawn  it  is  inferred 
that  the  surface  consists  of  two  planes  formed  by  the  revolution 
round  the  axis  of  the  perpendiculars  from  the  given  points  on  the 
axis ;  these  planes  may  be  supposed  connected  by  means  of  the 
portion  of  the  axis  which  they  intercept  between  them.  There 
is  no  investigation  of  the  terms  of  the  second  order  to  shew  that  a 
minimum  really  is  obtained. 

In  the  course  of  the  essay  some  interesting  properties  of  the 
catenary  are  noticed;  thus  on  page  17  is  given  a  simple  geometrical 
method  of  drawing  a  tangent  to  a  catenary ;  on  page  18  it  is  shewn 
that  all  the  curves  formed  by  varying  the  parameter  c  in  the  equa- 

tion  2?/  =  c  (e*'  +  e" '')  touch  two  straight  lines  passing  through  the 
origin ;  on  page  26  is  given  a  simple  geometrical  method  of  deter- 
mining the  vertices  of  the  two  catenaries  which  have  a  given  axis 
and  pass  through  two  points  equally  distant  from  that  axis. 

A  short  account  of  Goldschmidt  will  be  found  in  the  Monthly 
Notices  of  the  Royal  Astronomical  Society.  Vol.  12,  page  84. 

309.  Poisson.  Crelle's  Mathematical  Journal,  Vol.  8,  pages 
361,  362.     1832. 

This  article  is  entitled  Note  on  the  surface  of  tohich  the  area 
between  given  limits  is  a  minimum.     We  give  a  translation  of  it. 

One  of  the  first  applications  which  Lagrange  made  of  the  Cal- 
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cuius  of  Variations  was  to  determine  the  surface  of  which  the  area 
between  given  limits  is  a  minimum.  This  was  a  very  favourable 
example  for  shewing  the  advantage  of  his  new  calculus  over  the  in- 
genious methods  which  had  preceded  it;  for  it  would  have  been 
difficult  to  extend  these  methods  to  the  maxima  and  minima  of 
double  integrals,  and  therefore  to  questions  concerning  surfaces. 
The  equation  which  Lagrange  found  is,  as  is  well  known,  a  partial 
differential  equation  of  the  second  order.  Monge  integrated  it  in 
a  finite  form,  but  by  considerations  which  appeared  inadmissible, 
and  which  gave  rise  to  long  discussions  between  him  and  Laplace. 
Legendre  afterwards  obtained  the^same  integral  by  a  transforma- 
tion applicable  to  a  large  class  of  equations  of  the  second  order, 
so  that  no  doubt  remained  as  to  the  correctness  of  the  result. 
(Lacroix,  Differential  and  Integral  Calculus^  Vol.  2,  page  622.) 
Unfortunately  no  advantage  could  be  drawn  from  this  integral, 
which  involved  imaginary  quantities  and  was  expressed  by  a 
system  of  three  equations  between  two  auxiliary  variables  and  the 
cuiTent  co-ordinates  of  the  surface.  But  besides  the  difficulty 
which  results  from  this  form  of  the  general  integral,  in  which  it 
appears,  to  say  the  least,  very  diflScult  to  determine  the  arbitrary 
functions,  there  is  another  difficulty  arising  from  the  number  of 
these  functions  which  the  question  can  admit. 

In  fact  the  problem  of  a  minimum  area  comprises  two  dis- 
tinct questions ;  either  two  closed  curves  are  given  and  we  require 
to  connect  them  by  a  zone  of  surface  of  which  the  area  shall  be 
the  least  possible,  or  else  only  one  closed  curve  is  given  and  we 
have  to  find  a  surface  such  that  the  area  of  the  portion  bounded 
hy  this  cm*ve  shall  be  a  minimum.  When,  for  example,  an  aper- 
ture is  made  in  the  surface  of  a  vessel  which  contains  a  fluid,  the 
area  of  the  surface  by  which  we  must  multiply  the  velocity  and  the 
time  of  the  movement  in  order  to  calculate  the  volume  of  the  fluid 
discharged  is  precisely  the  minimum  area  corresponding  to  the 
second  case  of  the  problem,  which  thus  presents  a  useful  application. 

In  the  first  case  the  question  and  the  complete  integral  which 
has  been  found  have  the  same  degree  of  generality,  and  the  two 
giyen  curves  determine  implicitly  the  two  arbitrary  functions  which 
this  integral  includes.     In  the  second  case,  on  the  contrary,  the 
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given  curve  can  only  serve  to  determine  one  arbitrary  function. 
One  of  these  functions  will  then  remain  undetermined,  and  the 
integral  will  thus  have  more  generality  than  the  question  which 
it  serves  to  solve.  If  the  given  curve  is  plane  the  surface  required 
is  the  plane  of  this  curve.  If  it  is  a  curve  of  double  curvature  this 
surface  is  not  known  a  priori,  but  it  ought  to  be  some  definite 
single  surface,  and  the  problem  is  not  solved  so  long  as  there 
remains  anything  undetermined  in  the  equation. 

In  order  to  resolve  this  diflSculty  I  have  considered  specially 
the  case  in  which  the  required  surface  does  not  deviate  much  from 
a  given  plane.  By  putting  the*!ntegral  of  the  partial  differential 
equation  under  a  form  which  differs  from  that  hitherto  used,  I  have 
found  that  the  expression  of  one  of  the  current  co-ordinates  as  a 
function  of  the  other  two  contains  terms  which  become  infinite  at  a 
point  of  the  minimum  area,  in  the  second  of  the  two  cases  of  the 
problem ;  and  these  must  be  suppressed  as  foreign  to  the  problem. 
In  the  first  case  these  terms  retain  a  finite  value  through  the  whole 
extent  of  the  zone  of  surface  which  is  to  be  determined,  so  that 
while  they  are  to  be  suppressed  in  the  other  case  they  are  to  be 
retained  in  this.  By  this  means  the  expression  for  the  ordinate 
of  any  point  of  the  surface  has  in  each  case  the  degree  of  gene- 
rality which  the  question  requires.  Then,  by  the  method  which  1 
have  used  in  other  memoirs,  all  the  arbitrary  quantities  which 
enter  into  this  expression  are  determined,  by  means  of  the  two 
limiting  curves  of  the  minimum  zone  in  the  first  case,  and  by 
means  of  the  single  curve  which  bounds  the  minimum  area  in  the 
second  case. 

In  this  manner  the  solution  of  the  problem  is  completely 
finished  in  the  two  parts  which  it  presents,  and  which  form  two 
distinct  questions  with  reference  to  the  determination  of  the  arbi- 
trary functions,  although  they  depend  upon  the  same  differential 
equation. 

The  Memoir  from  which  this  note  is  extracted  will  appear  in 
another  number  of  this  Journal. 

[The  memoir  in  question  seems  never  to  have  been  published.] 

310.  Pagani.  Crelle^s  Mathematical  Journal^  Vol.  15,  pages 
81—99,  1836. 
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This  article  is  entitled  Solution  of  a  problem  relating  to  the 
Calculus  of  Variations.  The  problem  considered  is  that  which  was 
solved  by  Gauss ;  see  Chapter  iii.  Before  considering  the  problem 
Pagani  gives  a  brief  investigation  of  the  variation  of  a  multiple 
integral.  He  arrives  at  the  formula  contained  in  Ostrogradsky's 
Memoir ;  see  Art.  128.  He  then  gives  some  remarks  on  the  inte- 
gration of  the  expressions  when  the  number  of  the  variables  does 
not  exceed  three.  The  Memoir  contains  nothing  that  will  not  be 
found  in  Ostrogradsky,  and  from  its  brevity  it  would  be  difficult 
for  a  student  who  had  not  access  to  other  works  on  the 
subject. 

311.  Bjorling.  Calculi  Variationum  Integralium  Duplicium 
Exercitationes.     Auctore  Em.  Gabr.  Bjorling.    Upsal,  1842. 

This  treatise  contains  57  quarto  pages.  The  author  refers  to 
the  memoirs  by  Poisson  and  Ostrogradsky,  and  expresses  his 
surprise  that  neither  of  these  mathematicians  applied  his  general 
formulae  to  the  question  of  determining  the  surface  of  minimum 
area.  He  proposes  to  consider  this  problem.  He  gives  by  way 
of  introduction  an  investigation  of  the  variation  of  a  double  inte- 
gral, with  some  remarks  on  the  limiting  equations  which  must  be 
satisfied  in  order  that  the  variation  may  vanish.  This  part  of  the 
treatise  is  taken  from  Ostrogradsky.  This  introductory  part  occu- 
pies the  first  19  pages. 

The  author  then  proceeds  to  the  problem  of  the  surface  of 
minimum  area,  and  he  arrives  at  the  well-known  result  that  such 
a  surface  must  be  determined  from  the  equation 

(1  +f)  t  ^  2pqs^-{l  +  2^)  r  ==  0, 

where  the  usual  notation  is  adopted.  Before  considering  this  equation 
generally  he  gives  two  special  examples  in  which  it  is  satisfied ;  one 
example  is  a  surface  of  revolution,  and  the  other  a  ruled  surface.  The 
discussion  of  these  examples  occupies  pages  20 — 28.  Then  pages 
29—50  are  devoted  to  the  solution  of  the  general  partial  differ- 
ential equation  given  above.  Bjorling  quotes  Monge's  solution; 
but  by  means  of  transforming  the  variables  he  obtains  the  solution 
^nder  another  form,  which  he  considers  more  suitable  than  that  of 
Monge  when  we  have  to  determine  the  arbitrary  functions  involved. 
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The  author  refers  for  Monge's  solution  to  Monge's  Application  de 
V Analyse  h  la  GeomStrie,  and  to  Lacroix,  TraitS  du  Calc,  Biff,  et 
Integ,  Vol.  2,  page  630.  Monge's  result  is  also  established  in 
De  Morgan's  Differential  and  Integral  Calculus^  pages  473,  474. 

The  last  seven  pages  of  the  treatise  form  an  appendix  in  which 
the  author  briefly  discusses  a  particular  case  of  the  problem  of 
determining  a  solid  which  has  a  maximum  volume  while  the  area  of 
the  surface  is  given. 

It  will  be  seen  from  this  account  of  the  treatise  that  it  con- 
tains very  little  which  strictly  belongs  to  the  Calculus  of  Variations; 
in  fact  it  should  rather  be  considered  as  an  essay  on  the  integration 
of  the  partial  diflPerential  equation  given  above.  We  may  observe 
that  the  part  of  the  treatise  which  relates  to  the  integration  of  the 
equation  is  reproduced  by  the  author  in  an  article  in  Grunert's 
Archiv  der  Mathematih  und  Physih,  Vol.  4,  pages  290 — 315,  1844. 

The  following  four  points  of  interest  mr»"  _  .  ^oed  in  the 
treatise. 

(1)  The  author  before  considering  the  general  problem  takes 
the  case  of  a  surface  of  revolution ;  he  then  arrives  at  the  known 
result  that  the  surface  must  be  that  which  is  formed  by  the 
revolution  of  a  catenary  round  its  base.  Supposing  that  the 
surface  is  to  connect  two  given  circles  which  have  their  planes 
perpendicular  to  the  axis  of  revolution  and  their  centres  on  this 
axis,  he  obtains  equations  for  determining  the  constants  involved 
in  the  equation  to  the  catenary.  He  then  asserts  that  the  surface 
thus  obtained  is  that  which  has  the  minimum  area  out  of  all 
possible  surfaces  that  can  be  drawn  so  as  to  connect  the  two  given 
circles,  and  not  merely  the  minimum  area  out  of  all  surfaces  of 
revolution.  He  does  not  explain  this  remark.  Perhaps  he  means 
that  we  are  first  to  conclude  that  in  the  case  considered  the  surface 
must  be  one  of  revolution ;  suppose,  for  example,  we  divide  it  into 
two  parts  by  a  plane  containing  the  axis,  then  if  the  two  parts  are 
not  symmetrical  one  of  them  will  generally  be  of  greater  area  than 
the  other,  we  can  then  replace  the  part  which  has  the  greater  area 
by  a  part  symmetrically  equal  to  the  other  part,  and  thus  obtain 
a  less  total  area  than  that  which  was  assigned  as  the  minimum. 
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Or  perhaps  the  author  argues  that  as  the  surface  of  revolution 
which  he  has  obtained  satisfies  the  general  partial  differential 
equation  of  the  problem,  and  also  satisfies  the  limiting  conditions, 
it  must  be  the  surface  required. 

(2)  Bjorling  discusses  another  particular  example  before  con- 
sidering the  general  equation,  namely,  among  all  surfaces  which 
can  be  formed  by  the  motion  of  a  straight  line  which  always 
remains  parallel  to  a  fixed  plane,  to  determine  that  of  minimum 
area. 

Take  the  plane  of  {x,  y)  as  that  to  which  the  generating  line 

is  always  to  be  parallel ;  then  we  have  to  find  a  relation  between 

a?,  y,  and  ^,  so  that  the  following  partial  differential  equations  may 

be  satisfied, 

^V  -  'Ipqs  -VpH  =  0, 

(l+/)i~2p^5+  (1  +2V  =  ^- 
The  result  is 

ju  —  a^{y  —h)  tan  — 7—  . 

This  result  is  however  more  general  than  appears  from  Bjorllng's 
treatise.  It  has  been  shewn  by  Catalan  that  out  of  all  ruled  sur- 
faces the  surface  determined  by  the  equation  just  given  is  the  only 
one  which  satisfies  the  condition  for  a  minimum  area ;  see  Liou- 
ville's  MathematicalJournal,  Vol.  7,  pages  203 — 211,  1842.  This 
theorem  is  also  proved  by  Bonnet  in  the  Journal  de  VEcole  Poly- 
technique^  Cahier  32,  page  134,  1848;  it  is  there  ascribed  to 
Meunier. 

(3)  In  the  appendix  which  extends  from  page  51  to  the  end, 
Bjorling  considers  the  following  problem;  among  all  surfaces  of 
revolution  to  find  that  which  has  a  given  area  and  includes  a 
maximum  volume.  He  obtains  the  differential  equation  to  the 
generating  curve,  and  shews  that  this  curve  is  that  which  is  traced 
out  by  the  focus  of  a  conic  section  when  the  conic  section  is  made 
to  roll  on  a  fixed  line.  This  result  he  states  is  due  to  Delaunay; 
and  he  refers  to  the  Journal  called  U Institute  Number  394,  1841. 

(4)  On  page  4  of  his  treatise  Bjorling  points  out  an  important 
misprint  in  Poisson  s  Memoir;  see  Art.  107. 
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312.  Bertrand.  Liouville's  Mathematical  Journal,  Vol.  7, 
pages  55 — 58,  1842. 

This  article  is  entitled  Note  on  a  point  in  the  Calculus  of 
Variations. 

Suppose  we  have  to  find  the  maximum  or  minimum  of  1  Udx, 
while  Vdx  is  to  remain  constant ;  then  the  rule  which  was  given 
by  Euler  is  that  we  must  find  the  maximum  or  minimum  of 
(Fh-  c?7)  dx  where  c  is  a  constant.     Bertrand's  object  is  to  prove 


/' 


this  rule.  He  says  that  his  proof  is  not  so  simple  as  that  which  is 
commonly  given,  and  which  involves  no  calculation ;  but  the  com- 
mon proof  appears  to  him  unsatisfactory,  for  it  only  shews  that  the 
solutions  obtained  do  satisfy  the  conditions  of  the  problem,  but  not 
that  they  are  the  only  possible  solutions. 

rb  .       Cb 

Suppose  then  that  /    Udx  is  to  be  a    maximum  while      Vdx 

rb 
remains    constant;   then  we   know    that    the   variation  8      Udx 

J  a 

must  be  zero  whenever  the   variation   8  I    Vdx   is   zero.     Sup- 

pose  for  simplicity  that  the  terms  outside  the  integral  signs  in 
the    ordinary    expressions    for    these    variations    vanish.     Then 

I  (ou  dx  must  vanish  whenever^  /  cov  dx  vanishes,  where  u  and  v 
J  a  J  a 

are  certain  functions  derived  in  the  well-known  manner  from  ZJand 
V  respectively,  and  co  admits  of  all  values. 

'  Now  it  is  obvious  that  we  can  satisfy  this  condition  by  putting 
u  —  cv,  where  c  is  a  constant ;  for  then  the  two  integrals  have  a 
constant  ratio  whatever  u  may  be,  and  therefore  they  vanish 
simultaneously.  But  we  wish  to  prove  that  this  relation  u  =  cv  is 
not  only  sufficient  but  necessary. 


Suppose  then  that  ~  is  not  a  constant,  and  let  -  =/(i^) ;  ^^^^^ 
we  shall  shew  that  there  cannot  be  a  maximum.  For  we  shall 
shew  that  it  is  possible  to  take  co  such  that  /  cov  dx  vanishes  while 

J  a 
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(ovf{x)  dx  does  not  vanish.     For  we  may  suppose  that  a>  is  zero 

J  a 

for  all  values  of  x  except  when  x  lies  between  \  and  \  or  between 
A3  and  h^ ;  then  we  can  take  o)  such  that 

I    (ov  dx-^-  j    o}vdx  =  0. 

J  hi  J  hg 

For  we  can  suppose  that  h^  —  A^  is  so  small  that  the  sign  of  v 
does  not  change  while  cc  lies  between  h^  and  h^:  and  also  that  h^—h^ 
is  so  small  that  the  sign  of  v  does  not  change  while  x  lies  between 
^3  and  h^ ;  then  we  can  make  co  have  an  unchangeable  sign  during 
each  interval,  and  choose  the  same  sign  or  contrary  signs  for  the 
two  intervals  according  as  v  has  contrary  signs  or  the  same  sign. 
By  properly  choosing  h^,  h^,  h^,  and^^  we  can  ensure  th.SLtf{x)  does 
not  change  sign  while  x  lies  between  A^  andh^  or  between  h^  and  h^, 
and  that  the  value  of  f(x)  throughout  one  of  these  intervals  is 
always  greater  than  throughout  the  other.     Thus 


I    (ovf[x)  dx  +  I     (ovfix)  dx 

J  hi       '  *  J  h^ 


will  not  be  zero  when  the  values  of  ca  are  adopted  whicb  we  have 
supposed  used  to  make 

I    cov  ax+  I    (ovi 

J  hi  J  hg 

zero.     Thus  there  is  not  a  maximum. 


)dx 


Therefore  there  cannot  be  a  relative  maximum  or  minimum 
unless  -  is  constant, 

V 

Bertrand  then  considers  the  case  in  which  the  terms  outside  the 
integral  sign  in  the  two  original  variations  do  not  vanish.  It  is 
however  unnecessary  to  notice  this  part  of  his  article ;  for  what  has 
been  already  given  shews  that  there  cannot  be  a  solution  at  all  of 

the  problem  proposed  unless  ~  is  constant,  and  the  ordinary 
method  shews,  as  Bertrand  himself  admits,  that  we  can  get  a  solu- 
tion by  supposing  -  constant. 
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313.  Bertrand.  Liouville's  Mathematical  Journal^  Vol.  7, 
pages  212—214,  1842. 

This  article  is  entitled  Note  on  a  Theorem  in  Mechanics.  The 
following  theorem  is  proved ;  let  there  be  two  curves  with  their 
concavities  downwards  and  terminated  at  the  same  extremities; 
then  a  particle  moving  mider  the  action  of  gravity  will  take  a 
longer  time  to  describe  the  upper  curve  than  the  lower  curve, 
the  initial  velocity  being  supposed  the  same  in  the  two  cases. 

Take  the  axis  oiy  vertically  downwards,  and  the  origin  so  that 
"J^gy  may  be  the  velocity  when  the  ordinate  of  the  particle  is  y. 
Then  the  time  t  of  describing  the  arc  is  determined  by  the  equation 

Now  from  the    usual  expression  for  ht   we   shall   obtain   by  re- 
duction 


J  Xq  y 


« 

Now  y"  is  positive  because  the  concavity  of  the  curve  is  sup- 
posed downwards ;  and  since  we  pass  from  the  upper  curve  to  the 
lower  by  assigning  a  positive  value  to  Sy,  it  follows  that  in  pass- 
ing from  the  upper  curve  to  the  lower  ht  is  negative.  Thus  the 
time  of  motion  is  diminished  in  passing  from  one  curve  to  another 
which  is  infinitesimally  lower ;  and  therefore  a  fortiori  the  time  of 
motion  is  diminished  in  passing  from  one  curve  to  another  which 
is  at  a  finite  distance  below  the  first,  provided  the  passage  can  be 
effected  through  a  series  of  curves  indefinitely  close  to  each  other 
all  having  their  concavities  downwards,  that  is,  provided  the  two 
extreme  curves  themselves  both  have  their  concavities  downwards. 

Bertrand  uses  the  same  method  to  shew  that  a  convex  arc  is 
shorter  than  another  which  encloses  it ;  and  he  intimates  that  the 
same  method  may  be  applied  to  shew  that  the  area  of  a  convex 
surface  is  smaller  than  the  area  of  another  which  has  the  same 
boundary  and  which  encloses  the  first. 

314.  Delaunay.  LiouviWs  Mathematical  Journal^  Vol.  8, 
pages  241—244,  1843. 
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This  article  is  entitled  Note  on  the  line  of  given  length  which 
includes  a  maximum  area  on  a  surface.  The  area  is  supposed  to 
be  bounded  on  three  sides  by  curves  which  project  on  the  plane  of 
(cc,  y)  into  straight  lines,  two  of  them  parallel  to  the  axis  of  y  and 
the  other  parallel  to  the  axis  of  x ;  the  fourth  boundary  of  the  area 
is  supposed  to  be  the  curve  required,  which  is  to  have  a  given 
length  and  to  include  with  the  other  boundaries  a  maximum  area. 

The  integral  to  be  a  maximum  is  therefore  I  dx      <%  V(l+p^+^^), 

where  the  superior  limit  in  the  integration  relative  to  y  is  the 
ordinate  for  any  point  of  the  required  curve.  Moreover  the  length 
of  the  curve  is  supposed  given. 

Thus  the  problem  coincides  with  that  discussed  by  Minding 
and  others;  see  Art.  307. 

315.  Bonnet.  Journal  de  VEcole  Polytechnique.  Cahier  32, 
pages  1—146,  1848. 

This  Memoir  is  entitled  On  the  general  theory  of  Surfaces, 
It  contains  many  interesting  results  with  respect  to  geodesic  lines, 
but  it  is  not  very  closely  connected  with  our  subject ;  there  are 
however  three  points  which  may  be  noticed  here. 

(1)  On  pages  37 — 39  the  equation  to  the  geodesic  lines  on  any 
surface  is  obtained  by  means  of  the  Calculus  of  Variations. 

(2)  On  pages  44 — 46  the  problem  is  solved  by  means  of  the 
Calculus  of  Variations  which  had  been  considered  by  Minding  and 
Delaunay  ;*see  Arts.  307  and  314. 

(3)  On  pages  134 — 136  is  a  note  relative  to  the  ruled  surface 
which  has  at  every  point  its  principal  radii  of  curvature  equal  and 
of  opposite  signs.  It  is  stated  that  Meunier  was  the  first  person 
who  proved  that  the  hSligo'ide  gauche  is  the  only  ruled  surface  which 
has  the  property  in  question.  Keference  is  made  to  solutions  by 
Legendre  and  Olivier ;  and  it  is  stated  that  other  solutions  have 
been  given  by  writers  in  Liouville's  Journal.  Bonnet  then  gives 
a  geometrical  proof  of  the  theorem  originally  established  by 
Meunier. 

Bonnet's  treatment  of  the  problems  (1)  and  (2)  by  the  Calculus 
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of  Variations  is  very  interesting,  but  it  is  too  closely  connected 
with  the  notation  and  results  of  his  Memoir  to  be  extracted. 

316.  Hornstein.  Dissertatio  de  Maximis  et  Minimis  integra- 
Hum  multipUcium  quam  pro  gradu  Doctoratus  in  celeherrima  Uni- 
versitate  JBonnensi  consequendo  elahoravit  auctor  C.  Hornstein, 
Vienna,  1850. 

This  treatise  consists  of  26  quarto  pages.  No  reference  is  given 
to  preceding  writers,  but  the  treatise  is  obviously  constructed  under 
the  guidance  of  the  memoir  by  Cauchy  which  we  have  described 
in  Chapter  viii.  Hornstein  adopts  that  modification  of  Cauchy's 
notation  which  we  have  given  at  the  bottom  of  page  214. 

The  treatise  consists  essentially  of  two  investigations.  (1)  An 
investigation  of  the  variation  of  a  double  integral :  this  is  such  an 
investigation  as  we  have  given  in  Arts.  183  and  184.  Hornstein 
gives  completely  the  terms  which  arise  from  differential  coefBcients 
up  to  the  second  order  inclusive,  and  indicates  some  of  the  terms 
which  arise  from  differential  coefficients  of  a  higher  order.  (2)  An 
investigation  of  the  variation  of  a  triple  integral ;  Hornstein  gives 
completely  the  terms  which  arise  from  differential  coefiicients  up  to 
the  second  order  inclusive.  This  is  similar  to  the  investigation 
which  we  have  given  in  Art.  195,  so  far  as  the  terms  arising  from 
differential  coefficients  up  to  the  first  order  inclusive. 

The  investigations  are  given  very  clearly,  and  the  complicated 
expressions  which  necessarily  occur  have  been  very  accurately 
printed. 

317.  Ostrogradsky,  MSmoire  sur  lea  Equations  diffSrentielles 
relatives  au  prohUme  des  Isoperimltres, 

This  Memoir  was  read  to  the  Academy  of  Sciences  at  St 
Petersburg,  on  November  29th,  1848,  and  was  published  in  1850, 
in  the  Memoirs  of  the  Academy.  The  volume  which  contains  the 
memoir  belongs  to  the  sixth  series ;  it  is  the  fourth  volume  of  the 
department  of  mathematical  and  physical  sciences,  and  the  sixth 
volume  of  the  combined  departments  of  mathematical,  physical,  and 
natural  sciences.  The  memoir  occupies  pages  385 — 517  of  the 
volume. 
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Suppose  F  to  be  a  function  of  an  independent  variable  t,  and  of 
the  variables  x^^  x^,  •••  ^m>  which  are  supposed  to  be  functions  of  t, 
and  of  the  differential  coefficients  of  these  functions  with  respect  to 
L  Moreover  suppose  that  V  involves  differential  coefficients  of 
each  function  x^,  x^, ,,,  x^  up  to  that  of  the  n^^  order  inclusive.    If 

I  Vdt  is   to   be   a  maximum  or   minimum  S  j  Vdt  must  be  zero. 

By  the  known  principles  of  the  Calculus  of  Variations  this  leads 
to  m  differential  equations  each  of  the  order  denoted  by  2n, 
Now  it  is  shewn  by  Ostrogradsky  that  these  differential  equations 
are  equivalent  to  a  certain  set  of  2mn  partial  differential  equations 
of  the  first  order.  The  object  of  the  first  part  of  Ostrogradsky 's 
Memoir  is  thus  the  same  as  that  which  was  afterwards  considered 
by  Clebsch  in  the  first  part  of  his  second  Memoir;  see  Art.  286. 

Ostrogradsky  then  enters  at  great  length  into  the  subject  of  the 
integration  of  the  equations  which  are  thus  obtained,  and  the 
consideration  of  some  remarkable  properties  connected  with  the 
equations. 

The  memoir  is  rather  difficult  and  not  very  correctly  printed. 
It  is  very  slightly  connected  with  the  Calculus  of  Variations ;  its 
proper  place  is  among  the  series  of  modern  researches  on  the 
equations  of  Dynamics,  and  on  the  theory  of  the  variation  of  the 
arbitrary  constants ;  to  these  subjects  Ostrogradsky  often  alludes. 

The  following  points  of  interest  may  be  noticed.  In  pages 
419 — 430  Ostrogradsky  makes  some  observations  on  that  part  of 
the  Mecamque  Analytique  in  which  Lagrange  deduces  the  equa- 
tions of  motion  in  Dynamics  from  the  principle  of  Least  Action 
combined  with  the  principle  of  Vis  Viva.  Ostrogradsky  says  that 
Lagrange's  analysis  is  inexact  (page  424).  The  principle  on  which 
Ostrogradsky  founds  his  objection  is,  that  by  virtue  of  the  equation 
of  Vis  Viva  there  is  a  relation  between  certain  variations  which 
Lagrange  assumes  to  be  independent  (page  423).  The  part  of  the 
Mecamque  Analytique  to  which  Ostrogradsky  refers  is  that  on  page 
296  and  the  following  pages  of  the  first  volume ;  in  one  place 
Ostrogradsky  refers  to  page  229,  which  must  be  a  misprint  for 
page  299. 
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In  pages  472—480  Ostrogradsky  applies  his  general  theory  to 
some  examples ;  these  are  of  great  use  as  illustrations  of  his  theory. 
In  a  note  he  says  that  he  omits  other  illustrations  because  he  has 
found  during  the  printing  of  his  memoir  that  it  was  possible  to 
generalise  and  simplify  these  applications,  and  also  that  the  general 
theory  could  be  simplified  and  receive  some  development ;  this  he 
promises  to  shew  in  a  future  memoir. 

On  page  512  Ostrogradsky  indicates  an  important  application 
of  a  formula  originally  obtained  by  Poisson,  which  application 
Poisson  himself  appears  not  to  have  observed. 

318.  Schellbach.  CreWs  Mathematical  Journal,  Vol.  41, 
pages  293—363,  1851. 

This  Memoir  is  entitled  Problems  of  the  Calculus  of  Variations. 
The  author  states  that  students  of  mathematics  often  find  tlie 
Calculus  of  Variations  a  difiicult  subject;  he  accordingly  considers 
some  problems  which  are  usually  treated  by  the  Calculus  of  Varia- 
tions and  solves  them  without  using  the  methods  of  that  Calculus. 
His  processes  resemble  those  which  were  used  by  the  early  writers 
who  solved  such  problems  before  the  Calculus,of  Variations  was 
reduced  to  a  system.  The  memoir  is  interesting  and  instructive, 
especially  for  a  student  who  is  examining  the  foundations  of  the 
subject. 

The  memoir  consists  of  35  sections;  we  will  indicate  briefly 
the  contents  of  these  sections,  and  then  give  some  specimens  of  the 
investigations. 

(1)  The  ordinary  formulae  for  solving  problems  of  maxima 
and  minima  are  quoted  from  the  Differential  Calculus.  (2)  A  curve 
of  given  length  is  to  be  drawn  between  two  fixed  points  so  as 
to  include  with  the  axis  of  x  and  the  bounding  ordinates  a 
minimum  area.  The  problem  is  solved  by  first  considering  the 
case  of  a  polygon,  forming  the  necessary  equations  by  (1),  and 
then  proceeding  to  the  limit.  (3),  (4),  (5)  contain  other  solutions  of 
the  problem  in  (2).  In  (6)  the  problem  is  modified  by  supposing 
that  the  ends  instead  of  being  fixed  are  to  lie  on  given  curves. 
(7)   The  problem  we  have  solved  in  Art.  99  after  Poisson.    (8)  To 
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find  the  curve  which  joins  two  given  points  and  by  revolution 
round  an  axis  in  its  plane  generates  a  minimum  surface.  (9)  To 
find  the  curve  which  by  revolution  round  an  axis  in  its  plane 
generates  a  maximum  or  minimum  volume,  the  ends  of  the  curve 
lying  on  given  curves.  (10)  A  general  discussion  which  amounts 
to  finding  the  usual  equation  for  a  maximum  or  minimum  in  any 
integral  expression  with  one  dependent  variable.  (11)  To  find  a 
curve  such  that  the  area  between  the  curve  and  its  evolute  may  be 
a  minimum.  (12)  The  solid  of  revolution  of  least  resistance.  (13), 
(14),  (15),  (16)  and  (19)  The  brachistochrone  and  allied  problems: 
(17)  The  problem  discussed  by  Minding  and  others ;  see  Art.  307. 
Schellbach  states  that  it  has  been  discussed  by  another  mathe- 
matician besides  Minding  and  Delaunay,  but  he  does  not  give 
a  precise  reference.  (18)  A  curve  of  given  length  is  drawn  on  a 
given  surface ;  find  the  curve  so  that  the  volume  determined  by  the 
curve  and  its  orthogonal  projection  on  one  of  the  co-ordinate  planes 
may  be  a  maximum  or  minimum.  (20)  A  problem  which  we  shall 
consider  presently;  see  Art.  320.  (21)  The  curve  which  has  its 
centre  of  gravity  at  a  maximum  depth.  (22)  The  curve  which 
bounds  an  area  having  its  centre  of  gravity  at  a  maximum  depth. 
Sections  (23) — (29)  contain  investigations  which  are  not  very  closely 
connected  with  the  Calculus  of  Variations ;  we  shall  recur  to  them 
again;  see  Art.  322.  (30)  To  find  a  surface  having  a  given 
boundary  and  a  minimum  area.  (31)  General  investigation  of  the 
maxima  and  minima  of  double  integrals.  (32)  General  investi- 
gation of  the  maxima  and  minima  of  triple  integrals.  (33)  and  (34) 
The  problem  which  Poisson  quotes  from  Euler,  and  the  problem 
which  Poisson  himself  considers;  see  Arts.  118—120.  (35)  The 
transformation  of  the  equations  of  motion  in  Dynamics  given  by 
Lagrange  in  the  MScanique  Analytique;  see  De  Morgan's  Differ^ 
^ntial  and  Integral  Calculus^  page  520. 

319.  As  an  example  of  Schellbach's  solutions  we  will  take  the 
problem  of  determining  the  brachistochrone  when  a  particle  moves 
in  a  resisting  medium  under  the  action  of  gravity ;  see  section  (14) 
^f  the  memoir. 

Instead  of  supposing  the  particle  to  describe  a  curve  we  will 
;  suppose  it  to  describe  a  polygon  of  n  sides,  each  side  being  ulti- 

23 
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mately  made  indefinitely  small.  Take  the  axis  of  x  horizontal, 
and  that  of  y  vertically  upwards.  Let  x^^  y^  he  the  co-ordinates 
of  the  initial  point;  x^,  y^  the  co-ordinates  of  the  beginning  of  the 
second  side  of  the  polygon;  x^,  y^  the  co-ordinates  of  the  begin- 
ning of  the  third  side  of  the  polygon ;  and  so  on.  Let  Is^  be  the 
length  of  the  first  side  of  the  polygon,  v^  the  velocity,  supposed 
uniform,  with  which  it  is  described ;  let  hs^  be  the  length  of  the 
second  side  of  the  polygon,  v,  the  velocity,  supposed  uniform, 
with  which  it  is  described ;  and  so  on.  Then  the  whole  time  of 
motion  is 

— ^i i r +  • • 

•^0  ^1  '^2  ^^-1 

We  have  then  to  make  this  time  of  motion  a  minimum. 

We  must  first  however  determine  the  connexion  between  the 
velocity  at  any  point  and  the  co-ordinates  of  that  point,  by  me- 
chanical principles.  Suppose  a  particle  to  be  moving  on  a  curve ; 
let  p  denote  the  reaction  of  the  curve,  gw  the  resistance  where  w  is 
any  function  of  the  velocity ;  then  the  equations  of  motion  are 
dJ^x         dy  dx       d\  dx  dy 

Eliminate  p  from  these  equations ;  thus 

dv^=^  —  2gdy  —  2gw  ds. 
Assume  v"^  =•  2gu,  so  that 

du'\-dy-\-wds  =  () v-J* 

Now  let  us  return  to  the  supposition  that  the  motion  is  to  take 
place  on  a  polygon  and  not  on  a  curve ;  then  from  the  equati^" 
last  written  we  obtain  the  following  n  equations^ 


Lon 


(2). 


The  expression  to  be  made  a  minimum  is 

^^ifl    ^ ,,      ^^n-i 

V«*0        "J^t        V^n-i' 
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which  we  shall  denote  by  T,   Then  we  may  consider  T  as  a  function 

of  2n  unknown  quantities,  namely  x^,  y^,  x^,  y^, ,  x^_^,  y^^^ 

and  we  must  determine  the  values  of  these  quantities  so  that  T  may 
be  a  minimum.  Now  by  the  ordinary  principles  of  the  Differential 
Calculus  we  may  use  the  method  of  indeterminate  multipliers  in 
order  to  take  account  of  the  conditions  expressed  by  the  equations 
(2).  So  that  we  may  consider  we  have  to  find  the  minimum  value 
ofr+Sx,ii;,  where 

M^  =  u,^^  -  w,  +  yr^^  -y,-\-w, Is,, 

\  is  a  constant,  and  the  summation  indicated  by  S  extends  from 
r  =  0  tor=n— 1  both  inclusive.  We  shall  now  differentiate 
T+  %\M^  with  respect  to  each  variable,  and  equate  each  differ^ 
ential  coefiicient  to  zero.  Let  us  take  for  example  the  variables 
x^  and  y/,  each  of  these  occurs  in  hs,  and  in  hs,_^ ;  for 

(S5,_J'  =  [x,  -  a?,_J'+  {yr  -  yr-d\ 

and  {hrf  =  {x,^^  -  x,y  +  (y.+i  -  VrT ; 

moreover  y,  occurs  explicitly  in  M,  and  in  M,_^.  Thus  by  differ- 
entiating with  respect  to  x,  we  get 

where  hx,^^  is  ^ut  for  x,  -  x,_^  and  hx,  for  x,^^  -  x^. 
The  above  equation  may  be  written 

therefore  by  proceeding  to  the  limit  and  integrating  we  obtain 

\    dx  ,  ^      dx  /qx 

^Ju  as  as 

where  a  is  a  constant.    Here  we  have  dropped  the  suffix  r  - 1,  that 

isj  we  use  u,  w,  X,  ^-  ,  as  representing  any  one  of  the  corresponding 

Ci^antities  with  its  appropriate  suffix. 
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In  the  same  manner  by  differentiating  with  respect  to  y^  we 
obtain 

this  equation  may  be  written 


"r-i 


therefore  by  proceeding  to  the  limit  and  integrating  we  obtain 

T,i-^%--'^ «. 

where  J  is  a  constant. 

Equations  (3)  and  (4)  are  the  differential  equations  of  the 
problem;  they  agree  with  the  results  obtained  by  the  ordinary 
methods ;  see  for  example  Mr  Jellett's  treatise,  pages  298 — 300. 

From  (3)  and  (4)  eliminate  X;  then  with  the  help  of  (1)  we 
shall  obtain 

/du 
77 T^ H' 
{(5.H-^)-«^(l-.^)}- 

/w  (bw  +  --r]du  - 
V          VW                      _  f _ 

As  w  is  supposed  a  given  function  of  u  we  obtain  from  these 
two  equations  x  and  y  as  functions  of  an  auxiliary  variable  w. 

320.  In  Schellbach's  twentieth  section  the  following  problem 
is  proposed.  The  ends  of  a  string  of  length  I  are  fastened  at  the 
points  A  and  B ;  the  ends  of  a  string  of  length  \  are  fastened  at  the 
points  A'  and  B\  The  four  points  A,  B,  A\  B'  are  not  supposed 
to  be  all  in  the  same  plane.  A  straight  line  passes  from  the 
position  AB  to  the  position  A'B'  so  that  it  moves  over  the  threads 
I  and  \  in  the  same  time  with  uniform  velocity,  and  thus  describes 


du 
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a  developable  surface.     Kequired  to    determine  the  forms  of  the 
strings  so  that  this  surface  may  be  a  maximum  or  a  minimum. 

This  problem  requires  some  observations. 

It  is  no  doubt  meant  that  the  straight  line  is  to  pass  from  the 
position  AA'  to  the  position  BB',  and  not,  as  it  is  stated  above,  from 
the  position  AB  to  the  position  A'B\ 

The  meaning  of  the  problem  is  best  understood  by  examining 
the  process  of  solution  which  the  author  adopts.  Let  P,  Q  denote 
adjacent  points  of  one  of  the  strings,  and  P',  Q'  corresponding 
adjacent  points  of  the  other  string.  Let  a  generating  line  be 
drawn  from  P  to  P' ;  let  the  end  at  P  be  supposed  fixed,  and  let  the 
line  turn  round  this  «nd  remaining  always  in  contact  with  P'Q' ; 
thus  an  indefinitely  small  conical  element  is  generated.  Next  let 
the  end  of  the  line  at  Q"  be  supposed  fixed,  and  let  the  line  turn 
about  this  end  remaining  always  in  contact  with  PQ ;  thus  another 
indefinitely  small  conical  element  is  generated.  Now  it  is  the  sum 
of  all  these  pairs  of  elements  which  the  author  proposes  to  make  a 
maximum  or  minimum.  These  elements  do  not  form  a  continuous 
developable  surface  in  the  ordinary  meaning  of  such  a  term ;  for 
that  would  require  that  the  following  three  lines  should  be  in  one 
plane,  the  line  PQ,  the  tangent  to  the  guiding  curve  at  P,  and  the 
tangent  to  the  guiding  curve  at  Q,  and  there  is  nothing  in  Schell- 
hach's  solution  to  secure  this.  Moreover  there  is  nothing  in  the 
solution  corresponding  to  the  condition  of  moving  with  uniform 
velocity  over  the  two  curves,  which  occurs  in  the  statement  of  the 
problem;  the  connexion  between  the  lengths  of  the  two  curves 
described  by  the  moving  line  in  passing  from  its  initial  position  to 
^ny  other  position  is  in  fact  one  of  the  things  sought  in  the 
solution. 

Let  X,  y,  z  be  the  co-ordinates  of  one  end  of  the  moving  line,  s 
the  length  of  the  portion  of  the  string  which  has  been  described ; 
^^^  E  Vi  ?  he  the  co-ordinates  of  the  other  end  of  the  moving  line,  a- 
the  length  of  the  curve  which  has  been  described.  Let  r  denote 
Ae  distance  of  {x,  y,  z)  from  (^,  ^,  ?) ;  if  the  first  end  of  the  line 
nioves  over  an  arc  ds  while  the  other  end  remains  fixed,  the  area 
^i  the  element  of  surface  generated  will  be  ultimately 
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similarly  if  the  second  end  of  the  line  move  over  an  arc  d<y  while 
the^  first  end  remains  fixed,  the  area  of  the  element  of  surface 
generated  will  be  ultimately 


r^v^-(iy- 


Thus  since  the  lengths  of  the  guiding  curves  are  to  be  constant, 
we  have,  by  the  usual  considerations,  to  find  the  maximum  or 
minimum  of 

where  m  and  im  are    constants.      Schellbach  then  expresses  r, 

•J-,   ^  J  ^-^  ^nd  da-  in  terms  of  a?,  y,  0,  ^,  1;,  ^  and  their  differentials ; 

then  by  equating  the  coefficients  of  the  variations  to  zero  in  the 
usual  way  he  obtains  equations  for  determining  the  required  curves. 
The  equations  he  obtains  are  susceptible  of  integration  to  a  certain 
extent,  but  the  problem  cannot  be  completely  solved. 

Schellbach  next  considers  a  modification  of  the  problem ;  he 
supposes  that  one  of  the  curves  is  replaced  by  a  straight  line  of 
given  length  and  position,  and  that  the  other  curve  is  to  be  deter- 
mined so  as  to  make  the  area  a  maximum  or  minimum.  The  solu- 
tion of  the  problem  in  this  form  can  be  carried  a  little  further  than 
the  solution  of  the  original  problem. 

321.  In  his  twenty-first  section  Schellbach  suggests  a  problem 
which  it  will  be  instructive  to  examine. 

^  ^05  IS  a  string  of  given  length  which  is  fastened  at  A  and  B\ 
see  figure  9 ;  A'C'B'  is  another  string  of  given  length  fastened  at  i' 
and  B']  CDC  is  another  string  of  given  length,  the  ends  of  which 
are  constrained  to  lie  on  the  former  strings.  Eaeh  string  is  supposed 
uniform,  but  the  weight  of  a  unit  of  length  is  not  necessarily  the  same 
for  all  the  strings.  Eequired  the  forms  of  the  curves  in  order  that 
the  centre  df  gravity  of  the  system  may  be  at  a  maximum  depth. 
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We  know  from  Statics  that  the  curves  will  all  be  portions  of 
catenaries ;  and  from  Statics  we  can  obtain  certain  equations  for 
determining  the  constants  involved  in  the  equations  to  the  catenaries. 
But  the  point  of  interest  is  to  deduce  these  equations  by  means  of 
the  Calculus  of  Variations.  ^ 

Take  the  axis  of  ?/  vertically  downwards,  and  put^  for  -^^ .   Let 

w^,w^,  Wq  be  the  weights  of  a  unit  of  length  of  the  strings  ACB, 
A'G'B'y  GDC  respectively.  Then  we  require  that  the  following 
expression  should  be  a  maximum, 

^1  jy  V(l  +/)  dx  + 10^  ly  V(l  4- p')  dx  +  wAy  V(l  +  /)  dx, 

where  the  three  integrals  extend  respectively  over  all  the  elements 
of  the  three  curves.  And  the  length  of  each  curve  is  a  constant. 
Hence  the  following  expression  is  to  be  added  to  the  former, 

^1  /V(l  +  /)  dx  +  aAsJ{l  +/)  dx  +  aA^J{l  +/)  dx  ; 

and  the  whole  made  a  maximum,  a^^a^^  a^  being  constants,  and  the 
three  integrals  extending  over  all  the  elements  of  the  three  curves 
respectively. 

We  then  make  the  variation  of  the  whole  vanish.  This  varia- 
tion consists  as  usual  of  terms  under  the  integral  signs  and  terms 
outside  the  integral  signs. 

The  terms  under  the  integral  signs  vanish  If  we  suppose  equa- 
tions to  hold  of  which  the  type  is 

{wy  +  a)  V(l  +/)  =  ^J[x+/f"  ^  ^^^^^^'^^^ 
that  is, 

ijT^^ Ir  =  constant. 

V(l  +/) 

In  this  equation  w  and  a  are  to  have  the  specific  value  belonging 
to  the  specific  arc  we  are  considering ;  the  constant  is  not  necessarily 
the  same  throughout,  but  will  generally  have  five  different  values 
corresponding  to  the  five  arcs, 

AC,     CB,    AG',     G'B\     CDG\ 
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The  general  relation  just  obtained  shews  that  each  of  these  five  arcs 
is  a  portion  of  a  catenary. 

Now  consider  the  terms  outside  the  integral  signs.  We  adopt 
the  usual  supposition  that  both  x  and  y  vary,  and  we  denote  by 
Ix^  and  hy^  the  variations  of  the  point  G.  Then  Ix^  and  ly^  will 
occur  in  three  ways,  arising  from  the  three  curves  which  meet  at  (7. 
The  complete  term  involving  hy^  will  be 

Zy^{L^M-^B\ 
where  L,  M,  N  are  respectively  the  values  at  the  point  G  of  the 
expression  of  which  the  type  is  ^^.  ,  ^if  ?  obtained  from  the  curves 
AG,  GB,  GD  respectively. 
Thus  the  equation 

agrees  with  what  we  should  obtain  from  the  statical  principle  of 
equating  the  sum  of  the  vertical  tensions  at  G  of  the  two  upper 
curves  to  the  vertical  tension  of  the  lower ;  for  the  value  of  ^  found 
from  the  curve  5(7  at  (7  is  negative. 

Similarly  by  equating  to  zero  the  coefficient  of  hx^  we  shall 
obtain  an  equation  coincident  with  that  which  we  should  obtain 
from  the  statical  principle  of  equating  the  sum  of  the  horizontal 
tensions  of  the  curves  BG  and  GD  at  G  to  the  horizontal  tension 
of  the  curve  GA. 

We  have  theoretically  enough  equations  to  determine  the  con- 
stants. For  we  have  five  constants  from  the  general  relation  whicli 
we  have  found  above  when  it  is  applied  to  the  five  arcs,  and  five 
more  constants  would  be  introduced  by  integrating  that  general 
relation;  we  have  also  the  three  constants  a^,  a^,  a^;  thus  there  are 
thirteen-  constants  on  the  whole.  Now  we  have  found  two  equa- 
tions among  the  constants  from  the  conditions  which  subsist  at  6, 
and  similarly  we  should  obtain  two  more  equations  from  the  con- 
ditions which  subsist  at  C;  the  four  fixed  points  A,  B,  A',  S, 
furnish  four  equations;  the  known  lengths  of  the  curves  furnish 
three  equations;  the  fact  that  three  arcs  intersect  at  G  furnishes 
one  equation,  and  the  fact  that  three  arcs  intersect  at  G*  furnishes 
one  equation.    Thus  on  the  whole  we  have  thirteen  equations. 
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322.  From  page  336  to  page  347  of  Scliellbach's  memoir  is 
occupied  with  the  investigation  of  some  simple  maxima  and  minima 
problems  in  mechanics  and  optics ;  this  part  of  the  memoir  is 
interesting,  though  very  slightly  connected  with  the  Calculus  of 
Variations.  The  following  example  may  be  taken  as  a  specimen 
of  these  investigations.  Suppose  we  require  the  form  of  a  solid  of 
revolution  of  given  mass  which  shall  exert  the  greatest  attraction 
in  a  given  direction  on  a  given  particle,  the  attraction  varying  as 
any  inverse  power  of  the  distance. 

Take  the  given  particle  as  the  origin  and  the  given  direction 
as  the  line  from  which  to  measure  angular  distance ;  let  r,  ^  be  the 
polar  co-ordinates  of  any  point  in  a  fixed  plane  passing  through 
the  given  direction.  Then  if  the  attraction  vary  as  the  n*^  power 
of  the  distance  the  attraction  of  an  element  whose  co-ordinates  are 
r  and  6  may  be  denoted  by  /^r";  and  the  resolved  part  of  this  at- 
traction in  the  given  direction  will  be  [ir'^  cos  0.     Hence  the  equation 

fjbv''  cos  6  —  constant 

represents  a  curve  such  that  a  given  element  placed  at  any  point 
of  it  will  exert  the  same  attraction  on  the  given  particle.  Hence 
this  equation  represents  the  curve  which  by  revolving  round  the 
fixed  direction  will  generate  the  required  solid  of  maximum 
attraction,  the  constant  being  determined  so  as  to  give  to  the 
solid  the  prescribed  volume.  It  is  obvious  that  such  is  the  case 
because  the  surface  we  thus  obtain  separates  space  into  two  parts, 
and  any  particle  outside  the  surface  exercises  a  less  attraction  than 
it  would  if  placed  within  the  surface,  n  being  supposed  negative. 

The  result  we  thus  obtain  may  of  course  also  be  obtained  by  the 
ordinary  methods  of  the  Calculus  of  Variations. 

323.  In  pages  357 — 360  of  the  memoir  we  have  an  interesting 
application  of  the  Calculus  of  Variations  which  Schellbach  states 
that  he  has  taken  from  a  memoir  by  Jacobi  in  the  36th  volume  of 
^relle's  Mathematical  Journal.  We  will  explain  this  application 
rather  more  fully  than  Schellbach  does. 

Suppose  in  the  triple  integral  jj  I  Gdxdi/dz  that  6^  is  a  function 

^^  ^y  i/j  ^,  V,  ~  ,  —  ,  ~i  where  v  is  a  function  of  a?,  y,  z.    Now 
ax     ay     az 
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suppose  that  x,  y,  z  are  expressed  in  terms  of  new  variables  X,  /i,  v 
by  means  of  the  equations 

then  V  becomes  a  function  of  X,  fi,  v,  which  we  shall  denote  by  0, 

and  G  becomes  a  function  of  X,  /^,  i^,  ^  ,  ^  ,   -^  ,  which  we  shall 

denote  by  T.  Then  by  the  known  theory  of  the  transformation  of 
multiple  integrals  we  obtain 

(lJGdxdydz=^IJJTUd\dfidp  (1), 

where  11  is  a  known  expression  which  involves  the  differential 
coefScients  of  x,  y,  z  with  respect  to  X,  /a,  v,  so  that  11  is  in  fact  a 
known  function  of  X,  fi,  v.  Now  take  the  variations  of  both  mem- 
bers of  this  equation ;  these  variations  will  be  equal,  and  the  unin- 
tegrated  portions  will  be  separately  equal.  Thus  we  obtain  the 
result 

{{{q  Sv  dx  dy  dz  =  \{{r  ^  d\  dfju  dv, 

where  Q  is  an  expression  derived  in  the  well  known  way  from  <t, 
and  J?  is  similarly  derived  from  m.  Now  change  the  variables 
in  the  integral  on  the  left-hand  side  of  the  equation ;  thus 

\\\q^  ^v  d\  dfi  dp  =  jjJE  B(}y  dx  dfi  dv. 

Now  hv  is  the  same  thing  as  8^,  and  is  perfectly  arbitrary,  so 
that  we  obtain  from  the  last  equation 

This  equation  written  at  full  becomes 

da 


dv    d  mdr\    d  /Jidvx d_ 

d^     d^l   .d±]     ^/^(^#)      ^^1 
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This  transformation  will  sometimes  be  of  use ;  and  It  Is  obvious 
that  we  might  proceed  in  a  similar  way  with  a  multiple  integral  of 
any  order  as  we  have  proceeded  with  a  triple  integral ;  or  we  might 
suppose  differential  coefficients  of  a  higher  order  than  the  first  to 
occur  in  G. 

For  an  example  we  will  apply  the  formula  to  the  transformation 

,      d'v  ^  d\  ,  d'v 
of  the  expression  ^  +  ^+^. 

x=\  cos  fi,    y  =  \  sin  fi  cos  v,     ^  =  X  sin  yu,  sin  v. 

Then,  using  v  instead  of  its  equivalent  <j>,  we  have 

dv      dv  dx     dv  dy      dv   dz 
d\  "^  dx  dx      dy  dX      dz  d\ 

dv  dv   .  dv    ,         , 

=  -^  cos  jL6  4-  -T-  sm  a  cos  i/  4-  -7-  sm  u  sm  v, 
dx  dy  dz        ^ 

dv  ^dv  dx      dv  dy      dv  dz 
d/M     dx  djjb     dy  djju     dz  d/ju 

dv  ^     ,  dv  ^  dv . 

=  —  —  X  sm  i^+  -T~X  cos  fi  cos  V  +  -j-x  cos  /a  sm  v, 

dv  ^dv  dx     dv  dy     dv  dz 
dp     dx  dv     dy  dv     dz  dv 


dv  ^    ,         .  dv  ^    , 

— r-  X  sm  AC  sm  1/  +  -7-  A  sm  /A  cos  v, 
dy  ^  dz  ^ 


dvY  .    I   fdvV  .         1    '    (M^^  f^W  f—W  (^ 
X'sin>  \dv)       [dxj  "^  [dy)  "^  [dz, 


Thus  we  obtain 


d\)  +  V  [dfi>  "^ 


And  In  the  present  example  11  =X'^sin/^;  thus  we  obtain  from  (1) 
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Then  from  the  general  formula  (2)  after  division  by  X*  sin  fi  we 
obtain 


cf^v     d%     d^v 
1 


X^  sin  fjb 
1    d 


[d 
d\ 


i^^'^^S) 


dv\       d   /  .        dv\       d  /    I     dv 
dfM\  dfij      dv\smfjudvj^ 


d 


X^  dX  \     dx)      X^  sin  fi  dyi,  \ 


i'^^i) 


+ 


1        d'v 
X^Bm^fi  dv^ 

d\ 


_  1_  d'^  (Xv)  1        d_f.        dv\     1 

X    dX        X^dufid/uLX  dfjb)      X^sm^fidv^' 

Thus  we  obtain  the  well-known  transformation  first  given  by 
Laplace. 

As  another  example  let  it  be  proposed  to  transform  -7-^  +  -7-2 

into   an   expression    involving  r  and   0,   where   x  =  r  cos  0  and 
y  =  r  sin  ^. 


Here 


dz  __dz  dx     dz  dy  _^        ^dz        .    ^  dz 
dr     dx  dr     dy  dr  dx  dy ' 


dz 


dz  das     dz  dy  ,    ^dz  ^  dz 

=  3~":j^  +  "T^":^  =  ~"^sin^-7-  +  r  cos  0  -7- . 


dx 


Thus 


d0     dx  d0  ^  dy  d0 

fdzV      /dz_V  __  fdz\^     2.  f^lS 
[dxj  "^  [dyj  ""  [drj  +  r'  \d0) 

Therefore  as  in  (1) 

//{(i)V(l)]-*=// 

Then  as  in  (2)  we  obtain 
dx^     dy^     r  \dr  \ 


dy' 


\dr)  "^  r'  [d0, 


'drd0. 


r  -T-^+^{zi^)\'=^  +  z£-^p^' 


dz 
dr, 


d0\rd0 


d^z      1  dz 
dr^      r  dr 


Thus,  as   Schellbach  observes,    the  transformation    used  by 
Polsson  can  be  readily  effected.     See  Art.  119. 
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324.  Spitzer.  Grunert's  Archiv  der  Mathematik  und  Physik, 
Vol.  23,  pages  125,  126.     1854. 

This  article  is  entitled  Note  on  the  shortest  lines  on  curved 
surfaces. 

When  a  curved  surface  can  be  divided  by  a  plane  into  two 
symmetrical  portions  the  intersection  of  the  plane  and  surface,  when 
an  intersection  exists,  is  in  general  a  line  of  minimum  length  on  the 
surface. 

The  proof  is  very  simple.  Suppose  in  fact  that  the  equation 
to  such  a  surface,  which  is  divided  symmetrically  by  the  plane 
of  xz,  is 

For  a  minimum  line  on  the  surface  we  must  have  the  integral 

a  minimum.     Put  then  dz  =  pdx  +  qdy,  so  that 
8  =  y[da?  +  dif  +  {jpdx  +  qdyf] 

^y{l+y-+{p^qyy]dx; 

then  the  condition  for  a  maximum  or  minimum  is 

^V{l+.y"+(p  +  g.y')n  _  \dsl\l+y''+{p  +  qyr}l '_ 

dy  L  dy-  J-"' 

this  gives 

this  may  be  reduced  to 

y  +  q{p  +  qy')']  V(l  +  y'  +  {!>  +  qyj] 

=  y  +  {;>  +  iy')ql  [V{i  +y'  +  {p  +  qyj]]'. 

This  equation  is  satisfied  when  y~0;  for  if  y  =  0,  so  are  also 
3^'«0,  y'  =  0,  and  2  =  0. 
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As  a  sphere  is  divided  symoietrleally  by  any  pkne  which 
passes  through  its  centre,  any  great  circle  of  a  sphere  is  a  line  of 
maximum  or  minimum  length. 

325.  Heine.  Crelle's  Mathematical  Journal,  Vol.  54,  page 
388.     1857. 

This  article  is  entitled  Lagrange  s  Theorem.  It  consists  of 
a  proof  of  Lagrange's  Theorem  by  the  method  previously  used 
by  the  author  for  establishing  Jacobi's  Theorems;  see  Articles 
296,  297. 

Let  3/-V(2/)=^-- W; 

let -^(3;)=^  denote  any  function  ofcc,  and  denote  the  differential 
coefficients  oi z  with  respect  to  x  by  z\  z\ 

Then 

If  then  ^  {x)  be  any  function  of  x  whatever, 

\\{x)^{x^hf{x)\dx^\\^^^ 

(2). 

Put  y  for  X  on  the  left-hand  side  of  (2) ;  then  it  becomes 

\^{^))^{y-hf{y)\dy, 

and  therefore  by  (1), 

j^<t>{y)zdy, 
and  therefore 

where  a  =  a-A/(a),     IB^h^hf{h). 

If  A  be  small  enough,  at  least  a  portion  of  the  interval  between 
a  and  h  will  coincide  with  a  portion  of  the  interval  between  a  and  p* 
Let  z  be  so  varied  that  within  this  common  interval  Bz  may  have 


J  a 


J  a 
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any  arbitrary  value  and  "be  zero  beyond  it.  The  variation  of  the 
right-hand  member  of  (2)  will  consist  of  terms  free  from  the  integral 
sign  together  with 

B  8z  dx, 


I 

J  a 


where 

And  since  we  must  have  within  the  common  interval 


JBBzdx  =  J8z^<j>{i,)dx, 


therefore  ~^  ^{y)  ==  ^' 

This  is  in  effect  Lagrange's  Theorem. 

326.  Giesel.  GescMchte,  der  Variationsrechnung .  Emladung" 
sckrift  zu  der  Feier  des  Schroder schen  Stifts-Actus  tm  Gymnasium 
zu  Torgau  am  5  Ajpril^  1857.     Torgau,  1857. 

This  is  the  first  part  of  a  History  of  the  Calculus  of  Variations. 
It  occupies  45  quarto  pages,  and  details  the  history  of  the  sub- 
ject from  its  origin  until  the  publication  of  Lagrange's  memoir  in 
the  Miscellanea  Taurinensia  in  1762.  It  is  a  valuable  work,  and 
contains  numerous  quotations  and  exact  references  to  the  original 
sources.  It  resembles  in  some  degree  the  well-known  work  of 
WoodHouse,  but  it  is  less  didactic  and  more  purely  historical. 

There  is  a  brief  notice  of  this  treatise  by  Schlomilch  in  the 
Zeitschrift  fur  Mathematik  und  Physilc^  1857,  Liter aturzeitung^ 
page  60.     Schlomilch  commends  the  treatise  highly. 

327.  Loffler.  On  the  Method  of  finding  the  greatest  and  least 
values  of  undetermined  integral  expressions. 

This  article  is  printed  in  the  34th  volume  of  the  Sitzungsherichte 
of  the  Academy  of  Sciences  at  Vienna,  1859.  It  occupies  30  octavo 
pages.     The  article  consists  principally  of  remarks  on  the  brachi- 
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stochrone  problem ;  the  remarks  appear  of  no  value,  but  seem  to 
indicate  that  the  writer  has  imperfectly  grasped  the  subject. 

328.  Lindeloef.  New  demonstration  of  a  fundamental  theorem 
of  the  Calculus  of  Variations, 

This  article  was  published  in  the  Comptes  Bendus...de  r Academic 
des  Sciences.    Vol.  50,  1860,  pages  85 — 88. 

The  fundamental  theorem  referred  to  is  one  given  by  Ostro- 
gradsky,  which  was  also  proved  by  Cauchy;  see  Arts.  127  and 
190.  The  object  of  Lindeloef 's  article  is  to  establish  this  theorem 
by  the  method  used  by  Poisson,  in  the  case  of  two  independent 
variables :  see  Arts.  102  and  103.  We  will  give  a  translation  of 
Lindeloef 's  article. 

It  is  known  that  the  variation  of  an  integral  can  be  presented 
under  two  forms,  according  as  we  do  or  do  not  vary  the  inde- 
pendent variables  as  well  as  the  unknown  functions.  We  propose 
to  establish  the  first  form,  using  only  the  principles  of  the  differ- 
ential calculus. 

We  adopt  the  method  which  Euler  introduced  into  the  calculus 
of  variations,  and  thus  regard  every  unknown  function  as  involving 
an  arbitrary  parameter  i,  and  the  variation  of  the  function  means 
its  difierential  coefficient  with  respect  to  this  parameter.  We  re- 
gard the  variables  x,  t/,  z,  ,.,  t,  as  unknown  functions  of  other  inde- 
pendent variables  f ,  17,  ?',...  r,  and  of  the  parameter  i,  and  the 
variations  of  x,  y,  z, ...  t,  mean  their  differential  coefficients  with 
respect  to  the  parameter  i. 

Thus  any  unknown  function  u  of  the  variables  x,  y,  z,  ,,.  t,  is 
susceptible  of  two  kinds  of  variations,  since  it  depends  upon  the 
parameter  i  directly  as  well  as  by  means  of  these  variables,  and  it 
is  advisable  to  distinguish  them  by  a  difference  of  notation.  The 
partial  differential  coefficient  of  u  with  respect  to  t  we  shall  call  the 
proper  variation  of  u,  and  we  shall  denote  it  by  Bu ;  the  total  dif- 
ferential coefficient  of  u  with  respect  to  i  we  shall  call  the  total 
variation  of  u,  and  we  shall  denote  it  by  Du,  This  distinction 
does  not  exist  with  respect  to  the  variables  x,  t/,  z, ...  t^  and  we 
might  use  either  symbol  i>  or  S  for  their  variations;  we  shall 
adopt  the  latter  symbol. 
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We  now  propose  to  investigate  the  variation  of  a  multiple 
integral 

S=  \\\.,,vdxdydz  ... 

when  the  limits  are  variable  hut  continuous.  For  this  purpose  we 
first  replace  the  variables  a?,  3/,  ^,  ... ,  by  others  ^^rj^  §", ... ,  which 
we  suppose  connected  with  the  first  by  the  differential  equations 

dx  =  a^d^  +  a^dr)  +  a^d^-\- . . .  +  a^dr^ 
dy  =  h^d^  +  \dr)  +  h^di^-\-  . , .  +  Kdr, 
dz  =Cjd^  +  c^dr)  +  Cgrff  +  ...  -\-CndT, 


dt  =  \d^  +  h^drj  +  \d^+  . . .  +  Jijlr. 
Denote  for  shortness  by  the  letter  T  the  determinant 

formed  from  the  coefficients  in  these  equations ;  then  the  integral 
may  be  transformed  into 


S"=[f[...  nd^d^^d^,.. 


With  respect  to  the  limits  of  the  two  integrals,  if  the  first  is  to 
extend  over  all  the  values  of  x,  y,  z^ ...  ^  which  render  a  certain 
function  L  negative,  the  second  should  extend  over  all  the  values 
^^  ?j  ^)  Si  •••)  which  render  A  negative,  where  A  is  what  L  becomes 
by  the  change  of  the  variables. 

As  we  suppose  the  limits  of  the  proposed  integral  to  be  variable, 
L  is  a  function  of  x^y^z^ ...  the  form  of  which  changes  with  the  para- 
meter i,  which  gives  rise  to  the  proper  variation  hL.  But  we  can 
dispose  of  the  arbitrary  functions  8a?,  hy^  Bz,...,  so  as  to  render  the 
total  variation  of  i  zero,  so  that 


^  T  .  dL  -.       dL  -,       dL  ^  dL  ^ 

dx  ay    *^       dz  at 


24 


370  LINDELOEF. 

Under  this   condition  the  limits  of  the  new  integral  8'  will 
not  change  with  i;  its  total  variation  will  therefore  he 

and  it  only  remains  to  develop  DT.  We  observe  then  that  the 
partial  differential  coefficients  a,  b,  c, ...,  with  which  the  determi- 
nant T  is  made,  must  be  of  the  nature  of  the  preliminary  functions 
cc,  y,  55, ... ,  from  which  they  spring,  and  they  must  consequently  be 
regarded  as  functions  of  f,  -?;,  f, ...  ,  varying  with  the  parameter  i 
We  have  therefore  immediately 

In  order  to  determine  the  sum  S  j-  Ba,  we  introduce  n  auxiliary 
quantities  a^,  ct^,  a^,  "*  otn,  by  the  equations 

^A  +  a^cc^  +  %rx^  +  . . .  +  c»„a„  =  1, 

c^a^  +  c^otg  +  Cgag  +  ...  +  c^a^  =  0, 


\a^  +  \%  +  \%  +  . . .  +  K^n  =  0. 

Solve  these  with  respect  to  a^ ;  thus  we  obtain 

aiT  =  S(±V3-^n), 

which  shews  that  the  product  a^T  does  not  involve  any  of  the  quan- 
tities a.    We  can  prove  the  same  thing  with  respect  to  the  products 

From  the  identical  equation 
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we  obtain  immediately 

^  =  aT    ^  =  aT    ^  =aT  ....—=«  T. 

da^       ^   '    da^       ^   '    da^       ^   '""^da^       " 

On  the  other  hand,  if  we  regard  Sx,  Sy,  S^,  ...,  as  immediate 
functions  of  a?,  y,  ^,  ... ,  we  shall  evidently  have 

r.  dSx      7   dSx  dhx  ,  dhx 

«,  dhx      -,   dSx  dBx  ,    dSx 

«.  dSx      ,    dSx  dSx  y   dhx 


^  dhx      J    dhx  dhx  ,    dhx 

By  means  of  these  developments  the  sum 

reduces  to  S  -y-  Sa  =  -r-  T. 

aa  ax 


A  similar  process  would  give 

aiid  so  on.     Hence  finally 

i}T  =  (^—  +  ^  +  —  +...  +  —)  T, 
\  ^i27       dy       dz       '"       dtj     * 

If  we  put  this  value  in  the  expression  i>fi^and  restore  the  original 

24—2 
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variables  we  have  definitely  for  the  variation  of  the   proposed 
integral 

This  formula  is  due  to  M.  Ostrogradsky,  who  established  it 
by  the  infinitesimal  method ;  afterwards  M.  Cauchy  arrived  at  it 
by  other  considerations.  As  to  the  demonstration  just  proposed, 
which  depends  essentially  on  a  change  of  variables,  it  is  right  to 
remark  that  the  same  expedient  had  been  already  employed  by 
Poisson,  when  he  investigated  the  variation  of  a  double  integral. 

[The  part  of  the  preceding  article  in  which  it  is  inferred  that 
the  limits  of  >8^'  do  not  change  with  i  seems  difficult;  and  it 
might  with  advantage  be  replaced  by  the  method  of  Poisson  given 
in  Art.  86.] 
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329.  We  shall  now  give  an  account  of  the  works  which 
have  been  published  as  systematic  treatises  on  the  whole  subject. 
There  are  three  which  from  their  extent  and  importance  demand 
particular  notice ;  these  we  shall  describe  in  the  present  chapter. 
In  the  next  chapter  we  shall  take  the  remaining  works.  In  each 
chapter  we  shall  follow  the  chronological  order. 

330.  The  first  of  the  three  treatises  is  that  by  Dr  Gr.  W. 
Strauch.  Its  title  is  Theorie  und  Anwendung  des  sogenannten 
VanattomcalcuVs,    Zurich,  1849. 

This  work  consists  of  two  closely  printed  volumes  of  large 
octavo  size.  The  first  volume  contains  499  pages,  and  the  second 
788 ;  the  first  volume  also  contains  a  preface  of  32  pages. 

The  Preface  begins  with  a  sketch  of  the  history  of  the  subject 
from  the  earliest  period  until  the  publication  of  Lagrange's  ThSorie 
des  fonctions  analytiques  in  1797 ;  this  sketch  is  furnished  with 
I'eferences  to  the  original  memoirs.  The  remainder  of  the  preface 
IS  devoted  to  an  account  of  the  contents  of  the  work  and  an 
indication  of  the  points  in  which  the  author  believes  that  he  has 
improved  or  corrected  the  methods  of  his  predecessors.  Of  the 
Alters  in  the  present  century,  Strauch  mentions  Lacroix,  Gergonne, 
•L'lrksen,  Poisson,  Ohm,  and  Ostrogradsky.  It  is  remarkable 
however  that  he  takes  no  notice  of  Jacobi's  theorems,  nor  does 
he  refer  to  the  memoirs  of  Gauss,  Delaunay,  Sarrus,  and  Cauchy, 
^hich  we  have  described  in  preceding  chapters. 
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331.  The  work  may  Ibe  divided  into  four  parts.  The  first 
part  occupies  pages  1 — 356  of  the  first  volume ;  these  pages  con- 
tain all  the  ordinary  theoretical  investigations  of  the  suhject, 
exclusive  of  those  which  refer  to  double  or  multiple  integrals. 
The  second  part  occupies  the  remainder  of  the  first  volume,  and 
consists  of  the  solution  of  60  problems  of  maxima  and  minima, 
in  which  neither  integrals  nor  differential  coefficients  appear ;  these 
problems  are  in  fact  almost  entirely  examples  of  the  ordinary 
theory  of  maxima  and  minima  values  which  is  given  in  the 
Differential  Calculus.  The  third  part  occupies  pages  1 — 211  of  the 
second  volume,  and  consists  of  the  solution  of  93  problems  of  the 
maxima  and  minima  values  of  expressions  which  involve  dif- 
ferential coefficients  but  not  integrals;  these  problems  thus  re- 
semble that  which  we  have  given  in  Art.  3,  from  Lagrange. 
The  fourth  part  occupies  pages  212 — 739  of  the  second  volume, 
and  consists  of  the  solution  of  135  problems  respecting  the  maxima 
and  minima  values  of  expressions  which  involve  single  or  double 
integrals.  The  remainder  of  the  second  volume  forms  a  supple- 
ment which  is  chiefly  devoted  to  the  theory  of  relative  maxima 
and  minima  values. 

332.  Strauch  may  be  considered  as  the  successor  of  Ohm, 
whose  methods  he  chiefly  follows.  The  most  valuable  part  of 
his  work  is  that  which  we  have  called  the  fourth  part.  The 
problems  there  given  are  discussed  with  great  fulness  and  clear- 
ness, and  the  terms  of  the  second  order  are  almost  always  com- 
pletely exhibited  in  order  to  discriminate  between  maxima  and 
minima  values.  Strauch  is  however  content  with  Legendre's  treat- 
ment of  the  terms  of  the  second  order,  that  is,  he  generally  as- 
sumes that  certain  differential  equations  can  be  solved,  and  that  the 
solutions  of  such  differential  equations  will  not  introduce  quan- 
tities that  can  become  infinite ;  see  Art.  5.  In  a  few  simple  cases 
however  Strauch  actually  solves  the  equations  which  are  analogous 
to  equation  (2)  of  Art.  5.  With  the  single  exception  of  the 
general  problem  of  the  shortest  line  on  any  surface,  all  the  great 
problems  of  the  Calculus  of  Variations  occur  in  Strauch's  collec- 
tion; and  although  he  has  not  given  the  shortest  line  on  any 
surface,  he  has  given  cases  of  the  shortest  line  on  specific  surfaces. 
The   problems    are  always  accompanied  by  excellent   historical 
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accounts  of  their  origin  and  progress.  On  the  whole,  although 
the  work  contains  much  that  is  superfluous,  and  much  that  is 
of  very  inferior  interest,  and  verj  little  so  far  as  the  theory 
is  concerned  which  had  not  appeared  before,  yet  the  large  collec- 
tion of  carefully  solved  examples  which  it  contains,  recommends 
it  to  the  notice  of  every  student  of  the  Calculus  of  Variations. 
The  work  is  distinguished  for  remarkable  accuracy,  both  in  the 
investigations  and  in  the  printing. 

333.  We  proceed  to  give  a  more  detailed  account  of  the 
contents  of  these  volumes.     We  begin  with  the  first  volume. 

The  first  section  occupies  pages  1 — 8  ;  it  is  entitled  Propositions 
which  helong  to  the  Differential  Calculus,  These  pages  contain 
nothing  of  importance;  they  are  principally  explanatory  of  the 
notation  which  the  author  adopts  for  distinguishing  differential 
coefficients  formed  on  different  suppositions,  such  as  partial  and 
complete  difierential  coefficients.  The  second  section  occupies 
pages  8 — 13;  it  is  entitled  Propositions  which  Ijelong  to  the  Integral 
Calculus.  These  pages  contain  nothing  new;  they  principally 
refer  to  the  difierentiation  of  an  integral  with  respect  to  any 
parameter  which  may  occur  in  the  expression  to  be  integrated. 
The  third  section  occupies  pages  13 — 20 ;  it  consists  of  an  investi- 
gation of  the  conditions  under  which  certain  homogeneous  func- 
tions will  retain  an  invariable  sign.  For  example,  consider  the 
expression 

Af  +  2Bpq  +  Cq^  +  2Dpr  +  2Eqr  +  Fr\ 

and  suppose  that  A,  B,  C,  D,  E,  F  are  fixed  quantities,  and  that 
Pi  q^  r  are  variables  which  may  have  any  value ;  then  Strauch 
investigates  the  conditions  that  must  hold  among  A^  J5,  (7,  D,  E^  F 
m  order  that  the  expression  may  be  of  invariable  sign.  The  fourth 
section  occupies  pages  20 — 69;  it  treats  of  the  development  of 
a  function  in  powers  of  a  variable,  the  function  being  connected 
With  the  variable  by  means  of  an  unsolved  equation.  Thus,  for 
example,  on  page  44,  Strauch  proposes  to  express  u  in  b.  series 
of  ascending  powers  of  v,  the  equation  which  connects  u  and  v 
heing 

u^-Znuv-\-v^=(), 
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From  this  equation  three  series  are  deduced  for  u.  For  it  is 
shewn  that  we  may  have 

where  A^,  A^,  A^,  A^^...  sltq  successively  determined,  and  each  has 
only  one  value.     Or  we  may  have 

u  =  B^v^-  +  By  +  B^v^  +  J9/  +  ... 

where  B^,  B^,  B^,  B^,,,.  ave  successively  determined.  In  this  case 
it  is  found  that  B^  may  have  two  different  values,  and  as  the 
subsequent  coefficients  B^,  B^,  B^,...  are  found  in  terms  of  B^, 
each  value  of  B^  gives  rise  to  a  series  for  u,  so  that  we  have  two 
different  series  for  u.  Thus,  on  the  whole  we  have  three  forms 
for  the  expansion  of  u  in  terms  of  v ;  this  might  of  course  have 
been  anticipated  from  the  fact  that  the  original  equation  is  of 
the  third  degree  in  u,  and  therefore  furnishes  three  values  of  u. 

The  method  used  by  the  author  throughout  this  section  is 
that  of  indeterminate  coefficients.  He  is  very  careful  in  his  ex- 
amples to  obtain  all  the  different  expansions  which  his  expressions 
will  furnish;  and  he  has  thus  given  a  more  complete  exemplifi- 
cation of  the  method  of  indeterminate  coefficients  than  is  usual 
in  works  on  algebra.  The  subject  however  is  not  very  closely 
connected  with  the  Calculus  of  Variations ;  and  the  chief  use  of 
this  section  is  in  relation  to  the  first  series  of  examples  in  the 
book,  which  as  we  have  said  belong  to  the  ordinary  theory  of 
maxima  and  minima. 

Thus  the  first  four  sections  of  the  work  are  only  introductory 
to  the  Calculus  of  Variations. 

334.  The  fifth  section  occupies  pages  69 — 131 ;  it  is  entitled 
Theory  of  the  so-called  Calculus  of  Variations.  In  this  section 
Strauch  explains  what  is  meant  by  a  variation,  and  shews  how 
to  find  the  variations  of  different  expressions.  He  objects  to  the 
word  variation  as  not  sufficiently  distinctive,  since  the  notion  of 
variables  runs  through  the  whole  of  the  Differential  Calculus; 
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moreover  the  word  variation  is  used  in  a  peculiar  sense  in  alge"bra. 
Accordingly  he  adopts  the  word  mutation  instead  of  variation. 
We  shall  however  generally  retain  the  usual  word.  His  definition 
of  a  variation  coincides  in  fact  with  that  which  has  been  adopted 
by  Euler,  Lagrange  and  Ohm ;  see  Arts.  22,  15,  55.  Let  y  stand 
for  ^  {x) ;  then  he  supposes  ^  (a?)  changed  into  ^  (a?,  /c),  and  ^  (aj,  k) 
expanded  in  powers  of  k  by  Maclaurin's  Theorem  ;  this  expansion 
he  denotes  by 

Then  supposing  /c  indefinitely  small  the  series 

is  called  the  variation  of  y.  The  quantity  k  is  considered  indepen- 
dent of  0? ;  thus  the  variation  of  -—■  is 

ax 

dSy     jf__d^     /  dB'y 
^  dx  '^1.2    dx   "^[3    dx   "^•••' 

and  by  differentiating  this  series  with  respect  to  x  we  obtain  the 
variation  of -r^^ ,  and  so  on. 

Strauch  lays  great  stress  on  the  view  he  takes  of  a  variation,  and 
asserts  that  the  common  method  of  denoting  the  variation  of  y  by 
a  single  term  as  By  or  xBy  leads  to  a  number  of  absurdities  and  con- 
tradictions. This  assertion  seems  however  quite  arbitrary,  and  a  very 
careful  examination  of  his  theory  and  problems  has  not  afforded 
any  confirmation  of  it.  On  the  contrary,  his  method  leads  to  a 
great  and  needless  complexity  in  the  exhibition  of  the  terms  of 
the  second  order  in  the  variations  of  expressions,  with  the  view 
of  discriminating  between  maxima  and  minima.  The  student  of 
Strauch's  work  will  effect  a  great  simplification,  without  any  loss, 
^J  supposing  that  such  expressions  as  B%  B^y,  .,,,  are  all  zero,  so 
^s  to  reduce  each  variation  to  its  first  term. 
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In  the  latter  part  of  his  fifth  section  Strauch  explains  a  dis- 
tinction on  which  he  also  lays  great  stress.  A  function  is  said  to 
experience  a  mixed  mutation  when  some  of  the  variables  nndergo 
that  kind  of  change  which  the  Calculus  of  Variations  contemplates, 
and  others  that  kind  of  change  which  the  Difi'erential  Calculus 
contemplates.  We  can  illustrate  this  by  considering  an  Integral, 
although  Strauch  himself  does  not  introduce  Integrals  until  the 
next  section  of  his  work.  In  varying  an  integral  then  he  does 
not  ascribe  any  variation  to  the  independent  variable,  but  makes 
changes  in  the  limits  of  the  integration.  Thus  he  calls  the  whole 
change  in  the  integral  a  mixed  mutation,  since  it  partly  consists 
of  an  ordinary  change  of  value  of  the  limits  of  the  independent 
variable,  and  partly  of  a  change  oi  form  of  the  dependent  variable 
which  is  strictly  a  variation  or  mutation.  This  restriction  of 
variations  to  the  dependent  variables  seems  to  possess  all  the  ad- 
Vantages  which  Strauch  claims  for  it. 

The  sixth  section  occupies  pages  132—165;  it  treats  of  some 
special  points  in  the  theory  of  variations.  This  section  presents 
nothing  remarkable  or  important ;  it  is  chiefly  occupied  with  in- 
ferences which  follow  from  the  view  the  author  takes  of  a  variation 
as  consisting  of  an  infinite  series  of  terms. 

335.  The  seventh  section  occupies  pages  165 — 356  ;  this  con- 
tains the  general  theory  of  maxima  and  minima  values.  This 
section  is  divided  into  three  parts ;  in  the  first  Strauch  considers 
expressions  which  involve  neither  integrals  nor  differential  co- 
efficients, in  the  second  expressions  which  involve  differential 
coefficients,  in  the  third  expressions  which  involve  also  single 
integrals. 

Some  general  remarks  and  definitions  are  given  on  pages 
165 — 171,  and  then  the  theory  of  the  maxima  and  minima  values 
of  functions  involving  neither  integrals  nor  differential  coefficients 
occupies  pages  171—231.  This  part  of  the  book  contains  the  ordi- 
nary theory  of  maxima  and  minima  values  which  is  explained  in 
treatises  on  the  Differential  Calculus;  the  language  is  rather 
different  from  that  which  is  usually  employed  and  the  various 
cases  which  occur  are  treated  separately  with  great  care ;  nothing 
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however  is  given  which  might  not  be  obtained  from  the  oxdinary 
treatises  on  the  Differential  Calculus.  This  part  of  the  work  is 
illustrated  by  a  series  of  sixty  problems  occupying  pages  357 — 480 
of  the  first  volume.  These  sixty  problems  are  all,  with  the 
exception  of  the  last  six,  ordinary  problems  of  maxima  and 
minima ;  the  last  six  are  of  a  slightly  different  character.  Take 
for  example  problem  55.  Let  a  be  a  given  quantity,  and  let  it  be 
required  to  determine  the  function  ^  so  that  the  following  ex- 
pression shall  be  a  maximum  or  a  minimum,  without  assigning 
a  specific  value  to  x^ 

a^  -  [^ {x)Y  +  2<^  {x)  <f> {a)  ~  {(f)  {a)Y  -2xj>  (x)  -  2a  ^  (a). 

Let  y  stand  for  (l>{x)  and  y^  for  0(a),  and  denote  the  expression 
by  U;  then 

SC7"=-  2  (2/-3^„  +  aj)  Sy  -  2  (?/,  -y  +  a)  Si/^. 

Thus  B  U  will  vanish  if 

y-ya  +  ^  =  0  andy^~'^  +  a  =  0. 

These  lead  to  x  =  a;  this  however  is  inconsistent  with  the 
supposition  that  x  is  not  to  have  any  specific  value.  Suppose  the 
problem  then  limited  by  the  condition  that  y„  is  always  to^  be 
invariable.  Then  to  make  S  Z7 vanish  we  only  require  y  —  y^  +  i»  =  0. 
Suppose  x  =  a  in  this  equation ;  thus  ?/«  —  J/a  +  a  =  0  ;  therefore 
a  =  0.  So  the  problem  does  not  admit  of  a  solution  in  the  limited 
sense  unless  a  be  zero.  In  this  case  the  only  term  of  the  second 
order  is  —  (S?/)^,  indicating  that  there  is  a  maximum. 

It  is  known  that  a  function  of  any  variable  may  be  a  maximum 
or  minimum  when  its  differential  coefficient  with  respect  to  that 
variable  is  infinite  as  well  as  when  it  is  zero ;  Strauch  accordingly 
in  his  examples  takes  account  of  such  infinite  values  very  care- 
fully. 

The  second  part  of  the  seventh  section  occupies  pages  231 — 274 ; 
it  investigates  the  conditions  for  the  maxima  and  minima  values 
<^f  expressions  which  involve  differential   coefficients.     We  take 
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his  first  case  for  an  example.     Suppose   V  a  given  fiinction  of 

Xy  y,  and  p,  where  p  stands  for  ^ ;  and  let  it  be  required  to  find 

y  in  terms  of  a?  so  that  TJ  may  be  a  maximum  or  minimum.  If  we 
regard  3^  and^  both  as  variable,  then,  since  the  variations  of  y  and 
p  are  independent,  we  must  have  in  order  that  the  variation  of  V 
should  vanish 

-TT-  =  0,     and  -r-  =  0. 
dy  dp 

If  we  can  find^y  in  terms  oix  so  as  to  satisfy  simultaneously 
these  two  equations,  we  obtain  a  maximum  or  a  minimum  value 
of  TJ  provided  that 

is  of  invariable  sign  for  all  indefinitely  small  values  of  hy  and  Sp, 

Also  solutions  may  sometimes  be  found  by  taking  y  so  that 
simultaneously 

dV  dU 

-J-  =  0,      and  -^-  =  00  , 
ay       '  dp         ' 

or  so  that  ^=00,     and^=0, 
ay  dp       ' 


or  so  that  ^=00,     and  ^= 
ay  dp 


CO, 


But  we  may  if  we  please  modify  our  original  problem  thus; 
required  the  relation  that  must  hold  between  x  and  y  in  order  that 
for  a  given  value  of  y  we  may  have  U  a  maximum  or  minimum. 
That  IS,  we  may  suppose^  susceptible  of  variation  but  noty.    In 

this  case  we  have  to  find  y  from  the  equation  ~  =  0,  and  then  we 

dp 

have  a  maximum  or  minimum  according  as  ^is  negative  or 
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positive.    And  a  solution  may  sometimes  be  found  by  supposing 

dp 

Or  we  may  suppose  y  susceptible  of  variation  but  notp;  and 
then  we  have  to  seek  for  solutions  from  the  equations 

dV    ^         ^dU 
-J—  =  0,     and  -7-  =  00  . 
dy  dy 

Strauch  then  proceeds  to  the  case  in  which  ?7  is  a  given 
function  of  a?,  y,  p,  g,  ... ,  and  is  to  be  made  a  maximum  or  a  mini- 
mum ;  then  to  cases  in  which  such  an  expression  is  to  be  made 
a  maximum  or  a  minimum,  while  at  the  same  time  one  or  more 
relations  are  to  hold  between  cc,  y,j?,  <?,... .     Then  follow  similar 

cases  in  which  ?7  is  a  given  function  of  cc,  y,  ^,  -^ ,  -^ ,  ... . 

Lagrange  first  considered  a  problem  of  the  kind  to  which 
Strauch  devotes  this  part  of  his  seventh  section,  and  Ohm  first 
treated  the  subject  in  detail;  see  Arts.  3  and  56.  The  subject 
is  neither  difficult  nor  important.  In  his  second  volume  Strauch 
illustrates  this  part  of  his  work  by  a  series  of  93  examples,  which 
occupy  pages  1 — 211.  One  of  these  examples  is  that  given  by 
Lagrange,  and  three  are  taken  from  Ohm;  the  remainder  are 
supplied  by  Strauch  himself.  See  his  preface,  page  xxix.  Most 
of  these  examples  are  fully  worked  out,  but  a  few  are  left  with 
only  indications  of  the  steps. 

The  third  part  of  the  seventh  section  occupies  pages  275 — 356 ; 
this  contains  such  investigations  as  are  usually  comprised  in  the 
Calculus  of  Variations,  so  far  as  single  integrals  are  concerned, 
fetrauch  proceeds  in  the  same  way  as  Ohm,  beginning  with  simple 
cases  and  gradually  rising  to  the  more  complex  cases ;  see  Art.  57. 
In  order  to  distinguish  between  maxima  and  minima  values  he 
adopts  Legendre's  method,  without  any  attention  to  the  imper- 
fections of  the  method  indicated  by  Lagrange  and  others;   see 
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Arts.  5,  6,  219.  He  considers  the  case  in  which  the  integral  in- 
volves more  than  one  dependent  variable,  and  he  adapts  Legendre's 
method  to  the  discrimination  of  the  maxima  and  minima  values. 
This  extension  of  Legendre's  method  he  attributes  to  Ohm ;  see 
Strauch,  Vol.  I.  page  311. 

336.  We  now  come  to  the  most  valuable  part  of  Strauch's 
work,  namely,  the  collection  of  problems  relating  to  the  maxima 
and  minima  of  integrals;  this  occupies  pages  212—739  of  the 
second  volume. 

The  problems  which  relate  to  single  integrals  occupy  pages 
212—562 ;  these  are  all  examples  of  the  theory  which  is  developed 
in  the  third  part  of  the  seventh  section.  There  are  95  problems 
according  to  the  author's  enumeration,  but  this  number  is  obtained 
by  counting  as  different  problems  many  which  are  only  varieties 
of  one  problem.  Strauch  says  that  he  has  taken  32  of  these 
problems  from  Euler's  Methodus  Invemendi... ,  and  14  of  them 
from  the  writings  of  Lagrange ;  see  Strauch's  preface,  page  xxix. 
The  problems  are  very  carefully  solved  by  Strauch ;  the  various 
limiting  cases  that  can  occur  are  fully  distinguished,  and  the  terms 
of  the  second  order  are  almost  always  investigated.  Valuable 
historical  notes  are  added  to  the  discussion  of  the  problems  which 
have  been  proposed  by  the  great  writers  on  the  subject. 

The  problems  which  relate  to  double  integrals  occupy  pages 
562—739.  There  are  40  problems  according  to  the  author's  enu- 
meration. These  are  principally  strictly  exafnples;  but  a  few  ol 
them  are  theoretical  investigations  of  the  variations  of  double  m- 
tegrals,  which  Strauch  had  not  previously  considered.  The  theo- 
retical investigations  are  given  in  his  usual  way  by  Strauch ;  he 
begins  with  the  more  simple  cases  and  proceeds  to  the  more 
complex.  Thus  on  pages  674—676  he  gives  an  investigation  like 
that  we  have  given  in  Art.  59  from  Ohm ;  Strauch  however  sup- 
plies an  investigation  of  the  terms  of  the  second  order.  Then  on 
pages  713 — 717  he  gives  a  similar  investigation  for  the  case  in  which 

dz     dz     d^^ 
the  function  under  the  integral  sign  involves  ^iV^  ^^  jZ^  ^ '   diT? ' 
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— %-  and  -i-^ ;  here  lie  does  not  supply  an  investioration  of  the 
dxdy         df  ^^  ^  ^ 

terms  of  the  second  order.  This  investigation  on  pages  713 — 717 
does  in  fact  sum  up  all  that  Strauch  accomplishes  with  the  varia- 
tion of  multiple  integrals ;  his  result  coincides  with  that  which  we 
have  already  given  after  Sarrus;  see  Arts.  183,  184. 

Strauch,  as  we  have  already  stated,  does  not  refer  to  some  of  the 
writers  whose  works  had  preceded  his  own ;  see  Art.  330.  He  is 
consequently  disposed  to  claim  as  new  investigations  which  had 
already  been  made.  Thus  on  his  page  574  he  supposes  that  he 
is  the  first  to  investigate  the  terms  of  the  second  order  in  a  cer- 
tain double  integral;  Brunacci  however  had  preceded  him;  see 
Art.  213.  Again,  on  his  pages  737,  738  he  institutes  a  comparison 
between  his  own  results  and  those  of  Poisson  and  Ostrogradsky ; 
and  he  justly  states  that  his  own  are  in  some  points  more  gene- 
ral. But,  as  we  have  stated  above,  Sarrus  had  preceded  him  in 
the  investigation  which  really  involves  all  that  he  accomplishes. 
See  Art.  138. 

We  will  now  consider  some  special  points  suggested  by  the 
work  of  Strauch. 

337.  We  have  spoken  above  of  the  extreme  accuracy  of  the 
work  in  general ;  we  will  here  indicate  a  few  points  which  appear 
to  be  incorrect. 

On  page  438  of  Vol.  ii.  a  case  of  the  brachistochrone  is  discussed ; 
a  heavy  particle  is  supposed  to  be  constrained  to  move  on  a  fixed 
plane,  and  there  is  a  resistance  which  varies  as  the  square  of  the 
velocity.  Here  Strauch  obtains  the  result  that  the  cm've  becomes  a 
straight  line.  But  he  has  interchanged  the  values  of  the  quantities 
which  he  obtains  from  his  equations  xxiv.  and  xxxi. ;  and  he  does 
not  observe  that  the  true  values  render  his  F[y)  infinite  and  vitiate 
his  solution.  He  does  not  observe  also  that  we  can  resolve  the 
force  of  gravity  into  two  components,  one  in  the  fixed  plane  and  the 
other  perpendicular  to  it,  and  then  neglecting  the  latter  component 
the  problem  is  the  same  as  if  the  particle  moved  in  a  vertical 
plane.     The  latter  remark  applies  again  on  page  454. 
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On  page  445  of  Vol.  ii.  Strauch  is  discussing  a  problem  given  by 
Elder;  the  curve  is  required  down  which  a  heavy  particle  must  move 
so  as  to  acquire  the  greatest  velocity,  supposing  a  resistance  varying 
as  the  square  of  the  velocity.  Strauch  exhibits  some  investigations 
for  discriminating  between  a  maximum  arid  a  minimum.  His  equa- 
tion XXV.  cannot  however  be  allowed,  because  his  equation  xxiv. 
from  which  he  deduces  it,  is  true  for  the  curve  which  the  particle  is 
supposed  actually  to  describe,  but  not  true  necessarily  for  any  other 
curve. 

On  pages  461  and  462  of  Vol.  ii.  he  attempts  to  shew  that  it  is 
possible  that  ■  .,   ^   g.  can  always  be  equal  to  a  constant  B,  and 

yet  L  vanish  when  x==a.  This  is  impossible,  for  -jp^ — 2\  is  always 

finite,  and    ,,^  .    .»  is  less  than  L.    In  fact  his  equation  xxviii. 

V(i+p')  ^ 

shews  that  y  is  impossible  when  a;  =  a  if  5  is  not  zero.  The  only 
conclusion  is  that  5=0;  then  ^  =  0,  and  the  curve  becomes  a 
straight  line,  as  might  have  been  anticipated.      Similar  remarks 

apply  to  page  466 ;  it  is  impossible  that  £«  =  0  and    ,,    ^  ^.  =  a 

constant,  unless  that  constant  is  zero. 


338.  Suppose  we  require  the  maximum  or  minimum  value 
of  an  expression  l^dx,  where  (f>  involves  x,  y,  and  the  differen- 
tial coefficients  of  y  with  respect  to  x.  Now  the  well-known 
process  is  to  obtain  IS^  dx,  and  to  reduce  this  expression  as 
much  as  possible  by  integration  by  parts  until  it  takes  the  form 
L  +  JMBydXf  where  M  contains  no  variation;  then  we  put  M-0. 

Strauch  has  a  very  singular  notion  on  this  subject.  He  says  it 
cannot  be  proved  that  we  mtist  have  ilf  =0;  although  he  allows 
that  we  do  get  solutions  of  our  problem  thus.  Accordingly  he  pro- 
poses to  try  if  solutions  cannot  be  obtained  by  putting  B^  =  0.  See 
his  Preface,  pages  xxv.  and  xxvi.    Thus  he  frequently  tries  two 
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processes  of  solution  of  his  problems.  It  may  be  safely  asserted 
that  the  ordinary  view  of  the  necessity  of  the  equation  ilf  =0  is 
sound ;  supposing  that  whatever  series  of  values  hy  can  assume 
it  can  also  assume  the  corresponding  series  of  values  numerically 
equal  but  of  opposite  sign,  without  changing  the  limiting  values 
of  the  variations.  And  on  examination  it  will  be  found  that  nothing 
is  gained  in  any  part  of  Strauch's  work  by  paying  attention  to 
what  he  considers  a  second  solution  of  some  of  his  problems.  Let 
us  take  for  example  the  case  which  he  himself  brings  forward 
in  the  preface.  Bequired  the  maximum  or  minimum  value  of  the 
expression 

/•a 

{y^  —  2xy  +  2^  —p^)  dx. 


/■ 

J  a 


The  ordinary  method  furnishes  the  equation 


that  is, 

2^_a,  +  g  =  o (1). 

And  we  have  also  the  limiting  equation 

(l"-i>)aSya-(l-i^)«%«  =  0 (2). 

Strauch  then  proposes  the  following  as  another  solution.  The 
variation  of  the  proposed  expression  is 

J*2  [{y-x)  Sy +  2  (1  --p)  Zp]dx. 

Without  effecting  any  reduction  by  integration  by  parts,  make  this 
expression  vanish ;  this  we  can  do  by  supposing 

y-a;  =  0  and  1-^  =  0 (3). 

The  second  of  equations  (3)  is  in  this  case  consistent  with  the 
&8t,  so  that  we  do  get  a  solution.  This  however  is  not  a  new 
solution;  it  is  comprised  in  (1) ;  for  y  =  a?  is  a  particular  solution  of 
Ae  differential  equation  (1);  and  y^x  also  satisfies  (2).  Thus 
Strauch's  supposed  second  solution  is  really  included,  as  it  should 
^%  in  the  ordinary  solution. 

2o 
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Before  leaving  this  part  of  our  subject  we  will  offer  some  re- 
marks with  the  view  of  guarding  against  a  possible  misconception 
of  the  principle  of  equating  separately  to  zero  the  two  parts  of  the 
variation  of  an  integral,  in  order  to  obtain  a  maximum  or  minimum 
value  of  the  integral.  Consider  the  problem  of  finding  the  curve 
which  with  its  evolute  includes  a  minimum  area.  Let  p  denote  the 
radius  of  curvature  at  any  point  of  the  curve,  s  the  length  of  the 
arc  of  the  curve  measured  from  any  fixed  origin  up  to  this  point; 

then  we  require  that  I    p  ds  should  be  a  minimum.    Let  p  receive 

J  So 

the  variation  Sp,  and  let  s^  and  5^  receive  the  increments  ds^  and  ds^ 
respectively ;  then  the  change  in  the  integral  is 


/, 


Sp ds  +p^ ds^  -  pQds^, 

So 

Here  the  coefficient  of  Bp  under  the  integral  sign  is  unity,  which 
cannot  be  made  to  vanish ;  so  that  it  might  perhaps  be  supposed 
at  once  that  the  solution  of  the  problem  is  impossible.  ^    - 

Bui  the  fact  is  that  we  cannot  prove  in  such  a  case  that  in 
order  to  obtain  a  solution  we  must  make  the  integrated  part  and 
the  unintegrated  part  separately  vanish.  For  when  we  take  the 
arc  s  as  the  independent  variable,  and  pass  from  one  curve  to  an 
adjacent  curve  the  length  of  the  arc  will  in  general  be  changed ; 
and  if  we  make  any  change  in  that  part  of  the  variation  of  an 
integral  which  remains  under  the  integral  sign,  the  part  outside 
the  integral  sign  also  undergoes  a  change.  In  other  words, 
the  two  parts  which  constitute  the  whole  variation  of  a  proposed 
integral  are  not  independent,  so  that  we  are  not  compelled  to  make 
ihem  separately  vanish  in  order  that  the  whole  variation  may 
vanish.  If  we  can  make  them  separately  vanish  we  obtain  a  solu- 
tion '  of  the  problem,  subject  of  course  to  an  examination  of  the 
terms  of  the  second  order ;  but  we  are  not  certain  that  this  is  the 
ontt/  solution.  And  if  we  cannot  make  them  separately  vanish  we 
must  not  therefore  conclude  that  the  problem  is  impossible. 

The  point  we  are  now  considering  is  perhaps  sufficiently  obvious; 
but  as  it  is  sometimes  a  source  of  difficulty  to  students  it  may  he 
useful  to  refer  to  two  other  examples. 
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Suppose  we  require  a  curve  which  has  the  property  of  making 

L /( c  +  -]  cfo  a  minimum,  the  ends  of  the  curve  being  supposed 

fixed ;  c  is  a  constant  and  r  is  the  radius  vector  drawn  from  a  fixed 
pole.  The  problem  is  thus  equivalent  to  the  following ;  assuming 
the  principle  of  least  action  in  Dynamics,  and  the  ordinary  law  of 
attraction,  determine  the  curve  which  a  particle  will  describe.  The 
result  ought  to  be  a  conic  section,  and  we  shall  obtain  this  result 
if  we  adopt  the  usual  independent  variable  ^,  and  put 


^'<i) 


d6  for  ds. 


But  no  result  will  be  obtained  by  attempting  to  determine  r  as 
a  function  of  s  and  operating  in  the  usual  way  immediately  on 


M-9' 


Again,  suppose  we  require  to  describe  on  a  given  chord  a  curve 
of  given  length,  such  that  the  area  included  by  the  curve  and  the 
chord  may  be  a  maximum.  This  can  be  easily  solved  in  the  usual 
way  by  taking  x  as  the  independent  variable ;  the  result  is  that  the 
curve  must  be  a  circular  arc.  But  suppose  we  take  $  as  the  in- 
dependent variable,  and  take  a  fixed  point  as  pole.  Then  the 
polar  area  between  the  curve  and  the  extreme  radii  will  be 


\l'^J^-(£)^^ 


s-nd  as  the  triangle  included  by  the  given  chord  and  the  extreme 
radii  is  itself  constant,  we  have  to  make  the  above  area  a  maximum ; 
also  the  length  of  the  given  curve  is  to  be  constant.  Thus  in  the 
usual  way  we  have  to  make  the  following  expression  a  maximum, 


/f\A^-}^. 


where  c  is  a  constant.    Proceeding  in  the  usual  way  we  shall  have 
ftc  equation 

25—2 
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fdr\ 


therefore       ,  '         ;=■!!!!!;  =  a,  where  a  is  some  constant 

Therfore    (|)'. j^,  th..  is,  . +^(1)'-^; 

therefore  (g)=^.. 

From  this  we  should  ohtain  for  the  required  curve  a  circle 
passing  through  the  arbitrary  pole ;  and  this  is  inadmissible,  be- 
cause the  circle  is  determined  by  the  fact  that  it  is  to  pass  through 
the  ends  of  the  given  chord  and  that  its  arc  cut  off  by  the  chord 
is  to  have  a  constant  length,  so  that  it  cannot  in  addition  be  made 
to  pass  through  an  arbitrary  point. 

If  p  denote  the  perpendicular  from  the  pole  on  the  tangent  to 

the  curve,  the  problem  amounts  to  requiring  that  j{p  +  c)  ds  shall 

be  a  maximum ;  and  in  this  form  we  see  at  once  that  no  solution 
<^n  be  obtained  by  the  ordinary  method  if  we  keep  s  as  the  inde- 
pendent variable  and  endeavour  to  determine^  as  a  function  of  5. 

We  have  hitherto  spoken  only  for  simplicity  of  the  use  of  the 
arc  s  as  an  independent  variable ;  but  our  remarks  apply  also  to  the 
use  of  the  arc  5  as  a  dependent  variable.  Thus,  taking  the  example 
already  used,  we  have 


/f^A^-}<^-/f^/®' 


ds 


-  dr; 


but  if  we  adopt  the  right-hand  form  and  thus  treat  r  as  the  inde- 
pendent variable  we  shall  arrive  at  the  same  untenable  solution  as 
before.  The  objection  to  the  process  is  easily  seen.  Suppose  we 
draw  one  curve  through  two  fixed  points,  and  then  draw  an  adjacent 
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curve  by  changing  every  s  into  s  +  Ss,  and  also  pass  from  the  first 
curve  to  a  third  curve  by  changing  every  s  into  s  —  Ss;  then  if  we 
make  the  second  curve  to  have  the  fixed  initial  and  final  points,  the 
first  and  the  third  curves  will  not  in  general  have  the  same  final 
points.  That  is,  we  cannot  change  the  sign  of  Bs  arbitrarily,  and 
therefore  we  have  no  right  to  conclude  that  the  coeflScient  of  Ss  in 
the  part  remaining  under  the  integral  sign  in  the  variation  of  the 
integral  must  be  zero. 

We  may  add  that  the  fact  that  when  we  use  the  ordinary 
variables  x  and  ^  we  must  equate  to  zero  the  coefficient  of  the 
variation  under  the  integral  sign,  seems  more  obvious  when  we 
ascribe  a  variation  to  the  dependent  variable  only  than  when  we 
also  vary  the  independent  variable ;  this  is  an  additional  argument 
in  favour  of  an  opinion  already  expressed.     See  Art.  204. 

339.  Problems  of  maxima  and  minima  which  involve  the 
product  or  quotient  of  integrals  are  sometimes  incompletely  solved. 
Strauch  has  given  some  examples  for  the  purpose  of  drawing  at- 
tention to  the  point  which  is  liable  to  be  overlooked;  see  his 
Preface,  pages  xxx.  and  xxxi.  This  deserves  to  be  illustrated 
fiiUy,  and  we  will  accordingly  give  two  problems  in  addition  to  his. 

I.  Determine  the  form  of  a  curve  symmetrical  with  respect  to 
its  axis  such  that  when  suspended  by  its  vertex  the  time  of  a  small 
oscillation  of  the  segment  cut  off  by  the  ordinate  which  corresponds 
to  a  given  abscissa  may  be  a  minimum. 

Take  the  vertex  as  the  origin,  the  tangent  at  the  vertex  as  the 
axis  of  y  and  the  axis  of  x  vertically  downwards;  let  c  denote  the 
given  abscissa.  The  area  cut  off  by  the  ordinate  which  corresponds 
to  c  is  supposed  to  oscillate  about  an  axis  through  the  origin  per- 
pendicular to  the  plane  of  the  curve.  Then  by  the  principles  of 
niechanics  the  length  of  the  equivalent  simple  pendulum  is 


re  * 

I  yxdx 

J  0 

^ad  this  expression  must  therefore  be  a  minimum. 
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Denote  the  ntimerator  and  denominator  of  this  fraction  by  u  and 
V  respectively.    Then  that  -  may  "be  a  minimum  we  must  have 


therefore 


_—.     .mm,  _       _    [J 

V  V* 


Bu  —  S^  =  0 : 

V 


that  is, 


1L 

Now  let  -  be  denoted  by  Z;  then  Zis  a  constant  for  our  purpose, 


so  that  the  last  equation  may  be  written 

(y^  +  a?-^  Ix)  Zydx  =  0. 


J  ft 


Hence  in  the  usual  way  we  infer  that 

and  so  we  apparently  obtain  a  circle  as  a  solution  of  the  proposed 
problem. 

The  solution  however  is  not  yet  completed;  for  we  require 

It 
that  -  should  be  eqiial  to  I.     Substitute  for  y  its  value  in  terms 

of  £B  which  has  just  been  obtained ;  then  we  require  that 


Hi =  7 

1  xisjilx-^af)  dx 

J  a 


therefore 


2  f 

~  I  X*  ^{Ix  —  x^  dx 

I  X  ^{Ix  —  0?'*)  dx 
Jo 


2l 
3' 
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therefore 

[V  -  ^  V(^i»  ~  a?)  ^aj  =  0, 
that  is, 

This  is  impossible ;  so  that  the  proposed  problem  does  not  admit 
of  a  solution. 

In  fact  in  this  problem  as  there  is  no  limitation  about  the  area 
we  can  suppose  it  to  diminish  down  to  an  indefinitely  small  area 
in  the  neighbourhood  of  the  origin,  and  so  make  the  time  of  a  small 
oscillation  indefinitely  small. 

In  such  a  problem  as  the  above,  the  investigation  as  to  whether 

such  a  condition  as  thut  denoted  by  -  =  Z  can  be  satisfied,  is  some- 

times  omitted ;  in  the  present  case  it  appears  that  this  condition 
cannot  be  satisfied.  We  will  now  give  a  problem  of  the  same  kind 
which  does  admit  of  a  solution. 

II.  A  given  volume  of  a  given  substance  is  to  be  fonned 
into  a  solid  of  revolution,  such  that  the  time  of  a  small  oscilla- 
tion about  a  horizontal  axis  perpendicular  to  the  axis  of  the 
figiHe  may -be  a  minimum ;  determine  the  form  of  the  solid. 

Take  the  axis  of  x^  coincident  with  the  axis  of  figure,  and  the 
axis  of  y  coincident  with  the  line  about  which  the  body  is  to 
revolve ;  let  x^  be  the  abscissa  of  the  lowest  point  of  the  body. 
We  have  to  find  the  equation  to  the  curve,  which  by  revolution 
round  the  axis  of  x  will  generate  the  required  solid ;  we  suppose 
the  curve  to  lie  in  the  plane  of  {x,  y).  By  the  principles  of 
Mechanics  the  length  of  the  equivalent  simple  pendulum  is 

\    y^xdx  ' 

^his  expression  must  therefore  be  a  minimum,  while  w  i    y^(h)  in 
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to  be  equal  to  a  constant,  namely  to  the  given  volume.    Hence, 
by  the  usual  principle  we  must  have 


Jo 


a  minimum,  where  fi  is  some  constant. 

We  will  at  first  vary  y,  and  afterwards  examine  the  terms 
which  arise  from  a  change  in  the  limit  x^  of  the  integrations.  Let 
u  and  V  denote  the  numerator  and  denominator  respectively  of  the 
fraction  which  occurs  in  the  above  expression ;  then  in  order  that 
the  expression  may  be  a  minimum,  we  must  have 

therefore 

V  Jo 

that  is, 

r^  (f  +  ^y^)  Sydx-^  f"'  2yxBydx  +  ^v  ^^  2y Sy  da? «  0. 

J0  VJq  Jq 

Now  let  -  be  denoted  by  I,  and  fiv  by  fi' ;  then  I  and  p'  are 

V 

constants  for  our  purpose,  so  that   the  last  equation  may  be 
written 

P'  (y«  -h  2t/a?  -  2I1/X  +  2^'y)  iy  dx  ^  0. 

Hence,  we  infer  that 

y'^^^yaf-^lyx  +  2^y  =  0, 
so  that 

y'  +  2a?-2fo  +  2)S'«0 (!)• 

This  indicates  that  the  generating  curve  is  an  ellipse  with  the 
axes  in  the  ratio  of  1  to  ^2.  The  solution  however  is  not  yet 
completed;  for  we  must  shew  that  the  relation  just  found  wiU 
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make  -  =  Z.    This  we  will  stew  presently ;  Ibut  we  will  previously 

advert  to  the  terms  which  arise  from  a  change  in  the  limit  x^  of 
the  integrations.  Suppose  then  that  x^  becomes  x^  +  dx^,  then 
to  the  first  order  the  following  is  the  increment  of  the  expression 
which  we  have  to  make  a  minimum, 


(^.y^)_ 


u 
^x--2{y'x)^dx^-\-py^dx^, 


where  the  subscript  denotes  that  x  is  to  be  made  equal  to  x^.  In 
order  that  this  increment  may  vanish,  we  must  have  either 
3^1=0,  or 

and  the  latter  combined  with  the  general  relation  (1)  leads  also 
toyj  =  0.  Thus  at  the  lower  limit  the  generating  curve  meets 
the  axis  of  figure. 

We  have  now  to  shew  that  it  is  possible  to  have 

_2 ^ ^i^ 

^xdx 


I. 


when  y  is  determined  by  equation  (1),.  and  x^  is  such  that  y 
vanishes  when  x==x^. 

We  have  from  (1) 

let  a  and  a^2  be  the  semiaxea  of  the  ellipse  determined  by  this 

n 
eqtiation  J  then  ^  -  2/3'  =s  2a\  and  (1)  becomes 


y^+2{x^-f^ 


^^     2a\ 
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This  eq[uation  indicates- that  the  centre  of  the  ellipse  is  at  the 

distance  ^  from  the  origin.    Assume  oj^ = 2a  -  c,  then 
2 

I 

-  =  x^  —  a  =  a  —  c. 
Hence  we  have  to  shew  that 

i^-jil L^=2{a-c) (2); 

I       y^x  dx 

when 

We  have 

f^iac-  2c''  +  4a?  (a  -  c)  -  2ar^ ; 

therefore 

t.j^fx^  =  \y^ if-^-ix^)  =  i2ac'-'c'  +  2x {a-c)\  -x' 

Integrate  from  05  =  0,  to  a? »  2a  —  <5 ;  thus  we  obtain 

V  (2a  -  c)"  +  20  (a  -  c)  (2o  -  c)"  +  |  (a  -  c)'  (2a  -  c)'  -  J  (2a  -  c)'. 
And 
r'°y'a;(^  =  c(2a-c)«  +  |(a-c)  (2a -- c)' -  i  (2a  -  c)*. 

.  •  •  <Tbus  the  left-hand  member  of  (2)  becomes 

1 

5 


0?  +  2c (a -c)  +  J  (a -c)" -  ^  (2a-c)'' 


4  1 

c  +  g.(a-c)--(2a-c) 


that  is 


and  (2)  becomes 
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5  (c  4-  2a)       ' 


2(c'-feyc+4a^) 
5{c-^  2a) 

therefore  7c'  +  lac  -  2a'  =  0. 


5(c  +  2a)       -"^-•^' 


This  equation  furnishes   one  positive  value  of  -;  it  is  ap- 
proximately  equal  to  —  • 

Then  ^  is  to  be  found  in  4;erms  of  a  from  the  equation 

|'-.2^'  =  2a'; 

this  gives  a  negative  value  for  /3',  as  should  be  the  case,  because 
from  (1)  we  obtain  2/'=s—2/3'  when  03  =  0.  The  constant  a  is  to 
be  determined  from  the  given  volume,  that  is  by  means  of  the 
equation 

2  {a"  —  (03  —  a  +  c)'}  dx  ^  the  given  volume. 

To  sbew  that  we  bave  really  obtained  a  minimum  we  should 
investigate  the  terms  of  the  second  order  in  the  variation  of  - ; 

to  this  we  shall  now  proceed.     The  variation  of  -  arises  partly 

from  the  change  of  y  into  y  +  Sy,  and  partly  from  the  change  of  x^ 
intoa?^  +  eZa?j.  We  shall  first  shew  that  by  reason  of  the  suppo- 
sition that  y  vanishes  when  x  =  x^,  the  change  in  w  or  t?  arising 
from  the  change  of  x^^  into  x^-\-dx^  may  be  disregarded.  For 
example,  consider  v\  the  change  in  v  produced  by  the  change 

^  I  y^xdx\  and  my  itself  is  indefinitely  small  for  values 

of  X  lying  between  x^  and  x^  +  dx^,  the  above  integral  may  be 
^nsidered  of  the  third  order  of  small  quantities.    Similar  remarks 
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hold  with  respect  to  the  change  of  u.    Thus  to  the  second  order 
we  may  say  that  the  complete  variation  of  -  is 

j''\f/  +  SyYxdx  I    'fxdx 

Thus  to  the  second  order  we  obtain  ^  -  -  >  where 

and  Q=^l  +  -!''yxSifdx  +  l(''\Byyxda:. 

This  gives  for  the  variation  the  following  terms  of  the  first  order, 

\\"'  if + ^y^)  ^y^-^]  'V«  ^y  <^. 

together  with  the  following  terms  of  the  second  order, 
i J" ^|!  +  ^)  i^Ydx-l  {jyxiydx)  {j'y^^y^ Syd^) 

We  shall  denote  the  terms  of  the  first  order  by  M^  and  those  o{ 
the  second  order  hy  M^ ;  so  that  if  the  complete  variation  of  -  to  the 
second  order  he  denoted  by  S  - ,  we  have 

8-  =  Jf,+if, (3)- 

Now  since  the  volume  is  to  be  constant  we  have 
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that  is  2  \yiydx-\-\\iyfdx^O (4). 

Multiply  (4)  by  ^  and  add  to  (3) ;  thus 

£  -  =  if,  +  2/3  {""'yiy  dx-vM^-¥^  \'\hffdx. 

V  •'0  ^0 

And  Jfj  +  2^  I    yoy  dx  vanishes  by  (1) ;  thus 

V  J  Q 

that  is  ^l^ir'(^  +  ^'-l^  +  ^){^2/ydx 

""^(f  V»%^^)(j  '2(?a;--^')y8ye?ajj-f-Jj  'yxSydxj, 
that  is 

This  value  of  S  -  is  true  to  the  second  order,  that  is,  no  term 

of  the  second  order  has  been  omitted. 

But  from  (4)  we  see  that  I    ySy  dx  is  itself  of  the  second  order, 

so  that  the  latter  of  the  above  two  terms  is  really  of  the  third  order. 
Hence  finally  to  the  second  order 

and  as  the  right-hand  member  of  this  equation  is  positive  we  have 
<>htained  a  minimum  value  of  - . 

340.  The  criticisms  which  Strauch  offers  on  preceding  writers 
^J^e  sometimes  of  a  very  trifling  character ;  we  have  already  seen  an 
instance  in  Art.  29,  and  we  will  now  notice  two  others. 
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In  the  proTblem  solved  by  Poisson  whicli  we  have  reproduced  In 
Art.  99,  Poisson's  own  result  has  0  instead  of  0  +  A;  that  is,  Poisson 
has  not  explicitly  introduced  the  constant  A  in  his  last  integra- 
tion. Strauch  refers  to  this  slight  omission  in  such  a  manner  as 
almost  to  lead  a  reader  to  suppose  that  Poisson's  investigation  must 
Ibe  altogether  unsatisfactory.     See  Vol.  ii.  page  504. 

On  pages  747,  748  of  his  second  volume  Strauch  solves  a 
problem  of  a  relative  minimum  as  an  example  of  Euler's  method. 
Eequired  a  curve  such  that  the  area  bounded  by  the  curve  tlie 
axis  of  X  and  ordinates  at  fixed  points  of  this  axis  shall  be  constant, 
and  at  the  same  time  the  centre  of  gravity  of  this  area  at  a  mini- 
mum distance  from  the  axis  of  x. 

jj'dx 

Let  the  abscissae  of  the  fixed  points  be  a  and  a;  then  -7^^ 

is  to  be  a  minimum  while  1   ydx  is  constant. 

J  a 

Let'  ^=-'7^ '^^jj^'" ^  ^' 

2  I   ydx 

J  a 

where  i  is  a  constant ;  and  let  j" ydx  he  denoted  by  A. 

fySydx     i'fdx                      .„ 
^     Then8Cr=-'-^-3— -^-^^J^Sy^  +  iJ^Sycfo (2). 

Now  put  jy'dx^  Orydx (3). 

then  (2)  may  be  expressed  thus, 

Sf;-=  JL  ["  (2^  -  C  +  2AL)  Sy  dx. 

Thus  2y-  (7  +  2J.i:  =  0 ^ W» 

so  that  we  obtain  a  straight  line  parallel  to  the  axis  of  x  for  the 
required  curve.    Then  from  (3)  we  obtain 
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^ j(a-a)  =  (; (a- a), 

therefore  C  =  2AL  or  =  —  2AL ;  the  former  by  (4)  gires  the  in- 
admissible result  y  =  0,  the  latter  gires  y  —  C. 

Now  let  the  constant  area  be  denoted  by  ^r*;  then  since 
\ydx^g\ 

J  a 

we  obtain  C{a  —  a)=^  g^. 

Strauch  now  proceeds  to  investigate  the  terms  of  the  second 
order ;  he  arrives  at  the  result  that  the  sign  of  these  terms  is  the 
same  as  that  of 


/:(^^)'^-r^(/>4' 


and  he  says  that  as  we  cannot  assert  that  the  sign  of  this  expression 
is  positive  we  are  not  justified  in  concluding  by  this  method  that 
there  is  a  minimum,  although  it  is  obvious  from  statical  consider- 
ations that  our  result  does  give  a  minimum.  He  therefore  con- 
cludes that  Euler's  process  is  defective.     The  answer  is  obvious. 

Since  the  area  is  to  be  constant  i    Sy  dx  is  absolutely  zero,  so  that 

J  a 

we  are  sure  of  a  minimum  from  Strauch's  own  process.  It  will  be 
found  on  examining  Strauch's  investigation  of  the  terms  of  the 
second  order  that  he  has  in  effect  in  one  place  himself  recognized 

that  I    hydx  \b  zero.    The  whole  solution  is  more  laborious  than 

was  necessary ;  for  since  (  ydx  vs,  constant  we  might  instead  of 
Strauch's  value  of  TJ  have  used  the  more  simple  value  given  by 


tr=s:  I    y^dx  +  Ll    ydx. 
J  a  J  a 


Strauch's  objections  to  the  methods  of  Euler  and  Lagrange 
for  solving  problems  of  relative  maxima  and  minima  seem  unim- 
portant ;  and  his  own  method  is  unnecessarily  complex.  See  Vol.  i. 
pages  339—555,  and  Vol.  II*  pages  740—763. 
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341.  It  will  be  convenient  to  notice  in  connexion  with  the 
work  of  Strauch  an  elaborate  memoir  which  he  presented  to  the 
Academy  of  Sciences  at  Vienna  in  1856,  and  which  may  be  re- 
garded as  a  continuation  of  his  work.  The  title  of  the  memoir  is 
Anwendung  des  sogmannten  VariationscahuVs  auf  zweifdche  und 
dreifoche  Integrale;  it  was  published  in  1859  in  the  16th  volume  of 
the  Denkschriftm  of  the  Academy.  The  memoir  occupies  156  large 
quarto  pages,  and  is  remarkable  for  the  accuracy  and  beauty  of 
the  printing. 

The  introduction  refers  to  the  memoirs  of  Delaunay,  Sarrus 
and  Cauchy,  which  we  have  described  in  Chapters  VI,  vii,  viii. 
Strauch  considers  that  these  memoirs  do  not  really  effect  what  was 
required  by  the  Academy  of  Sciences  at  Paris  when  they  proposed 
their  prize  subject;  see  Art.  133.  Accordingly  he  undertakes  in 
the  present  memoir  to  investigate  the  variations  of  double  and 
triple  integrals. 

After  some  explanatory  remarks  respecting  his  notation  he 
proceeds  to  the  variation  of  double  integrals ;  this  subject  occupies 
pages  8—78  of  the  memoir.  This  part  of  the  memoir  contains 
little  more  than  the  author  had  already  given  in  his  work,  for  the 
most  general  investigation  which  occurs  is  that  which  we  have 
already  stated  to  be  the  most  general  investigation  in  his  work ; 
see  Art.  336.  The  methods  are  the  same  as  in  his  work;  he 
begins  with  simple  cases  and  proceeds  to  those  which  are  more 
complex;  he  gives  a  full  account  of  the  various  suppositions  which 
can  be  made  respecting  the  limits  of  the  integrations,  although  his 
statement  of  the  manner  in  which  the  arbitrary  functions  or  con- 
stants must  be  determined  is  too  vague  and  general  to  be  of  much 
value.  He  usually  investigates  the  terms  of  the  second  order,  but 
in  transforming  these  terms  he  is  content  with  imitating  the  method 
of  Legendre.  The  variation  of  triple  integrals  occupies  pages 
79 — 132  of  the  memoir,  and  is  treated  in  his  usual  manner  by 
the  author.  The  most  general  investigation  which  is  completely 
Irorked  out  is  the  variation  of  a  triple  integral  in  which  no 
differential  coefficient  occurs  of  an  order  higher  than  the  first; 
some  more  general  investigations  are  partially  worked  out.  Four 
problems  Qccur  as  examples  in  this  part  of  the  memoir.    The  first 
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is  to  find  w  so  that  the  following  triple  integral  may  have  a  maxi- 
mum or  minimum  value, 


///■ 


^^)H^^^'^^' 


where  ^  is  a  constant,  and  the  limits  of  the  integrations  are  all 
constants.  The  other  three  problems  are  modifications  of  that 
which  we  have  given  from  Sarrus  in  Art.  180. 

The  pages  133 — 154  of  the  memoir  contain  some  remarks  on 
the  memoirs  of  Sarrus,  Cauchy  and  Delaunay.  Strauch  quotes 
at  full  the  result  which  Sarrus  obtains  for  the  problem  which  we 
have  explained  in  Art.  194,  and  compares  this  result  with  that 
which  he  obtains  by  his  own  processes  and  in  his  own  notation. 
Strauch  gives  that  result  from  Cauchy's  memoir  which  we  have 
investigated  in  Art.  192,  and  compares  it  with  that  which  he 
obtains  by  his  own  processes  and  in  his  own  notation.  In  his 
remarks  on  Delaunay  he  intimates  that  some  terms  are  omitted 
by  Delaunay  in  his  formulae ;  see  pages  147  and  148  of  the  memoir. 
There  is  however  no  error  in  Delaunay's  formulae;  the  terms  in 
question  do  not  appear  because  the  problem  which  Delaunay  con- 
siders is  not  the  most  general  that  could  be  proposed,  as  we  have 
already  stated  in  Art.  138. 

Again  on  page  149  Strauch  intimates  that  Delaunay  has  only 
two  equations  for  determining  certain  arbitrary  functions,  while 
four  are  required,  which  he  has  himself  supplied ;  Strauch's  four 
equations  would  however  reduce  to  two  in  the  particular  case  which 
Delaunay  considers. 

342.  The  next  of  the  three  comprehensive  treatises  is  Mr 
Jellett's,  entitled  An  elementary/  treatise  on  the  Calculus  of  Variations 
oy  the  Rev.  J.  H.  Jellett,  Dublin  1850.  It  is  an  octavo  volume 
of  377  pages,  with  a  preface  and  introduction  of  20  pages. 

This  valuable  work  constitutes  the  only  complete  treatise  on 
fte  Calculus  of  Variations  in  the  English  language,  and  will  neces- 
sarily be  studied  by  all  who  wish  to  pass  beyond  the  rudiments 
of  the  subject.     A  brief  outline  of  the  work  Avith  some  remarks  on 

26 
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a  few  incidental  points  is  consequently  all  that  will  be  required 
here. 

343.  The  introduction  contains  a  sketch  of  the  history  of  the 
subject;  it  appears  that  the  author  had  studied  the  memoirs  of 
Poisson,  Ostrogradsky,  Jacobi  and  Delaunay,  but  had  not  seen  that 
of  Sarrus.  The  first  chapter  is  entitled  Definitions  and  Principles; 
it  occupies  pages  1 — 10,  and  explains  what  is  meant  by  a  variation. 
A  very  important  remark  occurs  on  page  5,  "  ... .  many  writers  on 
the  Calculus  of  Variations  have  been  led  into  considerable  difficul- 
ties by  an  unsteady  use  of  the  symbol  S,  a  symbol  which  they 
employ  sometimes  to  express  the  increment  which  a  function 
receives  in  consequence  of  a  change  of  form  onli/,  and  sometimes  to 
express  the  increment  which  it  receives  from  the  variation,  not  only 
of  its  form,  but  also  of  its  independent  variables.  We  shall  then 
use  the  symbol  S  to  denote  that  species  of  increment  which  is 
peculiar  to  the  Calculus  of  Variations,  that,  namely,  which  a  function 
receives  in  consequence  of  a  change  in  its  form  onl^.  We  shall, 
as  in  the  Differential  Calculus,  denote  by  the  symbol  d  that  incre- 
ment which  a  function  receives  in  consequence  of  a  change  in  the 
magnitude  of  its  independent  variables." 

Accordingly  in  Mr  Jellett's  work  the  independent  variable  is 
not  supposed  to  undergo  variation.  It  has  already  been  stated  in 
the  course  of  the  present  work  that  this  appears  the  best  method 
of  treating  the  subject. 

344.  The  second  chapter  is  entitled  Functions  of  one  indepen- 
dent variable;  it  occupies  pages  11 — 30.  It  contains  the  ordinary 
investigations  and  transformations  of  the  variation  of  a  single  m- 
tegral  so  far  as  terms  of  the  first  order,  and  also  an  investigation 
of  the  terms  of  the  second  order;  the  usual  expression  second 
variation  is  adopted  for  these  terms,  but  a  good  note  is  given  on 
page  355  respecting  the  ambiguity  of  this  expression.  The  third 
chapter  is  entitled,  Maxima  and  minima  of  indeterminate  functions 
of  one  independent  variable;  it  occupies  pages  31 — 136.  1^^ 
chapter  contains  the  ordinary  investigation  of  the  equation  or 
equations  which  must  hold  in  order  that  an  integral  may  have  a 
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maximum  or  a  minimum  value.  Jacobi's  theory  for  distinguishing 
between  a  maximum  and  a  minimum  is  fully  developed ;  the  author 
here  follows  the  guidance  of  Delaunay,  see  Arts.  230 — 236.  This 
chapter  contains  a  very  important  discussion  as  to  the  number  of 
constants  which  can  occur  in  the  solution  of  a  certain  problem, 
and  as  to  the  number  of  them  which  are  indeterminate.     Let  it  be 

required  to  make  the  integral  I      Vdx  a  maximum  or  a  minimum, 

J  OCq 

where  V  contains  x^  y^  z^  and  the  differential  coefficients  of  y  and  z 
with  respect  to  x ;  while  at  the  same  time  a  relation  i  =  0  is  always 
to  hold  among  these  quantities.  The  following  is  the  conclusion. 
Suppose  that  V  contains  y  and  its  differential  coefficients  as  far  as 
that  of  the  order  n  inclusive,  and  z  and  its  differential  coefficients 
as  far  as  that  of  the  order  m ;  suppose  that  the  equation  X  =  0  is  of 
the  order  n  in  differential  coefficients  of  y  and  of  the  order  m  in 
differential  coefficients  of  z.      Then 

(1)  If  m  be  greater  then  m  and  n  greater  than  n  the  order  of 
tlie  final  differential  equation  will  be  the  greater  of  the  two 
quantities 

2  (m  +  n)  and  2  (m'  +  ^), 

and  there  will  be  a  sufficient  number  of  ancillary  equations  to  de- 
termine the  arbitrary  constants  which  enter  into  its  solution. 

(2)  The  same  conclusion  holds  for  the  case  in  which  m  is 
greater  than  m   and  n  less  than  n  . 

(3)  If  m  is  greater  than  m  and  n  greater  than  n^  the  order  of 
the  final  equation  will  be  in  general 

2  {m  +  n) ; 

and  its  solution  may  contain  any  number  of  indeterminate  constants 
not  exceeding  the  lesser  of  the  two  quantities 

2  (m'  ~  m)  and  2  {n  —  ii). 

Mr  Jellett  points  out  that  a  remark  made  by  Poisson  in  the  ninth 
section  of  his  memoir  is  inconsistent  with  these  results. 

26—2 
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The  whole  of  this  chapter  is  illustrated  by  examples  which  are 
fully  solved. 

345.  The  fourth  chapter  Is  entitled  Application  of  the  Calculus 
of  Variations  to  Geometry.  I.  Theory  of  Curves ;  it  occupies 
pages  137 — 202.  This  chapter  consists  of  a  collection  of  problems, 
including  those  of  historical  celebrity ;  they  are  all  fully  solved. 
The  fifth  chapter  is  entitled  On  multiple  Integrals  in  general;  it 
occupies  pages  203 — 218.  The  sixth  chapter  is  entitled  Functions 
of  two  or  more  independent  variables ;  it  occupies  pages  219 — 238. 
The  fifth  and  sixth  chapters  contain  the  variation  of  multiple  inte- 
grals ;  the  methods  are  those  of  Ostrogradsky  and  Delaunay.  The 
most  general  result  obtained  is  equivalent  to  that  which  we  have 
given  in  Art.  144  after  Delaunay,  The  seventh  chapter  is  en- 
titled On  maxima  and  minima  of  functions  of  two  or  more  inde- 
pendent variables ;  it  occupies  pages  239 — 275.  This  chapter 
illustrates  and  applies  the  results  of  the  preceding  chapter ;  several 
examples  are  discussed  in  order  to  shew  the  treatment  of  the 
limiting  equations. 

eS46.  The  eighth  chapter  is  entitled  Application  of  the  Calculus 
of  Variations  to  Geometry.  II.  Theory  of  Surfaces;  it  occupies 
pages  276 — 286.  The  ninth  chapter  is  entitled  Application  of  tie 
Calculus  of  Variations  to  Mechanics ;  it  occupies  pages  287^ — 334. 
This  chapter  besides  the  usual  examples  contains  a  section  on  the 
application  of  the  Calculus  of  Variations  to  the  deduction  of  equa- 
tions of  equilibrium  and  motion.  The  tenth  chapter  is  entitled 
Application  of  the  Calculus  of  Variations  to  the  integration  of 
functions  of  one  or  more  independent  variables;  it  occupies  pages 
335 — 354.  This  chapter  investigates  the  conditions  of  integraUlity 
of  various  expressions.  The  remainder  of  the  work  consists  of  notes. 

347.  It  may  be  of  service  to  students  into  whose  hands  the 
work  under  consideration  may  come,  to  advert  to  some  points  which 
may  occasion  a  little  difficulty ;  and  on  this  groimd  we  shall  now 
venture  to  offer  some  remarks. 

348.  In  the  fourth  chapter  of  Mr  Jellett's  treatise  many  of  the 
problems  are  solved  by  using  the  arc  s  of  a  curve  as  the  inde- 
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pendent  variable ;  the  metliod  however  is  free  from  the  objection 
stated  in  Art,  338.  There  is  an  example  on  page  138  and  the 
following  pages.  In  the  course  of  the  solution  a  constant  a  occurs, 
and  it  is  stated  that  the  "  existence  of  the  arbitrary  constant  a  is 
an  ambiguity  necessarily  introduced  by  the  selection  of  s  for  the 
independent  variable."  A  reason  is  then  assigned  for  making  a  =  0 ; 
but  the  reason  does  not  seem  satisfactory.  It  appears  that  the 
term  /^^  ds^  —  [juq  ds^  is  omitted  in  the  discussion  of  the  limiting 
terms  on  page  141.  The  whole  expression  relative  to  the  upper 
limit  should  be 

then  giving  to  m^  the  same  meaning  as  Mr  Jellett  does,  we  have 

By  means  of  (1)  the  expression  relative  to  the  upper  limit 
becomes 


Hence 


iih^ih" '* 


Substitute  from  (3)  in  (2) ;  thus 

therefore  fjL^  =  X^, 
This  proves  that  a  =  0 ;  since  the  book  proves  that  \==fjL  +  a. 

349.     We  have  stated  in  the  preceding  Article  that  it  appears 
*at  fi^  ds^  -  fi^  ds^  is  omitted  in  the  discussion  of  the  limiting  termg. 
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In  support  of  this  remark  we  may  advert  to  Art.  152  of  the  present 
work.  There  by  taking  account  of  certain  limiting  terms  we 
obtain  the  equation 

p^ ""  ds         ds        ds ' 

this  equation  does  not  occur  in  Mr  Jellett's  investigation.  The 
truth  of  this  equation  is  confirmed  in  Art.  157  by  its  agreement 
with  a  result  obtained  by  Delaunay. 

There  is  a  difference  in  the  methods  we  have  used  in  Arts. 
152  and  348.  In  Art.  152  we  followed  the  ordinary  method  and 
ascribed  a  variation  to  the  independent  variable  s  ;  in  Art.  348  we 
do  not  ascribe  a  variation  to  s.  The  final  results  will  agree  in  the 
two  methods,  but  the  processes  will  differ.  Thus  in  Art.  348,  if  we 
follow  the  ordinary  method  the  whole  expression  relative  to  the 
upper  limit  will  be 


fi^hs^  +  \ 


instead  of  what  we  have  given ;  and  instead  of  (1)  we  shall  have 
Thus  the  expression  above  becomes 

and  from  this  we  obtain  as  before 

On  the  other  hand,  suppose  that  in  Art.  152  we  follow  the  second 
method.    Then  instead  of  the  term 


\  as         as         as     p  J 

which  is  there  given,  we  should  have  simply  Vds,    But  now 


the 
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variations  of  the  limiting  co-ordinates  will  not  be  simply  Sx^  Sy,  Ss?, 
as  in  Art.  152,  but 

Bx  +  -Y-  ds,     By  +  ~-  ds,    Bz  +  -,-  ds 
as      '      ^      as  ds 

respectively ;  and  these  must  vanish  at  the  limits,  since  the  limits 
are  supposed  fixed.  Thus  we  shall  obtain  finally  the  same  result 
as  before. 

Of  the  two  methods  which  can  be  used,  Mr  Jellett  has  decided 
in  favour  of  that  which  does  not  ascribe  a  variation  to  the  indepen- 
dent variable,  see  Art.  343.  But  it  would  seem  that  in  the  fourth 
chapter  of  his  work  he  has  not  adopted  uniformly  the  consequences 
which  follow  from  this  decision. 

350.  Eemarks  similar  to  those  already  made  apply  with  respect 
to  pages  153,  155,  178,  181,  183  and  299  of  the  book. 

Again,  on  page  170  it  is  remarked,  "  and  the  remaining  con- 
stant, a,  depending  upon  the  given  length  of  the  curve...."  Nothing 
however  has  been  previously  said  respecting  the  given  length  ;  and 
it  appears  here  as  before  that  fju^  ds^  —  fi^  ds^  should  be  added  to  the 
limiting  terms  if  we  adopt  the  method  of  Art.  349.  Or  if  we  adopt 
the  method  of  Art.  152  we  must  add 

{fi-X  +  fi'p)^ &,  -  (/^ - X  +  fi'p)^ Ss^. 

Again,  on  page  175  it  is  stated,  **  the  superfluous  constant  a  will 
oe  determined  by  expressing  the  area  as  a  function  of  that  constant 
^nd  equating  its  differential  to  zero."  This  reference  to  the 
ordinary  Differential  Calculus  is  unnecessary ;  for  the  Calculus  of 
variations  supplies  sufficient  conditions  for  determining  the  con- 
stants. The  problem  under  discussion  is,  to  find  a  curve  of  given 
length  such  that  the  area  bounded  by  the  curve  itself,  its  two 
extreme  radii  of  curvature,  and  the  arc  of  the  evolute  between  them 
^ay  be  a  minimum.  This  problem  is  solved  in  most  elementary 
^J^eatises,  and  the  result  obtained  is  that  the  curve  must  be  a 
cycloid ;  this  result  is  obtained  by  the  ordinary  processes  of  the 
Calculus  of  Variations.    In  fact  if  we  adopt  the  method  of  Art.  152 
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we  shall  find  that  the  following  limiting  terms  have  been  omitted 
in  the  book, 

{fM-X  +  fi'p)^  S5,  ~  (/^  -  X  +  fi'p)^  &o, 
where  fi'  =  1  and  yu,  =  p  +  a  constant. 

From  considering  these  we  find  that  we  must  have 
\  =  0,     and  \  =  0, 
since  p^  and  p^  vanish.     Then  Iby  page  168  of  the  work,  we  have 
^-       dx  ^     , 

/clx\  /(Ix\ 

for  it  is  shewn  on  page  169  that  5  =  0.    Thus  1-^-)  and  (-j-j  must 

vanish.   Then  by  page  174  since  2^i  =  0  and  f  --7-  j  =  0  we  have  e=0; 

and  this  is  the  result  which  is  established  in  the  book  by  appealing 
to  the  Difierential  Calculus. 

351.  On  page  165  some  results  are  given  without  demon- 
stration. The  results  refer  to  a  segment  of  a  sphere  which  is 
required  to  have  a  maximum  or  minimum  volume,  while  the  surface 
is  given.   Let  a  denote  the  radius  of  the  sphere,  h  the  height  of  the 

segment,  then  the  volume  of  the  segment  is  tt  f  aF— -—)  .    Since 

the  surface  is  given,  ah  is  equal  to  a  constant,  which  we  will  denote 
by  F.  Let  y  denote  the  radius  of  the  plane  base  of  the  segment ; 
then 

therefore  A'  =  2F~?^'. 

Thus  the  volume  =  tf  If  V(2F  -  /)  -  ^^^''^^^l  I  =  Fsuppose. 

Now  y  is  supposed  to  be  an  ordinate  of  a  given  curve,  and  V  is 
to  be  made  a  maximum  or  a  minimum  by  properly  choosing  this 
ordinate.  Let  x  denote  the  abscissa  corresponding  to  the  ordinate  y. 
Then  we  have 
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f=-{v(iSy)  +  W(^^^-^i 


V(2A:^-2^^)' 


therefore  ^-^^2^i^^^^^^ 
ttieretore  ^^  _ -^^^^^.—^  _  . 

We  have  now  three  cases  to  examine,  namely 
g  =  0,y=^,  2,  =  0. 

(1)  If  y  itself  be  a  maximum  or  minimum  F  will  he  a  maxi- 
mum or  minimum  respectively  provided  T^  —  y^  he  positive,  and  a 
minimum  or  maximum  respectively  provided  l?—y^  be  negative. 

(2)  The  value  y  —  h  makes  -j~  zero,  and  makes  -7-^-  negative 
provided  ^  be  not  zero;  thus  in  this  case  Fis  a  maximum.  If  ^  is 


itself  a  maximum  or  minimum  when  y  =  Z;,  then  -j-  changes  sign 

when  y  ^Jcy  and  so  F  is  itself  a  maximum  or  minimum  respect- 
ively, 

(3)  With  respect  to  the  case  of  y  =  0  we  must  remark  that 
the  question  does  not  suppose  that  y  is  capable  of  becoming 
negative.     If  the  given  curve  touches  the  axis  of  x  then  the  value 

y-0  occurs  simultaneously  with  -f~  =  0,  so  that  y  is  then  a  mini- 
mum and  so  is  F. 

These  results  do  not  agree  with  those  in  the  book.  The  case 
in  which  y=:k  seems  there  overlooked. 

It  y  =zJc  we  have  h=^k  =  a.  And  it  may  be  seen  that  the 
I'elation  on  the  14th  line  of  page  165  of  the  book  may  be  satisfied 
"7  supposing  a  =  y  and  the  angle  CFY  zero. 

352.  On  page  365  the  following  problem  is  suggested ;  to  con- 
struct upon  a  given  base  a  curve  such  that  the  superficial  area  of  the 
surface  generated  by  its  revolution  round  AB  may  be  given,  and 
*hat  its  solid  content  may  be  a  maximum. 
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Take  the  axis  of  x  as  that  of  revolution ;  then  adopting  the 

usual  notation   we   require  that  tt  ly'^dx  should  be  a  maximum 

while  2ir  L  V(l  +p')  ^^  is  given,  the  limits  of  a;  being  supposed 

fixed.      Thus  if  a  be  a  constant  we  have  to  find  the  maximum 
value  of 

'\f+2ay^/{l+f)\dx. 


k 


d        ayp  ,  . 

Hence  we  must  havey  +  aV(l+i^)  =  ^  '^JJy^:^ W\ 

this  we  know  leads  to 

therefore  //iT^^x  =  ^-3/' (^)' 

v(i+i>) 

where  5  is  a  constant. 

Then  since  y  is  to  vanish  at  the  two  fixed  points  we  have  &  =  0, 
and  then  by  completing  the  solution  we  obtain  a  semicircle  for  the 
required  curve,  and  therefore  a  sphere  for  the  solid  generated. 

Mr  Jellett  points  out  that  this  solution  is  unsatisfactory,  because 
the  superficial  area  of  a  sphere  described  upon  a  given  diameter  is 
a  determinate  function  of  that  diameter,  and  cannot  therefore  be 
made  equal  to  any  given  quantity.  Mr  Jellett  proceeds  to  remark 
that  the  process  of  the  Calculus  of  Variations  fails  in  this  case. 

We  suggest  the  following  as  a  solution  of  the  problem. 

Let  the  figure  A  CEDE  consist  of  two  straight  lines  AG,  BD 
perpendicular  to  the  axis  of  x,  and  of  the  arc  GED  which  satisfies 
the  difi'erential  equation  (2) ;  see  figure  10.  Take  A  as  the  origin; 
\%iAG=^y,,BD  =  y,,AB^x,. 

Then  the  volume  of  the  figure  foriAed  by  the  revolution  of 
AGEDB  round  J^5  iBTrj'y^dx;  and  the  surface,  including  the 

•^  0 

circular  ends,  is 

ni  +  '^l/o  +  27r  r^y  V(l  +/)  dx. 
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Now  suppose  that  y  is  changed  into  y  +  %,  then  the  variation 
of  the  volume  is  27r  I    y  By  dx,  and  we  have  to  make  this  zero  for 

''  0 

such  variations  as  leave  the  surface  unchanged ;  that  is,  for  such 
variations  as  make 

27ryJy,  +  27ry,Sy,  +  27rh  l^^'y  ^f{l+p')  dx=^  0 (3). 

Thus  if  a  represent  a  constant  we  must  make 

The  part  under  the  integral  sign  vanishes   because  we   suppose 
equation  (1)  satisfied.    So  that  we  only  require  in  addition 

1—-^-—  ~  ll  =0,     and  \-TrA~^  +  ll  =0. 
IV(1+/)        )o  V(l+/)        h 

This  leads  to  p^  =  +  ^  and^^  =  -  go  ;  that  is,  the  curve  must 
join  on  continuously  to  the  straight  lines  at  G  and  D.  Then  it 
appears  from  (2)  that  y^  =  b  when^  is  infinite,  so  that  AG  =  BD. 

The  constants  a  and  h,  and  that  which  would  arise  from  in- 
tegrating (2),  must  then  be  determined  so  that  y^  =  b  when  x  =  0  and 
when  x  —  x^,  and  that  the  surface  may  have  the  given  value. 

Suppose  however  the  circular  ends  are  not  to  be  included  in  the 
given  surface.  In  this  case  y  =  -a  furnishes  a  solution.  For  the 
terms  ay^  By^  +  ay^  By^  do  not  now  occur  in  (4) ;  and  the  value 
y^  —  a  makes 

^  +  «V(H-/)-|:-^eL 


dx  V(l  +/) 
vanish,  and  it  gives  ^  =  0  so  that    ^^^  ^     also  vanishes.    Thus 

we  obtain  a  cylindrical  surface ;  a  will  of  course  be  negative,  and 
will  be  determined  by  the  condition  that  -  ^itax^  must  be  equal 
to  the  given  surface. 
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353.  A  mistake  occurs  on  page  376  of  the  book  which  may  be 
noticed.     The  integral  I    tan^^  s>m6dd  is  made  equal  to  a  finite 

'^  0 

negative  value,  the    fact  being  overlooked   that   tan^0   becomes 
infinite  between  the  limits  of  integration.     And  the  same  mistake 

occurs  on  page  377  where  the  integral!  af/^^   2x  is  taken  between 

limits  which  include^  =  0  and  make  the  integral  really  infinite. 

In  concluding  we  may  strongly  recommend  the  student  of  the 
Calculus  of  Variations  to  master  this  important  volume.  A  trans- 
lation of  it  into  German  has  been  advertised,  but  the  present  writer 
has  not  had  the  opportunity  of  consulting  it. 

354.  The  last  of  the  three  comprehensive  treatises  is  by 
Dr  Stegmann,  entitled  Lehrhuch  der  Variattonsrechnmiff  und  Hirer 
Anwendung  lei  Untersuchungen  ilber  das  Maximum  und  Minimum, 
Kassel,  1854.  It  is  an  octavo  volume  of  417  pages  with  a  preface 
of  16  pages. 

In  the  preface  the  author  states  that  he  had  long  been  of  opinion 
that  the  Calculus  of  Variations  was  treated  in  a  meagre  and  un- 
satisfactory manner  in  elementary  treatises,  and  had  resolved  to 
undertake  the  task  of  producing  a  more  complete  work  on  the 
subject.  The  work  of  Strauch  had  not  appeared  when  first  this 
resolution  was  formed;  after  it  was  published  the  question  arose 
with  Stegmann  whether  he  should  continue  his  design,  since  he 
had  no  intention  of  ofiering  to  his  readers  such  a  rich  collection  of 
problems  as  Strauch  had  supplied.  Ultimately  he  resolved  to 
complete  his  original  design. 

In  addition  to  the  works  of  Dirksen,  Ohm  and  Strauch,  Steg- 
mann refers  to  the  memoirs  of  Poisson  and  Ostrogradsky.  He  has 
discussed  numerous  problems  as  illustrations  of  his  theory,  but  he 
does  not  present  his  work  as  a  collection  of  problems,  for  the 
development  of  the  general  theory  has  been  his  main  object.  In 
solving  his  problems  he  has  imitated  Ohm  and  Strauch  in  investi- 
gating the  terms  of  the  second  order  so  as  to  discriminate  between 
maxima  and  minima  values. 
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355.     The  work  consists  of  six  chapters  and  two  supplements. 

The  first  chapter  is  entitled  On  variations  generally ;  it  occupies 
pages  1 — 11.  The  following  is  Stegmann's  view  of  a  variation; 
let  y  denote  any  function  of  x  as  f{x)^  and  let  <^{x^  t)  be  any 
function  of  x  and  t  which  reduces  to  f{x)  when  ^  =  0 ;  then  the 
variation  of  y  is  denoted  by  S?/,  where 


8,.{#|^|_* 


the  suffix  0  indicating  that  t  is  to  be  made  zero  after  the  differ- 
entiation. 

On  page  7  we  have  the  usual  geometrical  illustration  of  the 
relation  d^y  =  hdy. 

In  the  first  four  chapters  of  the  work  no  variation  is  supposed 
ascribed  to  the  independent  variable,  and  no  change  of  value  is 
made  in  the  limits  of  the  integrals  which  occur. 

356.  The  second  chapter  is  entitled  Variations  of  expressions 
in  which  Functions  of  07ie  independent  variable  occur ^  hut  no 
Integrals;  it  occupies  pages  11 — 84. 

This  chapter  gives  that  portion  of  the  subject  which  has  been 
developed  by  Ohm  and  Strauch  ;  see  Arts,  b^  and  335.  The  theory 
is  illustrated  by  the  discussion  of  the  problem  originally  given 
by  Lagrange;  see  Art.  3.  Stegmann  also  gives  four  problems 
which  are  to  be  found  in  the  volumes  of  Strauch,  namely  those 
numbered  1,  76,  85  and  ^Q  by  Strauch.  Stegmann  indicates  on 
page  60  another  problem  of  the  same  kind  as  Lagrange's,  namely, 
to  find  a  curve  such  that  the  product  of  the  perpendiculars  let  fall 
on  any  tangent  from  two  fixed  points  shall  be  a  maximum.     It  is 

supposed  as  in  Art.  3  that  at  any  point  -^  alone  is  susceptible  of 

variation.     The  result  is  that  the  curve  must  be  an  ellipse  or 
hyperbola  of  which  the  two  fixed  points  are  the  foci. 

On  page  68  Stegmann  discusses  another  problem  of  this  kind, 
namely,  to  find  the  curve  for  which  yp  shall  be  a  maximum  or 
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minimum,  the  variations  of  y  and  p  being  so  taken  that  at  any 
point  considered  y  (oj—  ^j  shall  undergo  no  change  by  variation. 
Thus  with  the  usual  notation  we  must  have 

phy-\-yhp^O (1), 

and  (^^|)sy+j;Sp  =  0 (2); 

from  these  equations  we  obtain 

P-=^-J.-'A (3); 

therefore  -=^  ,   therefore  v  =  t  »  where  J.  is  a  constant. 
X     y  '^      A 

Now  let  us  retain  the  terms  of  the  second  order  in  order  to 
ascertain  whether  the  result  gives  a  maximum  or  a  minimum. 
Let  ?7=  yp,  then  accurately 

S U=  {y  +  By)  {p  +  Bp)  —yp=pBy  +  yBp  +  By  Bp, 

and  {y  +  By)x  —  ^ — -^ —  3/aj  +  —  =  0  accurately. 

Multiply  the  last  expression  by  X  and  add  it  to  B  U;  thus 
B  U=^pBy  -f  yBp  +  ByBp 

where  the  omitted  terms  are  of  the  third  and  higher  orders. 
Assume  X  such  that 


i>  +  x(aj-?^)=0 (4); 


then  by  means  of  (3)  and  (4)  the  terms  of  the  first  order  disappear 
from  BIT;  also  we  get  X  =  -^  ,  and  thus  to  the  second  order 
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^    y\  p        p  f  ) 

Thus  supposing  x  positive  we  have  obtained  a  minimum. 

357.  The  third  chapter  is  entitled  Variations  of  single  Integral 
expressions  with  one  independent  variable;  it  occupies  pages  84 — 165. 

This  chapter  contains  the  ordinary  theory  of  the  maxima  and 
minima  values  of  Integrals,  illustrated  by  four  examples ;  it  also 
contains  an  investigation  of  the  criterion  of  integrahility  of  an  ex- 
pression, and  an  investigation  of  Jacobi's  method  of  distinguishing 
between  maxima  and  minima  values. 

The  examples  discussed  are  the  following:  (1)  The  shortest 
line  between  two  given  points.  (2)  The  brachistochrone  between 
a  fixed  point  and  a  fixed  horizontal  line ;  the  cycloid  is  obtained 
as  the  general  solution,  but  it  is  shewn  that  in  the  particular  case 
when  the  position  of  the  lower  limiting  point  is  not  fixed  on  the 
fixed  horizontal  line  the  result  becomes  a  vertical  straight  line. 
(3)  The  maximum  or  minimum  value  of 


0-(i)"h- 


(4)  The  curve  which  with  its  evolute  includes  a  minimum  area. 
In  all  these  examples  the  terms  of  the  second  order  are  examined. 

In  investigating  Jacobi's  method  Stegmann  proves  the  first 
part  of  the  theorem  of  Art.  222  universally,  that  is,  he  proves  that 
a  certain  expression  is  integrable ;  his  proof  depends  on  his  previous 
investigation  of  the  condition  of  integrahility.  With  respect  to  the 
second  part  of  the  theorem  he  confines  himself  to  proving  that 

jyVdx  has  the  required  form  when  B^  is  the  last  of  the  series  of 

terms  5,  B^,  B^,...;  and  he  exhibits  completely  the  values  of 
■^j  B^  and  B^.  He  gives  an  investigation  similar  to  that  in  Art.  224, 
and  as  in  that  Article  he  preserves  the  terms  which  are  outside  the 
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integral  signs.  At  the  bottom  of  his  page  163  he  makes  a  certain 
expression  to  be  zero  which  should  be  equal  to  a  constant ;  there 
seem  indications  however  on  the  last  page  of  the  chapter  that  he 
had  perceived  some  inconsistency  in  this  proceeding  with  respect 
to  the  number  of  constants  involved ;  see  Art.  232. 

358.  The  fourth  chapter  is  entitled,  On  the  determination  of 
the  maximum  or  minimum  in  combinations  of  simple  integrals,  or 
when  certain  conditions  are  prescribed ;  it  occupies  pages  165 — 265. 

This  chapter  contains  the  following  subjects:  (1)  Eelative 
maxima  and  minima  problems  or  isoperimetrical  problems.  (2)  Pro- 
blems in  which  the  limiting  values  are  subject  to  certain  con- 
ditions ;  here  Stegmann  draws  attention  to  the  terms  of  the  second 
order,  and  he  keeps  them  all  in,  so  that  he  has  terms  outside  the 
integral  sign  besides  the  terms  under  the  integral  sign  which  may 
be  supposed  treated  by  Jacobi's  method;  see  pages  187 — 196  of  the 
work.  (3)  Maximum  or  minimum  of  an  integral  which  involves 
more  than  one  dependent  variable,  with  or  without  a  given  equa- 
tion connecting  the  variables.  (4)  Maximum  or  minimum  of  an 
integral  which  involves  x,  y,  differential  coefficients  of  y,  and  also  Z 
where  Z  is  an  integral  expression  involving  x,  y,  and  the  differential 

coefficients  of  y,     (5)  Maximum  or  minimum  of  I  Vdx^  where  V  is 

supposed  determined  by  a  differential  equation.  (6)  Maximum  or 
minimum  of  an  integral  involving  x,  y,  z  and  the  differential 
coefficients  of  y  and  z,  where  the  limiting  values  of  y  and  z  and 
their  differential  coefficients  occur  in  the  integral. 

This  chapter  contains  the  following  examples.  (1)  To  find  the 
curve  of  given  length  joining  two  fixed  points  which  with  the  ordi- 
nates  of  the  two  fixed  points  and  the  axis  of  x  includes  the  greatest 
or  least  area.  (2)  The  curve  of  given  length  fastened  at  its  ends  to 
two  fixed  points,  which  has  its  centre  of  gravity  lowest.  (3)  To 
find  the  shortest  line  that  can  be  drawn  between  two  fixed  lines 
perpendicular  to  the  axis  of  x,  under  the  condition  that  the 
product  of  the  extreme  ordinates  shall  have  a  prescribed  value. 
In  these  three  problems  the  terms  of  the  second  order  are  ex- 
amined.    (4)  The  shortest  line  on  a  curved  surface;  the  general 


STEGMANN.  417 

differential  equation  is  obtained  and  then  particular  applications 
are  given ;  for  example,  the  case  of  the  ellipsoid  is  examined. 
(5)  Of  all  curves  which  have  the  property  that  the  normal  plane 
passes  through  a  fixed  point,  to  find  that  which  has  the  least 
length  between  two  fixed  parallel  planes  •  this  is  in  Strauch,  Vol.  ii. 
pages  379 — 381.     (6)  The  brachistochrone  in  a  resisting  medium. 

(7)  The   minimum  value  of  j  ^"<&,  where  Z=  fV(l+/)  c&?. 

(8)  The  curve  down  which  a  body  must  fall  in  a  resisting  medium 
so  as  to  acquire  the  greatest  velocity.     (9)  To  find  the  minimum 

value  of  j    (-^j  dx,   under  the   conditions  thatyo  =  l   and  that 

j  ydx^—y^.  (10)  The  problem  we  have  enunciated  in  para- 
graph (3)  of  Art.  311 ;  Stegmann  does  not  however  allude  to 
the  difficulty  which  occurs  in  the  particular  case  which  we  have 
examined  in  Art.  352. 

359.  The  fifth  chapter  is  entitled  On  Mixed  Variations  with 
simultaneous  changes  of  the  independent  variable;  it  occupies  pages 
265—327. 

In  all  the  investigations  hitherto  given  in  the  book  the  limits  of 
the  integrations  have  been  supposed  fixed  and  the  independent 
variable  unsusceptible  of  variation ;  Stegmann  proceeds  in  the  pre- 
sent chapter  to  give  that  extension  to  his  formulae  which  they 
I'equire  in  order  to  apply  to  problems  in  which  the  initial  and  final 
values  of  all  the  quantities  which  occur  are  changed.  He  now 
adopts  the  common  method  of  ascribing  a  variation  to  the  indepen- 
dent variable.  Suppose  x  the  independent  variable  and  y  the 
dependent  variable,  let  these  become  by  variation  x-\-Bx  and 
y  +  oy  respectively ;  then  Stegmann  obtains  a  relation  denoted  thus 

f^his  result  might  be  presented  as  a  definition,  namely,  let 
^y-pBx  be  denoted  by  {S)y,  and  then  it  might  of  course  be 
considered  absolutely  true,    Stegmann  however  adopts  a  difierent 

27 
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method ;  lie  defines  (S)  y  and  by  means  of  geometrical  considerations 
establishes  the  truth  of  the  relation  as  far  as  the  first  order  of  small 
quantities* 

It  is  then  necessary  for  him  to  shew  that 

where  g^  =  -^  =  ---^ ;  and  generally  that 

^  dx""-^     dx""     ^dx""^'^^' 

His  method  is  the  following, 

c.   __^dy  ^dx dZy  —  dy  dSx  ^  dhy        dSx  ^ 
^ "~    dx"^  dx^  dx      "  dx^ 

put  (S)^  •\-'phx  for  hy  and  qdx  for  <^,  thus 

this  may  be  written  Z]^^{^p-\'  qpx. 

Stegmann  subsequently  gives  the  common  geometrical  illus- 
tration of  the  relation  Mx  =  dSx. 

The  above  investigation  of  the  value  of  Sp  cannot  be  regarded  as 
absolutely  true,  but  only  as  true  to  the  first  order. 

Suppose  now  that  Z7=  i    Vdx,  and  that  the  variation  of  U  is 

J  a 

required ;  Stegmann  proves  that  the  result  obtained  when  x  was 
supposed  unsusceptible  of  variation,  so  far  as  terms  of  the  first 
order  are  involved,  requires  only  the  following  modifications; 
%,  Sp,  ...  have  to  be  changed  into  {B)y,  (B) p,  ....  respectively, 
and  the  following  limiting  terms  added,  F|S|  -  F^Sa.  Two  proofs 
are  given  of  this  statement. 

The  formulae  are  illustrated  by  discussing  the  problem  of  the 
brachistochrone  in  the  case  where  there  is  no  resistance,  and  also  m 
the  case  where  there  is,  and  the  problem  of  the  shortest  line.    1^ 
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both  these  problems  various  suppositions  are  made  with  respect  to 
the  limiting  conditions  and  carefully  examined.  For  example, 
take  the  problem  we  have  considered  in  Art.  300 ;  Stegmann  adopts 
the  suppositions  there  made  and  arrives  at  the  results  there  ob- 
tained by  interpreting  the  terms  of  the  first  order.  Then  he  makes 
another  supposition ;  let  the  limiting  values  x^  and  x^  be  connected 
by  the  relation 

iTg  —  ajj  =  a  constant, 

then  dx^  =  dx^,  and  instead  of  the  two  equations  obtained  by 
equating  to  zero  the  coefficients  of  dx^  and  dx^  we  have  now  the 
single  equation 

f       pt'W  +  l       ]  _  f       px(^)  +  -^        I  ,  P'^^^  =  0  • 

this  reduces  to 

ipir'{x)  +  l\        {px{x)  +  l\         1    n^i^^O, 

therefore  '^'  {x^  =  %'  {x^  ; 

thus  the  tangents  to  the  limiting  curves  at  the  points  where  the 
described  curve  meets  them  are  parallel. 

Stegmann  also  considers  briefly  the  subject  of  the  discrimina- 
tion between  maxima  and  minima  values  when  the  independent 
variable  is  supposed  to  undergo  a  variation.  Here  of  course  allow- 
ance has  to  be  made  for  the  circumstance  that  some  of  the  formulae 
employed  were  only  true  to  the  first  order.  He  illustrates  his 
remarks  by  considering  the  problem  of  the  shortest  line  between 
a  given  point  and  a  given  curve. 

On  the  whole  the  chapter  appears  to  be  a  good  exhibition  of 
tlie  method  which  the  author  selects,  but  the  method  seems  far 
kss  simple  and  satisfactory  than  that  of  not  allowing  the  inde- 
pendent variable  to  undergo  variation,  but  obtaining  the  requisite 
generality  by  changing  the  limits  of  the  integrations. 

Two  other  subjects  may  be  mentioned  which  are  introduced 
i^to  this  chapter.    On  pages  278,  279  Stegmann  proves  the  theorem 

27—2 
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wHch  we  have  expressed  in  Art.  93  thus,  Hy'  +  Kz  =  0 ;  the  proof 
does  not  depend  on  the  Calculus  of  Variations.  On  page  292 
Stegmann  considers  the  case  in  which  the  function  under  the  in- 
tegral sign  may  itself  involve  the  limiting  values  of  the  variables 
or  differential  coefficients ;  he  points  out  however  that  the  limiting 
values  of  the  highest  differential  coefficient  when  there  is  only 
one  dependent  variable  must  not  occur ;  because  if  in  such  a  case 
we  wish  to  make  the  integral  a  maximum  or  a  minimum  we  have 
in  general  more  conditions  than  disposable  quantities.  A  similar 
remark  holds  when  there  is  more  than  one  dependent  variable. 

360.  A  supplement  to  the  third,  fourth,  and  fifth  chapters 
occupies  pages  327 — 338;  it  draws  attention  to  the  method  of 
solving  problems  in  this  subject  which  was  adopted  by  the  early 
writers,  and  refers  to  the  memoir  of  Schellbach.  Stegmann  solves 
two  problems  by  this  method.     (1)  To  find  among  all  curves  of 

given  length  that  for  which      F{y)  dx  is  a  maximum  or  a  mini- 

J  a 

mum.     (2)  The  shortest  line  on  a  surface  of  revolution. 

361.  The  sixth  chapter  is  entitled,  On  the  variations  of  func- 
tions of  two  independent  variables ;  it  occupies  pages  338 — 395. 

On  page  11  of  his  work  Stegmann  seems  to  indicate  that  mixed 
variations  occur  only  in  the  fifth  chapter,  but  we  find  them  again  m 
the  first  section  of  the  sixth  chapter. 

Suppose  z  any  function  of  x  and  y,  say  z  =/(a?,  2^) ;  let  j)  {x,  y,  t) 
denote  any  function  of  x,  3/,  and  t,  which  reduces  to  f{x,  y)  when  i 
vanishes.  In  ^  (a?,  y,  t)  change  x  into  x  +  Sx,  y  into  y  +  By,  and  t 
into  t  +  Bt;  then  a  result  is  obtained  which  is  denoted  thus, 


or  by  supposing  t  =  0, 


Bz=={h)z  +  gBx  +  ^By. 
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Then  since  this  is  true  whatever  function  of  x  and  y  is  denoted 
by  ^,  Stegmann  says  we  have 

and  so  on. 

This  method  seems  however  an  unsatisfactory  proof  of  these 
formulas;  see  Arts.  102  and  124. 

Stegmann  next  refers  to  questions  similar  to  that  in  Art,  3, 
but  involving  more  than  one  independent  variable.  He  solves 
the  following  problem ;  to  determine  a  surface  having  the  property 
tbat  the  sum  of  the  squares  of  the  intercepts  cut  off  from  the 
co-ordinate  axes  by  the  tangent  plane  at  any  point  shall  be  a 
minimum.     Thus  in  the  usual  notation 

IS  to  be  a  minimum.  Here  p  and  q  are  supposed  susceptible  of 
variation ;  the  result  is  that  the  required  surface  is  determined 
l>y  the  equation 

x^  -\-y^  -{-z^  =:  a^. 

Stegmann  now  proceeds  to  the  variation  of  a  double  integral; 
here  he  restricts  himself  to  supposing  hx  and  Sy  to  be  zero,  and 
^6  gives  the  complete  development  of  the  variation  as  far  as  terms 
^^  the  first  order,  supposing  that  no  differential  coefficient  occurs 
^*  a  higher  order  than  the  second.  As  hx  and  hy  are  supposed 
26^0,  and  no  change  is  made  in  the  limits  of  the  integrations, 
the  investigation  is  less  general  than  that  which  we  have  given 
^^  Arts.  143  and  183.  Stegmann  illustrates  this  investigation  by 
&e  following  examples.      (1)  To  find  the  minimum  of 

/     1    {z'\'Xp'^yp')dy€lx\ 

J  a  J  P 

^^is  example  is  taken  from  Strauch,  Vol.  ii.  page  579.      (2)    The 
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curved  surface  of  minimum  area  between  given  limits.  In  this 
case  Stegmann  obtains  the  ordinary  differential  equation  and  then 
gives  a  long  investigation  bj  which  he  arrives  at  Monge's  integral; 
see  Art.  311.  Then  as  an  example,  he  shews  that  the  particular 
surface  considered  by  Bjorling  and  others  is  included  among  the 
general  class  of  surfaces  which  is  required ;  see  Arts.  311  and  315. 
With  respect  to  this  example  however,  he  states  more  than  he  has 
proved;  see  his  page  377.  He  states  that  if  the  surface  is  to 
be  bounded  by  two  fixed  straight  lines  AO,  BD  and  two  fixed 
curves  AB,  CD  which  constitute  a  closed  four-cornered  figure, 
then  the  particular  surface  referred  to  does  possess  the  least  area. 
Now  he  has  not  examined  the  terms  of  the  second  order  so  as 
to  ascertain  that  there  really  is  a  minimum,  and  moreover  his 
solution  does  not  shew  that  the  particular  surface  referred  to  is 
the  only  surface  that  will  satisfy  the  conditions  of  the  problem 
so  far  as  making  the  terms  of  the  first  order  vanish,  but  the  only 
surface  out  of  all  those  which  can  be  generated  by  a  straight 
line  which  moves  so  as  always  to  be  parallel  to  a  fixed  plane.  We 
shall  hereafter  see  that  Stegmann  has  stated  more  than  is  true. 

The  last  three  sections  of  the  sixth  chapter  are  devoted  to  the 
consideration  of  the  modification  of  the  formulae  for  the  variation 
of  a  double  integral  which  is  produced  by  supposing  that  hx  and 
%  are  not  zero.  Stegmann  refers  to  Poisson  and  Ostrogradsky; 
but  it  appears  probable  from  coincidence  in  notation  that  he  has 
chiefly  followed  Bjorling;  the  latter  however,  as  we  have  stated, 
may  be  considered  to  have  only  reproduced  Ostrogradsky' s  method. 
In  illustration  of  the  formulae  Stegmann  considers  three  particular 
cases ;  these  are  all  included  in  those  results  of  Poisson  which  we 
have  given  in  Arts.  113  and  114, 

362.  A  supplement  on  the  use  of  variations  in  Mechanics 
occupies  pages  396 — 417. 

Stegmann  shews  here  how  certain  mechanical  problems  may 
coincide  with  problems  of  the  Calculus  of  Variations.  For  ex- 
ample, the  principle  of  Virtual  Velocities  supplies  for  the  condition 
of  equilibrium  of  any  system  an  equation  of  the  form 
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then  if  we  suppose  Z7a  function  determined  by  the  relation 

dU=^t  {Xdx  +  Ydy  +  Zdz), 

the  condition  for  equilibrium  amounts  to  the  statement  that  in 
general  ?7must  be  a  maximum  or  a  minimum, 

Lagrange's  transformation  of  the  equations  of  motion  in  Dy- 
namics is  also  investigated  ;  see  Art.  318* 

The  principle  of  least  action  is  also  investigated.  Stegmann 
considers   this  principle  under  the  following  form;  required  the 

curve   for  which   \vds  is  a  maximum  or  minimum,   where  v  is 

supposed  a  given  function  of  the  co-ordinates  x^  ,y,  z.  He  shews 
that  the  differential  equations  which  determine  the  curve,  are 
the  same  as  those  which  are  furnished  by  Dynamics  for  the  curve 
which  would  be  described  by  a  particle  under  forces  which  would 
generate  a  velocity  denoted  by  the  given  function  v.     He  draws 

attention  to  the  fact  that  \vds  is  not  necessarily  a  minimum.     For 

example,  when  v  is  constant  and  the  particle  moves  on  a  smooth 
surface,  the  curve  obtained  may  be  in  general  the  shortest  line 
that  can  be  drawn  on  that  surface  between  fixed  points,  but  will 
not  be  so  necessarily.  A  particle  may  move  on  a  smooth  sphere 
acted  on  by  no  forces  except  the  normal  action  of  the  sphere, 
and  describe  the  shortest  line  between  two  points,  namely  the 
shorter  arc  of  the  great  circle  joining  those  points;  but  it  may 
also  describe  the  longer  arc  of  the  great  circle  joining  those 
points. 

We  shall  now  consider  in  detail  a  few  points  connected  with 
Stegmann's  work. 

363.  Suppose  we  require  the  maximum  or  minimum  oi\(pdx, 
where  ^  involves  x,  y,  and  the  differential  coefiScients  of  y ;  before 
reducing  I  S<^Ja?  in  the  ordinary  way  by  integration  by  parts, 
Stegmann  makes  some  remarks  on  the  attempt  to  solve  the  problem 
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which  is  made  by  supposing  S<^  =  0 ;  see  his  page  85.  The  relation 
S^  =  0  can  only  indicate  one  of  these  two  things,  either  ^  does  not 
change  by  ascribing  a  variation  to  y  and  its  differential  coefficients, 
or  else  ^  is  itself  a  maximum  or  minimum.  The  former  supposition 
is  impossible,  since 

With  respect  to  the  latter  supposition  it  is  to  be  observed  that 
if  (^  be  itself  a  maximum  or  minimum  for  all  values  of  x  between 

given  limits,  then  \^dx  will  also  be  a  maximum  or  minimum  re- 
spectively, the  integral  being  taken  between  those  limits.  This 
Stegmann  proves  by  means  of  a  figure  which  is  constructed  by 
taking  the  ordinate  of  a  curve  always  equal  to  ^.  The  proof 
amounts  to  the  consideration  that  the  integral  must  be  a  maxi- 
mum or  a  minimum,  because  each  of  the  elements  of  which  it  may 
be  ultimately  regarded  as  the  sum  is  a  maximum  or  minimum  re- 
spectively.    It  is  however  not  true  conversely  that  any  relation 

which  renders  I  ^eZo?  a  maximum  or  minimum  will  make  ^  also 

such  for  all  values  of  x  between  a  and  ^.     This  is  illustrated  by 

a  figure  which  amounts  to  the  consideration  that  I  ^^  dx  may  be 

greater  than  /  ^^cfe,  even  although  some  of  the  values  of  </>!  are 

less  than  the  corresponding  values  of  ^^\  for  other  values  of  ^j  may 
be  greater  than  the  corresponding  values  of  ^g. 

Thus  the  conclusion  is  that  the  relation  8<^  =  0  will  not  neces- 
sarily supply  all  possible  solutions  of  the  problem  of  finding  the 

maximum  or  minimum  value  of  \^dx. 

364.  On  page  109  of  his  work  Stegmann  makes  a  remark 
which  relates  to  the  use  of  a  series  to  represent  a  variation  instead 
of  a  single  term ;  see  Art.  334.     Stegmann  is  investigating  the 

maximum  or  minimum  of/  ^    ,  ^^  dx.      The  ordinary  mode 

would  be  to  change  p  into  jp  +  Sp,  and  then  to  examine  the  terms 
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involving  Sp  and  (Sp)^    But  suppose  we  change  p  not  into  ^  +  8j? 
but  into  a  series,  after  the  manner  of  Strauch ;  let  this  series  he 

Arrange  the  variation  of  the  proposed  integral  according  to 
powers  of  k  ;  thus  we  obtain  for  the  variation 


'],  v^  v(i  +/)  ^  2  j A 1+/  ^^   ^  -"J 


dx 

+  ... 


Vi»V(i+/) 


In  order  that  there  may  he  a  maximum  or  minimum  we  must 
have  in  the  usual  way 


J? 


^Jx^J{\^^■f) 


=  a  constant. 


Stegmann  then  remarks  that  we  are  prevented  from  ascertaining 
what  the  sign  of  the  term  involving  t^  is,  by  reason  of  the  presence 
of '^^'(ir)  which  is  altogether  independent  of  Q!  {x).  He  does  not 
notice  that  the  relation  which  has  been  already  assumed  in  order 
to  make  the  coefficient  of  k  vanish,  also  makes  the  coefficient  of 
'^\x)  constant  in  the  term  involving  /c*;  hence  it  will  be  found  that 
since  the  limiting  terms  of  the  first  order  are  made  to  vanish,  the 
terms  of  the  second  order  which  depend  on  "^'o;  will  also  vanish. 
It  is  in  fact  this  circumstance  that  renders  it  useless  to  adopt 
the  form  of  a  series  instead  of  a  single  term  in  order  to  denote 
a  variation. 

365.  On  page  140  of  his  work  Stegmann  is  discussing  the 
problem  of  finding  the  curve  which  with  its  evolute  includes  a 
minimum  area. 

Let  u=?^l±£^d.; 

by  making  the  terms  of  the  first  order  vanish  in  the  variation  of  TJ 
we  obtain  a  cycloid  for  the  curve.  The  terms  of  the  second  order 
DQay  be  put  in  the  form 
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and  Stegmann  says  that  neither  -  nor  p  can  become  infinite  be- 
tween the  limits  of  integration ;  so  that  the  solution  he  has  obtained 
gives  a  minimum.  But  p  is  infinite  at  the  cusps  of  the  cycloid, 
and  thus  Stegmann  is  wrong.     But  although  p   is  infinite  yet 

O-'^I^^    does  not  become  infinite,  this  being  the  radius  of  curvature 

of  the  curve ;  hence  h  fortiori ^ ,  ^ ,  2       and         f     do 

not  become  infinite.  Thus  if  Bp  and  Bq  are  indefinitely  small 
throughout  the  limits  of  the  integration  the  quantity  under  the 
integral  sign  in  the  above  expression  will  not  become  infinite ;  so 
that  the  result  obtained  is  really  a  minimum  in  comparison  with 
all  adjacent  curves  which  can  be  obtained  under  the  limitation  that 
8p  and  Bq  shall  be  indefinitely  small. 

With  respect  to  the  problem  in  question  it  will  be  useful  to 
notice  the  conclusions  of  other  writers.  Thus  in  De  Morgan's 
Differential  Calculus,  page  463,  the  following  statement  is  made, 
"....the  radii  of  curvature  at  the  extreme  points  are  both  =0; 
which  in  the  cycloid  only  happens  at  the  cusps.  Hence  if  ^  and  B 
be  the  given  points,  every  such  figure  as  that  in  the  diagram  gives 
an  algebraical  minimum :  that  is  to  say,  any  slight  variation  of  the 
upper  curves  with  a  corresponding  variation  of  the  lower  evolutes 
would  increase  the  area  contained.  There  is  no  absolute  arithmetical 
minimum;  for  by  sufiiciently  increasing  the  number  of  revolutions 
of  the  generating  circle  we  might  diminish  the  whole  area  without 
limit."  The  diagram  referred  to  supposes  the  generating  circle  to 
have  turned  round  three  times  completely,  so  that  there  are  three 
complete  arcs  of  a  cycloid  between  the  two  fixed  points.  There  is 
no  investigation  of  the  terms  of  the  second  order  to  shew  that  any 
slight  variation  would  increase  the  area. 

The  problem  is  solved  by  Strauch,  and  he  exhibits  the  terms 
of  the  second  order,  but  makes  no  remarks  of  importance.  See  his 
Vol.  IT.  pages  289—291. 

Mr  Jellett  discusses  the  problem,  and  makes  some  remarks 
on  the  result;  see  pages  172  and  177  of  his  work.     He  gives  a 


STEGMANN.  427 

figure  consisting  of  a  single  complete  arc  of  a  cycloid  with  its 
extremities  at  the  two  fixed  points ;  the  two  fixed  points  are  also 
connected  by  a  curve  which  is  composed  of  two  complete  arcs  of  a 
cycloid,  one  of  which  may  if  we  please  be  supposed  indefinitely 
small,  and  the  other  finite  and  differing  infinitesimally  from  the 
single  complete  arc  first  considered.  It  is  easy  to  shew  that  the 
area  in  the  second  case  is  less  than  the  area  in  the  first  case; 
nevertheless  the  first  is  to  be  considered  a  real  minimum  in 
the  proper  sense  of  that  term,  because  the  second  curve  cannot 
be  deduced  from  the  first  by  a  legitimate  variation. 

366.  In  Art.  202  we  have  referred  to  a  result  obtained  by 
Legendre  in  discussing  the  following  problem ;  required  to  connect 
two  fixed  points  by  a  curve  of  given  length  so  that  the  area 
bounded  by  the  curve,  the  ordinates  of  the  fixed  points,  and  the 
axis  of  abscissa  shall  be  a  maximum.  Stegmann  discusses  this 
problem  and  arrives  at  the  same  results  as  Legendre,  though  he 
does  not  refer  to  him ;  see  Stegmann's  work,  pages  175 — 180. 

Let  Aj,  \  be  the  co-ordinates  of  one  of  the  fixed  points,  which 
we  will  denote  by  A  ;  let  \,  \  be  the  co-ordinates  of  the  other  fixed 
point,  which  we  will  denote  by  B]  and  we  will  suppose  \  less  than 

\,  and  k^  less  than  h^.     Then  with  the  usual  notation  /     ydx 

J  h\ 

to  be  a  maximum  while  /  V(l  +/)  dx  is  to  have  a  given  value. 

J  hi 

Then  we  proceed  to  make  \  \y^Xsl{l^f)]dxs>mB>idmumw\i^xQ 

J  hi 
X  is  a  constant. 

Therefore  l-\^    .J^   ,,  =  0 (1), 

dx  V  (1  +  V) 

therefore  ^- C,=^-^^, 

therefore  ^^  ^~^' 

meretore  S  "  +  V{\'- (a;  -  C/} ' 

therefore  y-  C.  =  +  '/{X'-ix-  C.)'} (2). 


IS 
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It  is  easy  to  see  that  the  sign  of  the  terms  of  the  second  order  is 
the  same  as  that  of 


J  hit 


{Spy 


rdx, 


and  is  therefore  the  same  as  the  sign  of  X.  Then  (2)  gives  for  the 
required  curve  an  arc  of  a  circle  of  which  \^  is  the  square  of  the 
radius,  and  from  (1)  it  may  "be  shewn  that  this  arc  will  be  concave 
to  the  axis  of  a;  if  X  he  negative ;  so  that  an  arc  of  a  circle  concave 
to  the  axis  of  a;  gives  a  maximum  area.  The  constants  \,  G^,  and 
Cg  are  to  be  determined  by  making  the  arc  go  through  the  points 
J.' and  B  and  have  the  given  length.  This  given  length  must  of 
course  be  greater  than  the  straight  line  which  joins  A  and  B, 

The  solution  thus  obtained  is  satisfactory  as  long  as  the  concave 
circular  arc  joining  A  and  B  falls  entirely  between  the  lines  drawn 
through  A  and  B  perpendicular  to  the  axis  of  x ;  the  extreme  ad- 
missible case  is  that  in  which  the  ordinate  at  A  is  the  tangent  to 
the  circular  arc  at  A, 

Supposing  then  that  the  given  length  exceeds  that  which  cor- 
responds to  the  extreme  admissible  case  just  referred  to,  we  must 
modify  the  problem.  Let  the  ordinate  at  A  be  produced  through  A 
to  a  point  distant  y^  from  the  axis  of  x ;  and  let  the  straight  line 
of  length  t^i  —  \  be  considered  part  of  the  curve  connecting  A 
and  B.    Thus  we  now  propose  to  make  I  ^ydx  a  maximum  while 

J  hi 

y^^Jc^ji^l  V(l  +/)  ^  ^^^  ^  &^^^  value.    No  change  is  thus  re- 

Jhi 

quired  in  the  solution  of  the  problem  except  so  far  as  relates  to  the 
terms  at  the  limits ;  these  formerly  vanished  because  the  extreme 
points  were  both  fixed.  Now  we  have  corresponding  to  the  lower 
limit  the  expression 

M'-7(iT?)}>' 

and  to  make  this  vanish  we  must  have 


P 


\       V(1+/)J 
therefore  P\  —  '^- 


=  0, 

1 
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This  requires  the  circular  arc  to  have  its  tangent  at  the  point 
(Aj,  yj  where  it  joins  the  ordinate  produced  through  A,  coincident 
with  that  ordinate  produced.  Thus  ^1=  0^,  and  (7j  — Aj  =  the 
radius  of  the  circle ;  and  the  constants  will  be  found  from  these 
relations  combined  with  the  conditions  that  the  circle  shall  pass 
through  B,  and  that  the  length  of  the  circular  arc  together  with 
y^  —  k^  shall  be  equal  to  the  given  length. 

In  this  case  then  the  required  curve  is  made  up  of  a  straight  line 
of  the  length  y^  —  \  and  of  an  arc  of  a  circle. 

The  solution  thus  obtained  is  satisfactory  so  long  as  the  concave 
circular  arc  is  not  cut  by  the  ordinate  at  5  produced  through  B;  the 
extreme  admissible  case  is  that  in  which  the  ordinate  at  B  is  the 
tangent  to  the  circular  arc  at  B, 

Supposing  then  that  the  given  length  exceeds  that  which  cor- 
responds to  the  extreme  admissible  case  just  referred  to,  we  must 
again  modify  the  problem.  Let  the  ordinate  at  B  be  produced  to  a 
point  distant  y^  from  the  axis  of  x,  and  let  the  straight  line  of  length 
3^2  -  k^  as  well  as  the  straight  line  of  length  y^  -  \  be  considered  part 
of  the  curve  connecting  A  and  J5.    Thus  we  now  propose  to  make 

ydx^  maximum,  while 

has  a  given  value.  No  change  is  thus  required  in  the  solution  of 
the  problem  except  so  far  as  relates  to  the  terms  at  the  limits.  We 
now  have  the  expression 

and  to  make  this  vanish  we  must  have 
therefore  ;?j  =  co ,  and  p^  =  —  co , 
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This  requires  the  circular  arc  to  have  its  tangent  at  the  point 
(^  ,  y^  where  it  joins  the  ordinate  produced  through  A^  coincident 
with  that  ordinate  produced;  and  also  its  tangent  at  the  point 
(^2?  y^  where  it  joins  the  ordinate  produced  through  B,  coincident 
with  that  ordinate  produced.     This  requires  the  circular  arc  to  be 

a  semicirckj  so  that  y^=zy^=^C^]   and  0^1=2(^1+^2)?   ^^^  ^^^ 

radius  of  the  circle  =  ~  ih^K)'     ^^^  constant  G^  is  to  be  found 

from  the  condition  that  the  sum  of  the  length  of  the  circular  arc  and 
y^  —  h^  and  y^  —  h^  is  to  be  equal  to  the  given  length. 

In  this  case  then  the  required  curve  consists  of  a  semicircular 
arc  and  two  straight  lines. 

367.  In  his  fourth  Chapter,  pages  222—227,  Stegmann  gives 
an  investigation  of  the  number  of  the  constants  which  can  occur 
in  the  solution  of  a  certain  problem,  and  of  the  number  of  the 
equations  which  serve  to  determine  these  constants ;  see  Art.  344. 
Stegmann's  conclusion  is  that  in  general  these  constants  can  all  be 
determined;  he  does  not  shew  that  the  auxiliary  equations  may 
diminish  in  number  in  certain  cases,  and  thus  some  of  the  con- 
stants remain  indeterminate.  He  draws  attention  however  to  some 
exceptional  cases,  in  which  the  number  of  the  constants  may  be 
less  than  the  general  theory  indicates.  Take  for  example  the 
first  case  considered  in  Art.  273;  here  no  arbitrary  constants  occur 
in  the  solution,  so  that  the  terms  which  relate  to  the  limits  must 
be  supposed  to  vanish  of  themselves,  or  they  will  not  vanish 
at  all.  In  other  words,  if  we  use  geometrical  language,  the 
limiting  points  must  be  supposed  jixeA  through  which  the  curve 
is  to  be  drawn. 

368.  On  his  pages  245 — 247,  Stegmann  solves  a  problem 
which  we  will  here  notice.    Let  Z7=  1    Z**da?,  where 


^=J''V(l+/)c?x; 
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required  to  find  the  value  of  y  which  makes  f7a  maximum  or 
minimum.     Here  we  have  as  far  as  terms  of  the  second  order 

and        S£r=|^  |;^^«-  SZ+  "^^^^  Z^-^  [hZf  +  ...I  dx. 

The  investigation  of  Art.  38  may  be  applied  to  this  problem. 
The  quantity  there  denoted   by  v  is  here  denoted  by  Z,   and 

L:=^nZ^-\    AlsoP'  =  ^^^^^,  while  N,  N\  P,  Q,  Q',...  are 

zero.    Thus  we  obtain 

(^  —  /)  P'  =  a  constant ; 

and  as  ^  -  J  vanishes  when  x  has  its  superior  limiting  value,  the 
constant  must  vanish ;  this  leads  to  P'=  0,  so  that  j?  =  0.  The  inte- 
grated part  of  the  variation  also  vanishes  since  the  above  constant 
vanishes. 

Smce  p  =  0  the  only  term  of  the  second  order  which  remains 

inBUm 

which  is  positive,  and  so  we  obtain  a  minimum. 

Stegmann's  solution  is  effected  by  the  use  of  an  arbitrary  multi- 
plier, and  leads  to  the  same  result.  In  discriminating  however 
^>etween  a  maximum  and  a  minimum,  he  retains  the  term 

''(^-^)  j^Z'^-^iszydx, 

and  this  leads  him  to  make  the  supposition  that  n  is  positive 
and  not  less  than  unity,  in  order  to  ensure  a  minimum.  But  as 
P  IS  zero,  BZ  is  itself  of  the  second  order  of  small  quantities,  and 
thus  the  term  just  expressed  is  of  the  fourth  order,  and  therefore 
does  not  require  to  be  retained. 

It  will  be  observed  that  the  solution  ^  =  0  can  only  apply  when 
the  limiting  values  of  t/  are  either  not  given  or  are  given  equal. 
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When  the  limiting  values  of  y  are  given  and  unequal  suppose  these 
values  to  be  fi  and  rj  corresponding  to  the  values  a  and  ^  of  x. 
Then  putting  the  problem  into  a  geometrical  form,  the  curve  re- 
quired appears  to  be  made  up  of  the  straight  line  which  joins  the 
point  (a,  i8)  with  the  point  {^  ^8),  and  the  straight  line  which  joins 
the  point  (I,  ^)  with  the  point  (^,  v)  I  or  at  least  the  nearer  we  ap- 
proach  to  this  limit  the  smaller  does  U  become. 

This  problem  is  taken  from  Euler's  Methodus  Invmiendi ,.. 
page  94.  Euler  considers  any  function  of  Z  instead  of  Z**,  and 
he  arrives  at  the  result  j?  =  0  as  necessary  for  a  maximum  or  a 
minimum. 

369.  An  example  of  a  relative  minimum  is  solved  by  Steg- 
mann  on  his  pages  255—258,  which  we  will  give  here.  Ke- 
quired  the  minimum  value  of  W'p'dx  under  the  following  con- 
ditions;  ^  /.n 

yo=^ ^^^' 

I'y-dx^-i (2). 

Jo  yx 

Let  X  be  a  constant,  and  let 
then  to  the  first  order 

TT  ^_^_0  (3) 

Hence  -     ^-" ^> 

and  P^-TtA   y^  =  ^  (*^* 

From  (3)  we  have 

therefore  ^(a'-^)'  =  2'  +  ^» 

where  A  and  B  are  constants. 
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The  condition  (1)  gives 

therefore  i/  =  l  +  ~{x'-2Ax) (5). 

The  condition  (2)  gives 

'^¥rwr~'^ ^'^' 

From  (2)  and  (4)  we  obtain 

Pt+~i=^0,    that  is^(l-^)  +  ^=0, 

that  is  ~(2~^)=:0   (7). 

By  putting  a?=l  in  (5),  we  obtain 

y.  =  l+~(l-2^)  (8). 

The  solution  X  =  0  of  (7)  is  inadmissible,  for  that  would  make 
y  =  l  by  (5),  and  then  (2)  would  not  be  satisfied.  Hence  we 
deduce  -4  =  2  from  (7),  and  then  from  (6)  and  (8)  we  deduce 

12  2 

Now  to  determine  whether  a  minimum  is  thus  obtained,  we 
^ust  form  the  expression  for  SZ7  correct  to  the  second  order; 
iiow  we  have  exactly 

and  therefore  to  the  second  order. 

K\'^^^'       y'         y'    3 


dx 


=  f  e(Vr-^  +  ^lc?-,  by  (3)  and  (4). 


28 
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By  integrating  by  parts  we  have 
thus         8f=/'ft(«!>)'  +  ^»%'}*' 

Now  A  =  -  3,  and  i  f  ydx  =  -l;  thus  finally 

SO  that  we  have  obtained  a  minimum. 

370.     Stegmann  gives  on  his  page  395  one  application  of  the 
formula  relating  to  double  integrals  which  we  will  reproduce. 

Suppose  we  have  to  find  a  surface  of  minimum  area  under  tlic 
condition  that  the  length  of  the  boundary  is  given. 

The  equations  which  must  hold  at  the  boundary  are  the  first 
two  of  equations  (13)  of  Art.  114. 

Here  V=^/{l^  z''  + z^),  X=  y,  Y=f  , 

^^~dz\ds)"~lldz'       "'     dz\ds)         d^  dz- 
Thus  the  equations  are 
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By  ordinary  transformations  these  equations  become  respectively 

v,i..-.,,-4@,,g).„ „, 

and  this  is  the  form  in  which  Stegmann  gives  them. 

He  now  takes  another  condition,  namely  that  z  shall  be  constant 
round  the  boundary,  so  that  round  the  boundary 

dz  =  zdx-\-  z^dy  =  Q (3), 

and  since  z  is  constant  round  the  boundary  (2)  gives 

z^dx  —  zdy  ^  0 (4). 

From  (3)  and  (4)  we  have  round  the  boundary 

^'  =  0     and  z^  =  0. 

Also  (1)  becomes  round  the  boundary 

d'^y  ds      ^ 

From  (5)  by  integration  we  obtain  the  equation  to  a  circle  of 
which  the  radius  is  numerically  equal  to  c ;  that  is,  the  projection 
of  the  boundary  on  the  plane  of  (a?,  y)  is  a  circle. 

Then  Stegmann  observes  that  this  cannot  give  a  minimum 
area  but  a  maximum  area,  since  the  boundary  is  supposed  to  be 
a  closed  curve.  But  the  result  may  be  made  useful  by  modifying 
fte  problem.  The  modification  appears  to  be  that  the  projection  of 
the  boundary  shall  be  a  four-sided  figure  having  for  two  of  its 
sides  fixed  straight  lines  perpendicular  to  the  axis  of  x,  and  the 
other  two  sides  remaining  to  be  determined  and  each  being  of  given 
length.  Then  Stegmann  says  these  other  two  sides  should  be  arcs 
oi  circles  with  their  convexities  turned  towards  each  other. 
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CHAPTER    XIV. 

MINOR  TREATISES. 

371.  This  cliapter  is  intended  to  give  an  account  of  the  minor 
treatises  on  the  Calculus  of  Variations.  It  includes  all  the  separate 
works  which  have  come  to  the  writer's  knowledge,  but  does  not 
attempt  to  notice  every  case  in  which  a  chapter  has  been  devoted 
to  this  subject  in  the  course  of  a  general  work  on  analysis.  A  few 
such  cases  have  been  however  included  in  the  present  list. 

372.  Brunacci.  A  treatise  on  the  Calculus  of  Variations 
occupies  pages  166—255  of  the  fourth  volume  of  Brunacci's  Corso 
di  Matematica  Suiltme,     Florence,  1808. 

Brunacci  begins  with  some  general  remarks  similar  to  those 
which  we  have  given  in  Art.  363  after  Stegmann.  He  considers 
the  case  in  which  F{x,  y)  is  to  be  a  maximum  or  minimum  by  tlie 
variation  of  y,  and  then  the  case  in  which  F{x,  y,p)  is  to  be  a 
maximum  or  minimum  by  the  variation  of  y  and  p  or  of  one  ot 
them ;  and  he  gives  Lagrange's  example ;  see  Art.  3.  He  makes 
some  brief  remarks  on  the  history  of  the  subject,  and  states  that 
Lagrange  had  finally  relieved  it  from  any  consideration  of  mfim- 
tesimal  quantities;  he  proposes  to  follow  Lagrange's  method  in 
discussing  the  subject.  He  does  not  use  the  symbol  Sy,  but  «ft> 
instead,  where  i  is  supposed  indefinitely  small  and  <»  an  arbitrary 
function. 

In  finding  the  maximum  or  minimum  value  of  an  integta 
\j>dx  he  first  supposes  that  ^  contains  only  iu  and  j^ ;  he  illustrates 
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this  by  two  examples  taken  {rom 'Eulev^  s  Methodus  Inveniendi , . . , 
pages  39  and  40,  and  in  the  second  example  he  agrees  with  Dirksen 
in  distinguishing  between  a  maximum  and  a  minimum  more  care- 
fully than  Euler  did ;  see  Art,  52,  and  Dirksen,  page  202.   He  next 

supposes  that  ^  is  a  function  of  x,  y,  and  j?,  and  that  l(f>dxis  to  be 

made  a  maximum  or  minimum;  this  case  he  illustrates  by  dis- 
cussing the  problems  of  the  shortest  line  and  the  brachistochrone. 
He  insists  on  the  propriety  of  separating  the  problems  which  occur 
into  two  parts,  one  depending  strictly  on  the  Calculus  of  Variations 
and  the  other  on  the  Differential  Calculus;  see  Arts.  90  and  91. 
He  says  that  this  idea  was  communicated  to  him  by  a  distinguished 
scholar  and  mathematician  Paradisi,  and  that  Euler  himself  would 
have  judged  it  worthy  of  his  own  immortal  work,  the  Methodus 

Invem'endt Accordingly  Brunacci  in  treating  the  problem  of 

the  brachistochrone  between  two  given  curves  first  supposes  the 
extreme  points  fixed  and  obtains  a  cycloid  by  the  Calculus  of 
Variations  as  the  required  curve;  then  he  determines  by  the 
Differential  Calculus  the  position  which  the  cycloid  must  have 
when  its  ends  are  supposed  moveable  on  two  curves ;  in  spite  of 
Brunacci's  opinion  his  process  seems  longer  and  not  clearer  than 
that  usually  given  which  depends  on  the  Calculus  of  Variations 
solely.     Brunacci  next  supposes  that  ^  is  a  function  of  x,  y,  jp, 

and  q^  and  that  the  maximum  or  minimum  of  |<^c&  is  required; 

this  he  illustrates  by  examples  drawn  from  pages  61  and  247  of 
the  Methodus  Invemendi 

Brunacci  supplies  investigations  of  the  terms  of  the  second  order 
for  distinguishing  between  maxima  and  minima  values ;  he  repeats 
the  investigation  to  which  we  have  alluded  in  Art.  216 ;  he  says 
however  that  it  is  now  presented  in  a  better  form. 

Brunacci  gives  some  account  of  problems  of  relative  maxima 
and  minima,  and  considers  a  few  simple  examples. 

With  respect  to  the  variation  of  double  integrals  he  gives  an 
investigation  which  is  correct  so  far  as  it  goes ;  see  Art.  29.  He 
applies  the  result  to  obtain  the  differential  equation  to  the  surface 
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wMch  is  a  minimum  among  those  which  include  the  same  volume. 
He  says  however  that  owing  to  the  difficulty  of  integrating  partial  ' 
differential  equations,  to  the  difficulty  of  determining  the  arhitrary 
functions  which  occur  in  the  solutions,  and  to  other  difficulties 
which  arise  from  the  nature  of  the  problems,  very  little  can  he 
effected  in  this  part  of  the  subject;  in  his  own  words  "...  siamo 
sopra  una  spiaggia  da  cui  si  scopre  un  mar  senza  fine,  e  non  ci 
fe  dato  per  anche  d'inoltrarvisi,  onde  fare  delle  scoperte." 

It  would  appear  from  his  page  248  that  Brunacci  considered 
that  his  treatise  on  the  Calculus  of  Variations  might  he  contrasted 
favourably  with  those  which  had  been  previously  published.  It  is 
not  however  very  accurate  in  language  or  investigation ;  we  have 
already  in  Art.  208  pointed  out  an  objectionable  statement,  and  we 
will  now  indicate  some  others.     Brunacci  says  on  his  page  168  that 

rf{x)  dx  is  the  sum  of  all  possible  values  of  /(a?)  between  those 
which  correspond  to  x^a  and  x^l^  this  amounts  to  overlook- 
ing the  dx  which  occurs  in  the  symbol  \j{^)  ^^-  ^n  his 
page  245  he  interprets  the  equation  xy=-Zz''  to  mean  that  the 
vertical  ordinate  is  a  third  of  the  rectangle  of  the  horizontal  co-ordi- 
nates, instead  of  saying  that  the  square  of  the  vertical  ordinate  is  so ; 
here  he  had  previously  given  the  statement  correctly.    On  his  page 

229  he  discusses  the  maximum  or  minimum  of  jf  c?^?,  where  t  is  a 
function  of  Z,  and  Z=:|v(l  +  f)  ^^-  ^e  have  already  considered 
a  case  of  this  problem  in  Art.  368.  Brunacci  by  an  obscure  method 
arrives  at  a  differential  equation,  and  he  shews  that  when  a  certain 
constant  d  vanishes  the  solution  is  p  =  0  ;  but  this  he  says  is  only 
a  particular  solution.  It  will  be  seen,  however,  on  his  page  2uU 
that  he  requires  a  to  vanish  at  the  limits,  and 

so  that  his  solution  leads  necessarily  to  c'  =  0. 
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373.  Lacroix,  An  elementary  treatise  on  the  Differential  and 
Integral  Calculus,  hy  S.  F.  Lacroix.  Translated  from  the  French. 
Cambridge,  1816. 

This  work  contains  a  brief  treatise  on  the  Calculus  of  Varia- 
tions on  pages  436—463,  and  706—711.  The  treatise  has  been 
described  with  great  justice  as  "  singularly  confused  and  unin- 
telligible." 


374.     Gergonne.     Grergonne's  Annales  de  MatMmatiques  . 
Vol.  13,  1822,  pages  1—93. 


This  memoir  is  on  the  investigation  of  the  maxima  and  minima 
of  undetermined  integral  formula.  Gergonne  considers  that  with 
many  persons  the  Calculus  of  Variations  is  merely  a  mechanical 
process  of  which  they  do  not  comprehend  the  spirit.  He  proposes 
to  shew  that  the  questions  of  maxima  and  minima  for  which  this 
Calculus  was  principally  invented  can  be  treated  in  the  clearest  and 
briefest  manner  by  the  principles  of  the  ordinary  Differential  Cal- 
culus. He  does  not  use  the  distinctive  notation  of  the  Calculus  of 
Variations ;  thus  for  what  is  usually  denoted  by  hy  he  puts  ^  F, 
where  i  is  an  indefinitely  small  quantity  and  Y  is  an  arbitrary 
function. 

This  memoir  seems  of  no  great  use ;  any  student  who  could 
understand  it  could  understand  the  ordinary  exhibitions  of  the 
Calculus  of  Variations.  The  distinctive  notation  of  the  Calculus  of 
Variations  has  always  been  considered  one  of  its  great  advantages, 
and  nothing  is  gained  by  discarding  this  notation.  There  are  also 
passages  in  this  memoir  which  would  probably  appear  more  difficult 
to  a  beginner  than  the  corresponding  passages  in  the  ordinary 
treatises.  Thus,  for  example,  we  may  refer  to  the  way  in  which 
Gergonne  shews  that  the  integrated  and  the  unintegrated  part  of 
the  variation  of  an  integral  must  separately  vanish  in  order  that  the 
integral  may  be  a  maximum  or  a  minimum. 

The  memoir  is  written  with  remarkable  diffuseness.    As  an 
instance  the  following  may  be  noticed.    When  Gergonne  is  dis- 
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cussing  the   question   of  the  shortest  line  he  obtains  these  two 
equations, 


and  instead  of  inferring  at  once  that 


X 


^  =  a  constant,  and  —rp. — ^ t^  =  a  constant, 


he  devotes  a  page  to  performing  the  differentiations  first  and  then 
retracing  his  steps  by  integration  j  and  he  makes  a  temporary  mis- 
take in  the  course  of  his  process  by  omitting  J  in  the  fifth  line  of 
his  page  36.  Page  89  is  quite  wrong ;  the  equations  in  the  fourth 
line  are  false,  since  they  ought  to  involve  the  partial  differ- 
ential coefiicients  of  S;  the  equations  given  by  Gergonne  would 
make  the  osculating  plane  of  the  curve  perpendicular  to  its  tan- 
gent. 

The  following  paragraph  forms  the  last  of  Grergonne's  memoir. 

In  conclusion  we  must  ask  the  indulgence  of  the  reader  for  the 
numerous  imperfections  and  even  errors  which  may  be  found  in 
this  memoir.  If  we  may  believe  what  is  stated  by  Dr  Prompt  in  a 
small  treatise  published  in  1820,  the  work  even  of  the  illustrious 
Lagrange  on  this  subject  is  not  free  from  objections.  The  em- 
barrassing notation  of  that  great  mathematician  on  the  one  hand, 
and  the  brevity  of  Dr  Prompt  on  the  other  hand,  have  prevented 
us  from  ascertaining  to  what  extent  these  objections  are  well 
foimded ;  but  this  is  a  point  to  which  we  will  return  on  another 
occasion. 

[It  does  not  appear  that  Gergonne  ever  returned  to  the  subject. 
The  present  writer  has  not  seen  any  other  notice  of  Dr  Prompt's 
work.] 

375.  Ampfere.  Gergonne's  Annates  de  MatMmatiques  .**"* 
Vol.  16,  1825,  pages  133—167. 

This  memoir  is  an  exposition  of  the  principles  of  the  Calculus 
of  Variations,  and  is  said  to  have  been  drawn  up  by  Ampere  for  his 
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course  of  lectures  at  the  Polyteclinique  School  It  constitutes  such 
an  elementary  treatise  on  the  Calculus  of  Variations  as  is  frequently 
given  in  works  on  the  Differential  and  Integral  Calculus,  and 
presents  no  peculiarity.  After  establishing  the  formula  for  the 
variation  of  an  integral  Ampere  shews  that  in  order  that  the 
integral  may  be  a  maximum  or  a  minimum  the  two  parts  of  the 
variation  must  separately  vanish.  This  he  shews  by  supposing 
in  the  first  place  that  the  limiting  values  of  the  variables  and 
of  the  differential  coefficients  are  given ;  then  the  part  of  the 
variation  which  remains  under  the  integral  sign  must  vanish  be- 
cause the  other  part  vanishes  of  itself.  Next  he  supposes  that 
the  limiting  values  are  not  given ;  still  it  is  in  our  power  to  sup- 
pose such  a  variation  as  leaves  the  limiting  values  unchanged, 
and  this  variation  must  be  zero,  so  that,  as  before,  the  part  under 
the  integral  sign  must  vanish.  Gergonne  himself  says  in  a  note 
that  Ampere  is  the  first  who  has  shewn  distinctly  that  the  part 
of  the  variation  which  is  under  the  integral  sign  must  separately 
vanish,  and  he  admits  that  his  own  memoir  was  unsatisfactory  on 
this  point. 

376.  Verdam  and  Verhulst.  The  subject  of  maxima  and 
minima  appears  to  have  been  proposed  for  a  prize  exercise  in 
the  University  of  Leyden  in  1823.  Essays  by  Verdam  and 
Verhulst  obtained  prizes;  they  were  published  in  1824.  The 
title  of  the  two  essays  is  the  same  . , ,  Oommentatio  ad  Qucestionem 
Mathematicam  ...  in  Academia  Lugduno-Batava  .,, propositarrt,,, 

Verdam's  essay  occupies  100  quarto  pages ;  from  page  76  to 
the  end  is  devoted  to  the  Calculus  of  Variations.  The  writer 
confesses  that  he  has  a  very  imperfect  knowledge  of  this  branch 
^f  the  subject.  Some  of  the  ordinary  formulae  are  given,  but  the 
demonstrations  are  only  sketched,  and  reference  is  made  to  La- 
croix  for  the  details ;  a  few  of  the  usual  problems  are  given  in 
illustration.  The  essay  is  not  free  from  error ;  we  may  refer  for 
example  to  the  treatment  of  the  limiting  equations.  Verdam  says 
lu  effect,  that  in  a  term  of  the  form  Ahy,  if  the  limits  of  y  are 
fixed  we  still  have  -4  =  0,  whereas  the  term  vanishes  because 
%  =  0  and  the  relation  ^  =  0  does  not  in  general  hold.     And  on 
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his  page  94  he  gives  an  example  from  Euler's  Methodus  Invem- 
endi...  page  88,  which  he  treats  by  means  of  that  formula  given 
by  Lacroix  which  we  have  discussed  in  Art.  38.  Verdam's  re- 
sult is  correct  for  the  case  which  Euler  considers  in  which  L 
is  a  function  of  11,  but  is  not  true  if,  as  Verdam  says,  i  is  a 
function  of  x  and  y. 

Verhulst*s  essay  occupies  30  quarto  pages ;  about  three  pages 
are  devoted  to  the  formula  of  the  Calculus  of  Variations,  and 
three  more  to  some  of  the  common  problems. 

377.  Verhulst.  There  is  another  essay  by  Verhulst,  which 
is  on  the  Calculus  of  Variations  exclusively.  This  obtained  a 
prize  which  was  offered  in  1823  by  the  University  of  Ghent,  and 
was  published  in  1824  under  the. title  ...Gommenfatio  ad  Qum- 
tionem  Mathemattcam  ...  Academice  Gandavensis  jpropositam,... 

The  essay  contains  a  brief  sketch  of  the  subject,  and  discusses 
seven  problems ;  it  gives  some  account  of  the  application  of  tlie 
subject  to  Mechanics,  and  demonstrates  the  principle  of  least 
action.     It  is  chiefly  remarkable  for  grave  errors. 

378.  Airy.  In  Airy's  Maiheimtical  Tracts,  published  at  Cam- 
bridge in  1826,  twenty-three  pages  are  devoted  to  the  Calculus 
of  Variations.  These  pages  form  an  excellent  elementary  treatise 
on  the  subject.  The  author  in  his  preface  speaks  of  the  subject 
as  the  "most  beautiful  of  all  the  branches  of  the  Differential 
Calculus."  He  says  of  his  treatise,  "  by  adhering  rigorously  to 
principles,  by  exemplifying  every  formula,  and  by  avoiding  the 
investigation  of  useless  theorems,  the  author  hopes  that  he  lias 
removed  many  of  the  difficulties  which  have  been  thought  to  beset 
this  theory." 

The  fourth  edition  of  the  Mathematical  Tracts  was  publisliecl 
in  1858 ;  the  treatise  on  the  Calculus  of  Variations  is  here  increased 
by  two  pages,  namely  pages  240  and  241  of  the  work. 

379.  Bordoni.  Lezioni  di  Galcolo  Sublime,  Milan,  IB'^l* 
This  work  is  in  two  octavo  volumes;  the  Calculus  of  Variations 
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occupies  pages  192—298  of  the  second  volume.  Bordoni  adopts 
the  method  and  notation  of  Lagrange  which  we  have  described 
in  Art.  15 ;  and  the  work  is  rendered  extremely  perplexing  hy  the 
profusion  of  dots  and  dashes  and  affixes  with  which  the  symbols 
are  loaded.  Scarcely  any  examples  are  given  in  illustration  of 
the  theory.  This  appears  to  be  the  first  elementary  work  which 
introduced  Poisson's  formulae  for  the  variations  of  the  differen- 
tial coefficients  of  a  function  of  two  independent  variables;  see 
Art.  262. 

We  will  notice  a  few  points  in  the  treatise  in  detail. 

380.  Two  examples  of  the  use  of  Variations  are  given  by 
Bordoni  on  his  pages  261—265,  which  we  will   briefly  explain. 

I.  Suppose  a  fixed  surface  and  two  fixed  points  outside  it ;  let 
a  string  have  its  extremities  fixed  to  these  points,  and  let  it  be 
stretched  and  kept  in  contact  with  the  surface  by  means  of  a 
point  moving  on  the  surface  and  against  the  string;  thus  the 
whole  string  consists  of  four  portions,  namely  two  straight  lines 
outside  the  surface  and  two  curved  portions  on  the  surface.  The 
moving  point  will  trace  out  a  locus  on  the  surface  after  the 
manner  in  which  an  ellipse  is  traced  out  on  a  plane  by  a  moving 
point  which  stretches  a  string  having  its  ends  fixed.  Then  the 
locus  traced  on  the  surface  has  this  property  analogous  to  a 
property  of  the  ellipse;  the  tangent  at  any  point  of  the  locus 
makes  equal  angles  with  the  two  curved  portions  of  the  string 
meeting  in  that  point.  This  we  shall  now  prove.  The  string  is 
mextensible,  and  therefore  the  sum  of  the  variations  of  the  four 
parts  is  zero.  Let  x,  y^  z  denote  the  co-ordinates  of  a  point  in 
one  of  the  curved  portions,  so  that  the  length  of  this  portion  is 

Ja/(1 +j/'^+2;'^)  (&  between  proper  limits,  where  y  stands  for  -~~ 

^nd  z  stands  for  --^ .    The  variation  of  this   integral  according 
^0  the  usual  notation  consists  of  an  integrated  part 
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and  an  unintegrated  part 

Now  this  unintegrated  part  vanishes,  because  we  know  from 
statical  considerations,  that  the  curved  portions  of  the  string  assume 
the  forms  of  the  lines  of  maximum  or  minimum  length  on  the 
surface,  and  for  such  lines  the  unintegrated  part  of  the  variation 
of  the  length  of  an  arc  vanishes.  We  have  therefore  only  the 
integrated  part  remaining,  and  this  may  be  put  in  the  form 

Bx  +  yhy  +  zhz 

that  is,  Sscosc^,  where  Ss^  =  Sa?' +  S/ +  8^',  and  ^  is  the  angle 
between  two  lines,  one  having  its  direction-cosines  proportional  to 
hx,  hy,  Bz  respectively,  and  the  other  having  its  direction-cosines 
proportional  to  1,  y,  z   respectively. 

Now  at  the  point  which  is  common  to  one  of  the  straight 
portions  of  the  string  and  one  of  the  curved  portions,  Is  and  ^ 
have  the  same  values  for  each  portion;  so  that  the  two  terms 
which  are  thus  contributed  to  the  variation  of  the  whole  lengtli 
cancel.  Then  at  the  point  common  to  the  curved  portions  Bs  is  the 
same  for  the  two  portions,  and  therefore  ^  must  have  the  same 
value  in  order  that  the  whole  variation  may  vanish. 

II.  Suppose  one  end  of  a  string  fixed  to  a  point  in  a  curve 
on  a  fixed  surface ;  and  let  the  string  be  stretched  ^o  that  a  part 
is  kept  in  contact  with  this  curve,  a  part  kept  in  contact  with  the 
surface,  and  a  part  is  free  from  the  surface.  Then  whatever  may 
be  the  position  of  the  string,  provided  that  the  three  parts  are  kept 
stretched,  the  third  part  is  always  a  normal  to  the  surface  traced 
out  by  its  free  end. 

This  is  proved  in  the  same  manner  as  before.  Let  f ,  ?;,  K  ^^ 
the  co-ordinates  of  the  free  end ;  x,y,z  the  co-ordinates  of  the 
point  where  the  string  leaves  the  surface.  Let  s^  be  the  length 
of  the  straight  portion,  s^  the  length  of  the  part  which  is  only  kept 
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on  the  surface,  s^  the  length  of  the  part  which  is  kept  against 
the  curve.  The  whole  variation  of  s^  +  ^2  +  ^s  i^^st  be  zero.  The 
unintegrated  part  of  the  variation  of  s^  vanishes  as  before;  the 
only  variation  in  53  is  that  which  is  produced  by  lengthening  or 
shortening  the  portion  in  contact  with  the  curve ;  and  this  variation 
is  cancelled  by  the  corresponding  term  in  the  integrated  part  of 
the  variation  of  s.^.  The  variation  of  s^  so  far  as  it  depends  on 
the  variation  of  the  point  {x,  y,  z)  is  cancelled  by  the  corre- 
sponding term  in  the  integrated  part  of  the  variation  of  s^.  Thus 
that  part  of  the  variation  of  s^  which  arises  from  the  variation 
of  the  point  (f ,  ^,  ^)  must  separately  vanish. 

But  s,'=={x-^y  +  {y-vY+{^-^)\ 

therefore  i-^  ^)  ^^-^(^  ^v)  ^V  ^  (^ -^)  ^^  =.0; 

this  equation  shews  that  two  lines  are  at  right  angles,  namely 
the  line  which  has  its  direction-cosines  proportional  to  Sf ,  Btj,  S^ 
respectively,  and  the  line  which  has  its  direction-cosines  pro- 
portional to  X  —^,  y  —  7)^  ^  —  ?  respectively.  This  proves  the 
theorem. 

381.  On  pages  281 — 298  of  his  work,  Bordoni  discusses  the 
criteria  for  distinguishing  between  maxima  and  minima  values; 
here  he  follows  the  method  of  Legendre.      Suppose  we  have  to 

investigate  the  maximum   or  minimum  of  \<i>{x^y^  y)  dx.    The 

terms  of  the  first  order  are  supposed  treated  in  the  usual  way 
We  have  then  to  examine  the  sign  of 


{{A[hyY-{-2Bhyhy'^G(hyy}dx, 


where  ^  =  ^,     5  =  ^,,     0=^,. 

Now  we  have  identically,  whatever  a  may  be, 

=  {A-  a')  {Bt/Y  +  2{B-o)  Bt,By'  +  C  (SyT  +  {« {hf}'. 
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Thus  the  above  integral  becomes 

Then  if  a  can  be  found  so  as  to  make 

{A  ~  a')  C  greater  than  {B  ~  a)', 

the  sign  of  the  expression  remaining  under  the  integral  sign  will 
be  the  same  as  the  sign  of  (7;  and  thus  we  shall  be  able  to 
determine  whether  there  is  a  maximum  or  a  minimum. 

A  suitable  value 'of  a  may  be  found  thus.  Let  c  be  the  least 
value  of  G  between  the  limits  of  integration,  h  the  least  value  of 
A  ~  B]  find  /M  from  the  equation 

so  that  .     ^  =  v(5o)^-±^,, 

1  -  Z;e  vc 
where  ^  is  a  constant. 

Then  a=B-fjL  is  a  suitable  value.     For 

&  +  /i'  is  less  than  A-  B'  +  fi',  and  o  less  than  C; 

therefore         {h'\'[i)c  is  less  than  G {A—B'  +  fx)^ 

that  is  G{A-  F  +  fju)  is  greater  than  fj?, 

that  is  0  (^  -  a')  greater  than  {B  ~  a)'. 

Bordoni  does  not  however  allow  for  the  exceptions  which  may 
arise ;  thus  in  applying  the  test  to  a  geodesic  line,  he  says  that 
such  a  line  is  a  line  of  minimum  length,  which  we  know  is  not 
necessarily  the  case. 

382.  One  of  the  investigations  which  Bordoni  gives  is  in- 
tended to  discriminate  between  the  maximum  and  minimum  of 

U  {x,  y,  z,  y,  z')  dx  when  a  relation  F{x,  y,  z,  y\  z')  =0  is  sup- 
posed to  hold.  In  this  case  by  the  use  of  a  multiplier  X  we  find 
that  we  have  to  investigate  the  sign  of  the  terms  of  the  second 
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order  in  the  variation  of  I  (<^  -f  \F)  dx.  These  terms  form  a  poly- 
nomial of  the  second  degree  in  Bz,  hy\  hz,  hy ;  then  hz  is  eliminated 
by  means  of  the  relation 

dF^,  ^  dF ^  .     dF^  ^dF^       ^ 

We  thus  obtain  under  the  integral  sign  a  polynomial  of  the 
second  degree  in  hy\  hz^  By,  say 

A{B^y  +  2BByBy'+ +  (?(Sy)^; 

and         O  =  ''  ^tt"''^  4-  ^r  ''^t^}P  +  r^  ''  ^^;,}^^ , 
ay  ay  dz  dz 


where 


dF 
__dy' 

'"'"    If; 

dz' 


This  polynomial  is  then  modified  by  adding  to  it  the  term 
{a(Sy)''^+2/8S?/S^ +  7  (3^)^}'  and  taking  away  the  same  term,  in 
the  manner  of  the  preceding  article.  Then  a  (83/^)^+2^83/8^-1-7(8^)^ 
is  brought  outside  the  integral  sign,  and  the  polynomial  under  the 
integral  sign  involves  a,  y8,  7  and  their  differential  coefficients. 
The  polynomial  under  the  integral  sign  may  then  be  arranged 
by  the  theorem  given  in  Art.  260  ;  and  finally  by  properly  choosing 
the  values  of  a,  /3,  7  we  may  make  the  polynomial  have  the  same 
sign  as  G.  Thus  we  have  a  minimum  if  G  be  positive  throughout 
the  limits  of  the  integration,  and  a  maximum  if  G  be  negative 
throughout  the  limits  of  the  integration. 

This  general  result  Bordoni  applies  to  two  special  cases. 
First,  suppose  that  <jS>  involves  only  x,  y,  z  and  y\  and  that  F 
is  of  the  form  z'  —  yfr  (x,  y,  z,  y) ;  then  the  case  coincides  with 
that  considered  by  Brunacci,  and  the  result  is  the  same  as  he 
obtained;  see  Art.  206. 

Next,  suppose  ^  {x,  y^  z,  y\  z')  reduces  to  z' ;  then  G  be- 
comes 


^  (d'F    ^     d'F   ^    ^  d'F\ 
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Bordoni  says  that  this  is  equal  to  —  X  -t->  ^ng  ?  because 
d^F    ^    d'F  ^   ^d^F    dF^_ 

which  is  altogether  inadmissible. 

383.  In  Klugers  Maihematisches  Worterbuch,  Vol.  5,  1831, 
an  article  occurs  on  Variationsrechnung  which  occupies  pages 
eoo— 715.  This  article  presents  nothing  remarkable.  The  early- 
part  of  it  is  encumbered  with  useless  generalities.  It  concludes 
with  a  brief  sketch  of  the  early  history  of  the  subject,  accompanied 
with  some  references  to  writers,  chiefly  of  the  18th  century. 

384.  Momsen.  Elementa  Calculi  Variationum  ratwne  ad 
analysin  injlnitorum  quam  proxime  accedente  tractata,  Altona, 
1833. 

This  treatise  was  written  as  an  exercise  for  a  degree  in  the 
University  of  Kiel ;  it  occupies  73  quarto  pages.  In  the  intro- 
duction the  author  treats  of  the  different  ways  in  which  the 
notion  of  a  variation  has  been  presented  by  mathematicians,  and 
gives  the  preference  to  that  which  has  been  adopted  by  Euler, 
Lagrange,  Ohm  and  Strauch;  see  Art.  334.  The  work  consists 
of  four  sections  besides  the  introduction.  The  first  section  con- 
siders the  maxima  and  minima  values  of  single  integrals.  The 
second  section  considers  the  maxima  and  minima  values  of  com- 
pound expressions,  such  as  an  integral  which  involves  another 
integral,  or  the  product  of  two  integrals,  or  the  quotient  of  one 
integral  by  another  integral.  The  third  section  considers  pro- 
blems of  relative  maxima  and  minima  values.  The  fourth  section 
considers  the  maxima  and  minima  values  of  double  integrals.  The 
treatise  possesses  no  merit  as  regards  the  theory  of  the  subject; 
it  may  be  considered  as  a  collection  of  Examples  taken  almost 
entirely  from  Euler's  Methodus  Inveniendi...  Momsen  however 
adds  to  the  solutions  given  by  Euler  some  investigations  of  the 
terms  of  the  second  order  in  order  to  distinguish  between  maxima 
and  minima  values,     Momsen  ascribes  no  variation  to  the  inde- 
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pendent  variable  In  his  solutions,  nor  does  he  make  any  changes 
in  the  limits  of  his  integrations ;  all  investigations  respecting  the 
limiting  values  of  the  quantities  which  occur  he  considers  to 
belong  to  the  ordinary  Differential  and  Integral  Calculus ;  see  his 
pages  27 — 29. 

We  will  make  some  remarks  on  certain  parts  of  the  treatise. 

On  his  page  14  Momsen  shews  that  l(2a;y  — y)  dx  is 

a  maximum  when  y  —  X]  Euler,  in  the  memoir  to  which  we  have 
referred  in  Art.  22,  erroneously  stated  that  the  result  is  a  minimum. 
On  his  page  15  Momsen  discusses  an  example  given  by  Euler 
in  his  Meihodus  Inveniendi..,  page  41  ;  see  Art.  52.  Momsen 
agrees  with  Dirksen  in  correcting  Euler's  statement  as  to  the 
nature  of  the  result.  See  Dirksen,  page  204,  and  also  page  7  of 
the  preface  to  Ohm's  work,  entitled  Die  Lehre  vom  Grossten  und 
Kleinsten. 

On  his  pages  18  and  19  Momsen  considers  the  problem  of  the 
soHd  of  least  resistance.  In  examining  whether  the  result  ob- 
tained is  really  a  maximum  or  a  minimum  Momsen  makes  a 
mistake  in  his  work ;  the  mistake  occurs  in  the  last  two  lines  of 

page  18,  where  he  has  7j~:^3  instead  of      ^_^^n3    •     Hence, 

he  erroneously  concludes  that  the  solid  is  really  a  solid  of  maxi- 
mum resistance,  and  he  says,  '^  hinc  igitur  satis  perspicitur,  ex  hac 
quaestione,  qu8e  in  omnibus  fere  libris  de  hoc  argumento  conscriptis 
occurrere  solet,  soluta  parum  sane  emolumenti  ad  societatem  hu- 
manam  redundare."  The  true  results  respecting  this  problem 
have  been  given  by  Legendre  in  the  memoir  which  we  have 
cited  in  Art.  197. 

On  his  pages  32—34  Momsen  examines  the  problem  of  finding 

the  maximum  or  minimum  of  the  product  of  ly  dx  and  j^/{l  +jp^)  dx. 

The  result  apparently  obtained  is  a  circle,  but  Momsen  shews  that 
there  is  really  neither  a  maximum  nor  a  minimum ;  Strauch  arrives 
^t  the  same  result  on  pa^e  541  of  his  second  volume.     Euler 

29 
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erroneously  concluded  tliat  a  circle  convex  to  tlie  axis  of  abscissce 
would  give  a  maximum ;  see  the  Methodus  Invemendi  ...  page  149. 

386.  On  his  pages  35—37  Momsen  discusses  a  problem  given 
by  Euler  in  his  Methodus  Invemendi.,.  pages  122 — 126.  It  is 
required  to  find  the  curve  in  which  11  is  a  maximum  or  minimum, 
where  11  is  to  be  found  by  the  differential  equation 

da^gdx  +  aW^/{l+f)dx  =  0 (1). 

This  is  easily  seen  to  be  a  problem  in  Dynamics ;  the  curve  is 
required  down  which  a  particle  must  move  so  as  to  acquire  a 
maximum  velocity,  supposing  a  resistance  varying  as  the  2/i*^  power 
of  the  velocity.  Strauch  has  considered  the  case  in  which  yi  =  l, 
but  in  examining  the  terms  of  the  second  order  he  has  made  a 
mistake;  see  Art.  337.  Momsen  also  is  wrong  in  his  investigation 
of  the  terms  of  the  second  order.  We  will  here  examine  the 
problem  briefly.  We  shall  denote  initial  and  final  values^  by  the 
suffixes  0  and  1  respectively,  and  we  shall  suppose  U^  given.  Sup- 
pose II  receives  an  increment  SU ;  then  from  (1)  retaining  terms 
of  the  second  order,  we  have 

dBU  +  mW''BU^/{l+jp')dx  +  ''^^jjf^  + 

is/{l+p) 

where 

Multiply  (2)  by  X,  where  X  is  a  function  of  x  at  present  undeter- 
mined, and  integrate ;  thus 

Now  as  X  is  in  our  power,  we  may  assume 

«n\n"-v(i  +/)  -  £=0 (3) ' 
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then  the  coefficient  of  hy  must  ranish  in  the  expression  under  the 
integral  sign  in  order  that  (SII),  may  be  of  the  second  order;  thus 

:^(l  ^.S)  =  ^  constant  =^  G  say (4). 

Moreover  it  will  be  necessary  that  the  terms  outside  the  in- 
tegral sign  in  the  value  of  (Sn)^  should  vanish.  If  the  initial  and 
final  points  are  fixed,  these  terms  vanish  because  hy^  and  hy^  are 
then  zero;  if  these  points  are  not  fixed,  we  should  require  (7  =  0, 
and  this  would  lead  to  ^  =  0,  and  so  the  required  curve  would 
become  a  vertical  straight  line.  We  take  the  former  supposition, 
namely  that  y^  and  y^  are  constants. 

From  (4)  by  taking  logarithms  we  can  get  an  expression  for 
X  dx '  ^^^^^  *^^®  *^  *^^  ^^^^®  g^^®^  ^y  (^)>  ^^d  substitute  for 
-IT-  from  (1) ;  thus  we  shall  finally  obtain 

n|=-«5'i'(i+/) (5). 

Thus  we  now  have 

(xsn),  =  -  r\Mdx, 

so  that  (SII)^^  is  of  the  second  order. 

Now  it  is  shewn  by  Euler  that  we  can  proceed  one  step  further 
m  the  integration  and  obtain  11  as  a  function  of  p.  Strauch  having 
obtained  11  as  a  function  of  ^,  difierentiates  with  the  symbol  S,  and 
thus  he  obtains  a  relation  between  811  and  Sp,  and  by  using  this 
relation  he  simplifies  the  expression  for  M;  see  his  Vol.  ii. 
page  445.  He  thus  in  fact  assumes  that  the  velocity  is  the  same 
particular  function  of  p  both  for  the  curve  which  we  suppose  to  be 
ttnder  examination  and  for  an  adjacent  curve ;  this  is  altogether  in- 
admissible. Thus  Strauch's  equation  xxvi  is  not  true ;  moreover 
in  the  equation  immediately  preceding  instead  of  2Lmw  under  the 
integral  sign  be  ought  to  have  4.Lmw. 

Although  the  way  in  which  Strauch  tries  to  connect  811  and 
^P  is  inadmissible,  yet  by  another  method  we  may  find  an  expression 

29—2 
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for  Sn  wHcli  may  be  used  in  transforming  M.  If  (1)  could  be 
integrated  so  as  to  give  TI  in  terms  of  p  for  any  curve,  we  could 
connect  SH  and  Sp ;  but  this  integration  cannot  be  effected.  But 
from  (1)  we  have  universally  to  the  first  order 

t?Sn         TT«-isMT   //I   .    2N  ,    «n>  Bp  _ 

-^  +  anW^BIl^{l^p)+^^j^^^.^  -0. 

Let  a«n»-V(l+/)  te  denoted  by  Q  and  ^^^_^-^.^  by  -B,  so 
that 

therefore  ^  (/e-^Sn)  +  e^'^^BSp  =  0, 

and  by  integrating  from  «„  to  a; 

J  Xq 

The  last  result  is  universally  true ;  and  when  we  apply  it  to 
the  curve  under  consideration  we  may  put  X  for  e'^^^^  and  C  for  \R ; 
thus 

X  8n  =  -  I ""  CBp  dx^-  Chy,  supposing  By^  =  0. 

J  Xq 

If  we  use  this  relation  we  can  remove  811  from  if,  and  thus 
express  Jf  as  a  function  of  the  variations  By  and  Bp. 

Momsen's  investigation  of  the  terms  of  the  second  order  is 
wrong.  If  his  process  be  followed  out  correctly,  the  result  obtained 
expressed  in  our  notation  will  be 

f ^^ s^  f«^ ^n^> an  ,  axirspi  , 
+  o/%{«(«-i)an"-'V(n-p^sn+^^^  ^\d^; 

and  if  we  put  -  X  SII  for  Chf,  this  result  agrees  with  that  which  we 
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have  obtained.    But  Momsen  assumes  that  because  (811)^  is  zero  to 
the  first  order,  therefore  BU  is  so  also ;  by  this  error  he  obtains 

By  integration  by  parts  the  second  term  gives 

in  this  form  Momsen  leaves  it,  and  asserts  that  there  is  a  maximum ; 

so  that  he  appears  to   assume  that   -^ 77- ^  is  necessarilv 

dx  V  (1  ■\-;p)  ^ 

positive. 

We  may  remark  that  although  Momsen  does  not  explicitly  say 
so,  yet  from  the  beginning  of  his  page  36  it  appears  that  he  takes 
n^  to  be  given  and  also  y^  and  y^. 

387.  Some  remarks  may  be  made  on  a  problem  which  Momsen 
discusses  on  his  pages  45  and  46.  The  problem  is  a  particular 
case  of  the  second  of  the  two  famous  isoperimetrical  problems  pro- 
posed by  James  Bernouilli.    Bernouilli's  problem  is  the  following ; 

let  s  denote  I    sj{l  -\-p^)  dx,  and  ^  [s)  any  function  of  5;  then  the 

i^elation  between  x  and  y  is  required  which  makes  /    ^  [s)  dx  a  maxi- 

mum  or  minimum  while  I    ^{1  +p^)  dx  has  a  given  value,  a  being 

a  constant.  In  the  figure  which  is  usually  given  to  illustrate  this 
problem  it  is  in  fact  assumed  that  (j)  {s)  vanishes  when  x  =  0  and 
when  x=:a;  this  limitation  is  altogether  unnecessary,  and  is  never 
J^egarded  in  the  solution.  The  emmciation  implies  that  the  limiting 
values  of  x  are  constants.  The  usual  figure  makes  the  limiting 
values  of  y  both  zero;  this  limitation  is  also  unnecessary,  it  is 
sufficient  that  the  limiting  values  of  y  should  be  constants.  Thus 
the  figure  may  be  drawn  as  in  figure  11,  and  the  enunciation  be 
given  thus ;  A  and  B  are  fixed  points,  it  is  required  to  find  a  curve 
^SB  of  given  length  such  that  the  area  OUBF  may  be  a  maxi- 
naum  or  a  minimum  where  FN  ia  always  a  given  function  of  AS. 
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Since  j^(f>{s)dx  is  to  be  a  maximum  or  minimum  while 
r  V(l  +/)  (i^  is  constant,  we  proceed  to  find  the  maximum  or 
minimum  of  j"  U  («)  +  X  V(l  +/)[  «?«>•  We  can  then  apply  the 
formula  of  Art.  38,  supposing  that 

The  integrated  part  of  S  jvdx  in  that  formula  vanishes  because 

the  limiting  values  of  x  and  y  are  constant ;  hence  for  a  maximum 
or  minimum  we  have 

P+  (-4  -  J)  P'  =  a  constant «  C  sax> 

therefore         Xp  +  (^  -  J)  jp  =  C^/{1  +/), 

G 
therefore  \  +  A-I='-^/{l+f) (1); 

■by  differentiating  we  obtain 

thatis  ior.^(«)-^.^(j^^,^^, 

,f  t  \  ds      G  dp  ,^x 

therefore  ^  (5)  ^  =y  ^ (^j, 

therefore  <^  W  =  ~  ~  +  ^»> 


therefore 


dx~C,~4,i8)' 


dv  0      

therefore  Ts  "^  ^(C' +  {0,-^  {s)\'y 

dx fi  —  ^  (a) 
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From  the  last  two  equations  x  and  y  must  be  found  in  terms 
of  B ;  two  constants  already  appear,  and  two  more  will  occur  in  the 
integrations  for  finding  x  and  y.  These  constants  must  be  de- 
termined from  the  consideration  that  when  5  =  0  the  values  of 
X  and  y  must  be  the  co-ordinates  of  the  given  point  A^  and  when  s 
is  equal  to  the  given  length  the  values  of  x  and  y  must  be  the 
co-ordinates  of  the  given  point  B.  A  different  view  of  this  part 
of  the  solution  is  given  in  De  Morgan's  Differential  Calculus, 
page  468. 

In  the  particular  case  considered  by  Momsen  (f>(s)  ==$;  thus 

Jl  i=     .  an^  this  shews  that  the  curve  must  be  a  catenary 

having  its  directrix  parallel  to  the  axis  of  y.  And  thus  we  see  that 
the  ordinary  figure  with  A  and  B  on  the  axis  of  x  is  impossible  in 
the  present  case,  because  a  catenary  cannot  be  cut  in  two  points  by 
a  straight  line  perpendicular  to  its  directrix. 

We  proceed  to  investigate  the  terms  of  the  second  order  in 
the  variation  of  /  j^  («)  +  ^  V(l  +i^*)  f  <^^  '^^  the  particular  case  in 
which  (f)  {s)  =  s. 

We  have  to  the  second  order 

Jo  IV(1  +!>')     2  (1  +/)*) 
Thus  the  required  terms  consist  of 

2  Jo  L-'o  (1+/)*    (i+i>TJ 
J     L'o(n-/)*J     •'0(1+/)*  •'(1+/)* 

therefore       f  ".^Jf  ^-M^l  =  f  "i^Zl^i^^ 


{i+pr-^  •'0    (1+/)' 

Thus  the  expression  to  he  examined  becomes 

(\  +  a-x){hpydx 


if" 

2i„ 
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We  must  now  consider  the  sign  and  value  of  X.    From  equation 
(1),  by  supposing  w^a,  we  obtain 

^^f^V(l±£!)l      (3). 

From  equation  (2) 

ds  _G  dp 
dx "~  ^^  dx ' 


therefore  A,= 


(4). 


Hence  by  the  nature  of  the  catenary  it  may  be  shewn  that  X  is 
numerically  equal  to  the  distance  of  the  point  B  from  the  directrix 
of  the  catenary. 

Suppose  in  the  first  place  that  the  ordinate  of  A  is  less  than  that 
of -B;  if  the  catenary  is  concave  to  the  axis  of  x,  then  \  is  negative 
and  is  numerically  greater  than  a,  so  that  X  4-  a  -  a?  is  negative  and 
we  have  a  maximum ;  if  the  catenary  is  convex  to  the  axis  of  x, 
then  X  is  positive  and  we  have  a  minimum.  Next  suppose  that  the 
ordinate  oi  A  is  greater  than  that  of  5;  if  the  catenary  is  concave 
to  the  axis  of  a;,  then  X  is  positive  and  we  have  a  minimum ;  if  the 
catenary  is  convex  to  the  axis  of  a;,  th^n  X  is  negative  and  is  nume- 
rically greater  than  a,  so  that  X  +  a  -  a?  is  negative  and  we  have  a 
maximum. 

The  last  eight  lines  of  Momsen's  investigation  are  unsatisfac- 
tory ;  he  comes  to  the  conclusion  that  there  is  always  a  minimum. 
He  argues  thus ;  let 

TF=:f"{s  +  XV(l+/)}^«^; 

by  integration  by  parts  we  have 

I   sdx  =  8X"'  \    x-^rdx. 
Jo  h      d^ 

r«  r«  ^g 

therefore  I  sidx  =  j   {a-x)j^dx; 
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thus  W=[  {X  +  a-x)  V(l  +/)  dx. 

•'0 

Hence  Momsen  says  that  W  is  of  the  same  sign  as  the  ex- 
pression of  the  second  order 

1  [""{X  +  a-x)  [hpfdx^ 


'  ^0 


2i«  (1+/)* 

and  this  is  true  from  what  we  have  given  although  Momsen  does  not 
prove  it.  Then  Momsen  concludes  that  the  result  necessarily  makes 
W  2i.  minimum.     This  is  inadmissible  ;  the  sign  of  W  has  nothing 

to  do  with  the  question  of  the  maximum  or  minimum  of  I   s  dx, 

J  0 

It  should  be  observed  that  the  solution  here  given  is  liable  to 
fail,  for  the  given  length  of  curve  may  be  too  great  to  constitute  an 
arc  of  a  catenary  joining  the  two  given  points.  We  will  consider 
one  case,  and  treat  it  after  the  manner  of  Art.  352.  Let  k^  and  \ 
be  the  ordinates  of  ^  and  B,  and  suppose  k^  less  than  \,  Suppose 
a  maximum  is  required,  and  let  us  try  if  the  problem  can  be  solved 
by  supposing  the  curve  joining  A  and  B  to  be  made  up  of  a 
straight  line  of  length  y^  -  Jc^  formed  by  producing  OA  through  A, 
and  an  arc  joining  the  point  (0,  y^)  to  B.  The  expression  which  is 
now  to  be  a  maximum  is 

I  {^0  -  ^0  +  ^}  ^^j   where  5  =  1  ^/{l  +j)^)  dx ; 

J   Q  Jo 

and  the  whole  length  is  ^o ""  ^^0+  /   V(l  +I>^)  dx. 

J  0 

Thus  we  may  consider  that  v/e  have  now  to  find  the  maximum  of 

J  0 

that  is  of    I  {s  +  \  V(l  +f)}dx  +{a  +  \)  {y,  -  k^). 

The  only  point  in  which  the  solution  will  differ  from  that 
formerly  given  is  in  the  terms  outside  the  integral  sign.  We 
We  (a  +  X)%o  from  the  iexm  (a-l-X)^^;  and  there  is  the  term 
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(P+  AF-IF)  m  In  the  notation  of  Art.  SSrwhich  gives  us  -  CSy,. 
Thus  we  require  that 

a  +  X-(7  =  0 (5). 

We  have  already  stated  that  from  (4)  it  follows  that  X  is  nume- 
rically equal  to  the  distance  of  jB  from  the  directrix  of  the  catenary; 
then  from  (3)  it  follows  that  C  is  numerically  equal  to  the  para- 
meter of  the  catenary,  that  is,  to  the  distance  of  the  directrix  from 
the  nearest  point  of  the  curve.  And  if  the  catenary  is  concave  to 
the  axis  of  x  both  X  and  G  are  negative.  Thus  we  shall  deduce 
from  (5)  that  the  catenary  must  touch  the  axis  of  y  at  the  point 

(0,  2^o)- 

This  holds  so  long  as  t/^  is  not  greater  than  Jc^.  If  we  cannot 
consistently  with  the  given  length  have  y^  not  greater  than  k^,  we 
must  make  the  catenary  convex  to  the  axis  of  x  and  make  it  touch 
the  axis  of  y  at  the  point  (0,  y^). 

If  a  minimum  be  required,  the  curve  consists  of  a  catenary 
beginning  at  A  and  ending  at  the  point  (a,  y^),  and  having  its 
tangent  parallel  to  the  axis  of  y  at  this  point;  and  the  length  con- 
sists of  that  of  the  arc  of  the  catenary  together  with  that  of  the  line 
joining  the  points  (a,  yj  and  {a,  Jcj). 

388.  The  following  problems  relating  to  the  maxima  and 
minima  values  of  double  integrals  are  solved  in  Momsen's  fourth 
section,  the  limits  of  x  and  y  being  supposed  given  in  all  cases. 

(1)  The  maximum  of  jjz  {a?+f-az)  dxdT/;  this  is  in 
Strauch,  Vol.  ii.  page  562. 

(2)  The  maximum  o{  jjk  sj{x^  +  /  +  ^^^  _  M  j^  ^^^ 

(3)  The  minimum  oil^iz  ^|{a?  +  f)  + 1  (^  -  c)4  dx  dy. 

(4)  The  surface  of  maximum  or  minimum  area  having  a  given 
boundary. 

(5)  The  surfec©  of  maximum  or  mimmum  area  among  ^ 
those  which  correspond  to  a  constant  volume^ 
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(6)  The  volume  of  a  solid  being  given,  it  is  required  to  find  its 
bounding  surface  so  that  its  centre  of  gravity  may  be  at  a  maxi- 
mum distance  from  the  plane  of  {x,  y).  This  problem  is  in  Strauch, 
Vol.  II.  page  610.  The  problem  is  analogous  to  that  considered  in 
Art.  340 ;  the  result  is  that  the  required  surface  is  a  plane.  Both 
Momsen  and  Strauch  encumber  their  solution  by  not  paying  atten- 
tion to  the  remark  at  the  end  of  Art.  340. 

(7)  Among  surfaces  of  given  area  to  find  that  which  has  its 
centre  of  gravity  at  a  maximum  distance  from  the  plane  of  (aj,  y) ; 
the  differential  equation  of  the  required  surface  is  here  obtained, 
and  as  in  the  preceding  problem  the  investigation  is  needlessly 
encumbered. 

A  general  formula  for  the  variation  of  double  integrals  is  given 
by  Momsen  from  Lacroix,  which  involves  the  errors  already  indi- 
cated; see  Art.  27. 

389.  Besides  the  errors  we  have  already  noted  in  Momsen's 
treatise,  a  few  more  may  be  given. 

On  his  page  32  Momsen  is  speaking  of  the  determination  of  the 
constants  in  the  problem  we  have  given  in  Art.  65.  He  has  a  con- 
dition equivalent  to  X?,  =  0,  so  that  j-  f  4]  must  =  0  when  x-h. 

This  equation  which  holds  for  a  particular  value  of  x  he  integrates, 
and  deduces  z  =  Gp^^  which  is  inadmissible. 

On  his  page  39  Momsen  is  speaking  of  the  determination  of  the 
four  constants  which  occur  in  the  solution  of  the  problem  of  the 
hrachistochrone  in  a  resisting  medium.  He  says  that  two  are  to  be 
determined  by  making  the  curve  pass  through  given  initial  and 
final  points;  he  proposes  what  he  considers  two  conditions  for 
determining  the  other  two,  but  these  two  conditions  amount  really 
to  only  one  condition.  The  condition  which  he  opiits  is  that  the 
initial  velocity  must  be  supposed  given,  as  he  has  really  assumed 
at  the  top  of  his  page  38.  Bemarks  similar  to  that  which  we  have 
noticed  in  Art.  387  as  occurring  in  the  last  eight  lines  of  Mom- 
sen's  investigation  occur  in  other  places  of  Momsen's  treatise;  see 
his  sections  36,  37,  and  40.    At  the  end  of  his  section  48  he 
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assumes  without  any  proof  that  the  sign  of  C  can  be  easily  ascer- 
tained to  "be  positive  when  the  curve  is  convex  to  the  axis  of  x ; 
the  quantity  C  is  the  same  as  that  denoted  by  M  in  Strauch, 
Vol.  II.  page  516,  and  its  sign  is  not  determined  by  Strauch.  In 
his  sections  38  and  58  Momsen  retains  terms  which  are  absolutely 

zero,  in  the  same  way  as  I    hy  dx  is  zero  in  Art.  340. 

390.  Abbatt.  A  Treatise  on  the  Calculus  of  Variations^  by 
Kichard  Abbatt.     London,  1837. 

This  is  a  volume  in  foolscap  octavo,  of  207  pages,  with  a  preface 
of  11  pages.  The  writer  in  his  preface  refers  to  Lacroix,  Lagrange, 
Euler,  Woodhouse  and  Airy ;  and  on  page  203  he  refers  to  Pois- 
son's  memoir.  He  appears  to  have  used  Poisson's  memoir  also  on 
his  pages  18,  62,  115—121  and  194—203.  Nevertheless  he  gives 
on  his  pages  192  and  193  the  erroneous  formulsG  which  we  have 
noticed  in  Arts.  39  and  40.  He  gives  the  correct  formulae  on  his 
pages  197  and  198,  but  his  mode  of  obtaining  them  is  not  satis- 
factory. 

The  treatise  contains  numerous  examples  selected  from  preced- 
ing writers  on  the  subject. 

391.  De  Morgan.  In  Professor  De  Morgan's  Differential  and 
Integral  Calculus^  pages  446 — 475  are  devoted  to  the  Calculus  of 
Variations;  this  part  of  the  work  was  published  in  1840.  By 
adopting  a  condensed  y'et  expressive  notation  a  large  quantity  of 
information  on  the  subject  is  compressed  into  a  brief  space.  There 
is  no  investigation  of  the  terms  of  the  second  order,  but  with  this 
exception  the  student  is  introduced  to  all  the  important  parts  of  the 
subject.  In  the  formulge  respecting  the  variation  of  double  inte- 
grals the  limits  with  respect  to  both  variables  must  be  understood 
to  be  all  constants^  for  the  reason  which  we  have  given  in  Art.  28. 

On  pages  470  and  471  the  problem  of  the  brachistochrone  in  a 
resisting  medium  is  discussed,  and  the  way  of  determining  the  four 
constants  which  occur  is  carefully  explained.  Mr  De  Morgan 
observes  that  this  part  of  the  problem  is  omitted  in  silence  by 
Woodhouse  and  Lacroix,  and  that  "  Lagrange  merely  says  that  Bz^ 
IB  indeterminate,  but  does  not  give  any  reason..."     Lagrange s 
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meaning  Is  to  be  found  however  from  what  he  had  previously  given 
on  page  465  of  the  Legons  ...,  edition  of  1806 ;  and  it  appears  from 
this  that  Lagrange's  view  was  correct. 

We  may  observe  that  in  Stegmann's  discussion  of  the  problem 
the  constants  are  determined  in  the  same  way  as  by  Mr  De  Morgan ; 
see  Stegmann's  work,  pages  318—321.  Strauch  is  not  satisfactory 
on  this  point ;  see  his  Vol.  IL  page  418. 

392.  Cournot.  Two  chapters  are  devoted  to  the  Calculus  of 
Variations  in  Cournot's  Traite  iUmentaire  de  la  Theorie  des  Fonc- 
tions.,.  Paris,  1841.  These  chapters  occupy  pages  113 — 155  of  the 
second  volume  of  the  work ;  they  form  a  good  elementary  treatise 
on  the  subject.  It  should  be  observed  however  that  in  the  varia- 
tion of  double  integrals  Cournot  reproduces  the  error  which  we 
have  explained  in  Art:  27. 

393.  Hall.  The  Encyclopcedia  Metropolitana  contains  a  brief 
treatise  on  the  Calculus  of  Variations  by  Professor  Hall.  It 
occupies  pages  209 — 226  of  the  second  volume  of  the  first  divi- 
sion of  the  Encyclopaedia;  the  date  of  this  voftime  is  1843.  The 
treatise  gives  the  usual  theory  so  far  as  terms  of  the  first  order  in 
the  variation  of  single  integrals,  and  applies  the  theory  to  a  few 
examples. 

394.  Bruun.  AManualof  the  Calculus  of  Variations,  Odessa, 
1848. 

This  is  an  octavo  volume  of  195  pages  in  the  Eussian  language. 
The  diflSculty  of  the  language  will  prevent  any  detailed  account  of 
the  work.  It  is  divided  into  four  parts.  The  first  part  occupies 
pages  1 — 36,  and  gives  the  variations  of  expressions.  The  second 
part  occupies  pages  37 — 56,  and  discusses  the  criteria  of  integrability 
of  expressions.  The  third  part  occupies  pages  57 — 181,  and  con- 
tains the  investigation  of  maxima  and  minima  values.  The  fourth 
part  occupies  pages  182 — 195,  and  consists  of  a  sketch  of  the  history 
of  the  subject. 

In  the  third  part  of  the  work  the  terms  of  the  second  order  in 
the  variations  of  integrals  are  investigated  with  the  view  of  dis- 
tinguishing between  maxima  and  minima  values.     Bruun  takes  in 
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succession  the  case  in  which  the  function  under  the  integral  sign 
involves  only  a?,  y  and  y\  and  the  case  in  which  the  function  under 
the  integral  sign  involves  x^  y,  y  and  y" ,  He  gives  "both  Le- 
gendre's  method  and  Jacobi's  method,  and  of  course  by  comparing 
the  results  of  the  two  methods  the  auxiliary  quantities  introduced 
by  Legendre's  method  become  determined ;  see  Art.  235. 

The  only  passage  in  the  third  part  which  presents  any  appear- 
ance of  novelty  is  that  on  pages  103 — 108.    After  having  finished 

the  discussion  of  the  method  of  Jacobi  applied  to  1^  (a?,  y,  y\  y")  dx, 

Bruun  intimates  that  this  method  is  very  complex,  and  that  he  will 
explain  another  method  of  discriminating  between  maxima  and 
minima  values,  given  by  Sokoloff.  He  does  not  however  do  more 
than  introduce  the  method  to  the  reader  and  refer  for  detail  and  ex- 
emplification to  the  memoir  of  Sokolofi*.  The  title  of  this  memoir 
appears  to  be  Researches  on  a  certain  point  of  the  Calculus  of  Varia- 
tions. CharkoflF,  1842.  The  following  process  will  give  an  idea  of 
the  method  so  far  as  it  is  explained  by  Bruun. 

Suppose  we  ar^  investigating  the  sign  of  the  terms  of  the  second 

order  in  the  variation  of  |     ^  (a?,  y^  y')  dx.    The  expression  we  have 

to  examine  may  be  written  thus, 

where  A^  B,  G  are  functions  of  x.  We  wish  to  know  if  this  ex- 
pression retains  the  same  sign  for  all  values  of  By  and  By' ;  we  will 
test  this  by  ascribing  a  certain  convenient  value  to  By. 

We  have  ({A  {Byf  +  2BBy  By'  +  C  {By')'}  dx 

'      ^j{{ABy^BBy')  By+  {BSy+CBy')  By'}  dx 

^  {BBy  +  CBy')  By  +  ^{A  By  +BBy'  ~  ^  {BBy  +  CBy')  \  By  dx. 

Thus  if  we  choose  for  By  a  value  which  makes 
AZy  +  Bty'  -  ^  {BZy  +  Ch,')  =  0, 
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the  term  we  wish  to  examine  can  be  actually  integrated,  and  so  its 
sign  can  he  easily  ascertained.  Now  a  value  of  hy  which  will 
satisfy  the  above  equation  can  be  found,  supposing  that  we  can 
solve  the  differential  equation  which  arises  from  making  the  terms 

of  the  first  order  vanish  in  the  variation  of  \<t>  {x,  y,  y')dx;  see 

Art.  251.     Such  a  value  will  be  of  the  form  ^^u^+^^u^y  where  yS 
and/Sa  are  arbitrary  constants,  and  u^  and  u^  are  known  functions  of 
X.    Thus  {Bhy  +  Chy')  hy  will  be  a  homogeneous  function  of  the 
second  order  of  the  arbitrary  constants  ^^  and  yS^,  and  so  we  may 
by  ordinary  methods  investigate  whether 

{{Bhy+  Chy')hy\,-  {{Bhy  ^  Cty')  hy\ , 
is  positive  or  negative  for  all  values  of  these  arbitrary  constants. 

Such  appears  to  be  essentially  all  that  Bruun  gives.  It  is 
obvious  that  by  this  method  we  may  in  some  cases  succeed  in 
shewing  that  a  proposed  expression  has  neither  a  maximum  nor 
a  minimum  value ;  but  it  does  not  appear  obvious  how  we  can 
deduce  a  positive  test  which  shall  shew  when  a  proposed  expression 
is  a  maximum  or  a  minimum. 

The  pages  193 — 195  of  the  work  contain  a  list  of  references  to 
writers  on  the  subject.  In  this  list,  besides  the  memoir  of  Sokoloff, 
two  works  are  named  which  the  present  writer  has  not  had  an 
opportunity  of  consulting.     These  works  are  the  following. 

Textor.  Kurze  Darstellung  der  hbhern  Analysis^  nehst  einem 
Anhange  von  dem  Variationencalcul,     Berlin,  1809. 

Senff.     Elementa  Calculi  Variationum.  Dorpat,  1838. 
The  present  writer  is  indebted  to  the  kindness  of  Professor 
Bruun  for  a  copy  of  his  Manual  of  the  Calculus  of  Variations. 

395.  Price.  A  treatise  on  the  Calculus  of  Variations  forms 
part  of  the  second  volume  of  Professor  Price's  Treatise  on  Infinitest- 
'^ol  Calculus.  Oxford,  1854.  The  Calculus  of  Variations  occupies 
pages  234 — 334 ;  and  there  is  an  application  of  the  subject  to  the 
conditions  of  integrability  on  pages  440—446.  The  author  refers 
to  the  works  of  Euler,  Lagrange,  Poisson,  Jacobi,  Ostrogradsky, 
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Delaunay,  Strauch,  Jellett,  and  Schellbach.  The  treatise  gives  the 
usual  theory  of  the  variation  of  single  integrals ;  it  explains  Jacohi's 
method  of  distinguishing  between  maxima  and  minima  values ;  it 
treats  copiously  of  geodesic  lines ;  and  it  touches  briefly  on  the 
variation  of  double  integrals. 

396.  It  may  be  of  service  to  a  student  of  Professor  Price's 
work  to  refer  to  a  few  points  in  which  he  may  find  some  dif- 
ficulty. 

In  Art.  93  we  have  given  Poisson's  proof  of  a  certain  relation, 
namely,  Hy  +  Kz  =  0,  and  we  have  stated  in  Art.  94,  that  La- 
grange had  proved  this  relation  repeatedly.  Mr  Price  on  his  pages 
269  and  272  makes  a  remark  which  amounts  to  assuming  that  this 
result  is  obvious  without  demonstration. 

On  page  270  some  remarks  are  made  on  the  method  of  deter- 
mining the  arbitrary  constants  which  occur  in  solving  problems  in 
the  Calculus  of  Variations.  If  the  limiting  values  of  the  quantities 
are  not  restricted,  the  coefficients  of  the  terms  Ix^,  Ix^,  Sy^,  Sy^,  ... 
must  be  equated  to  zero.  The  book  proceeds,  "  Suppose,  however, 
that  equations  are  given  connecting  the  variables  at  the  limits,  that 
is,  that  equations  are  given  between  x^  and  y^  and  between  x^  and 
y^ :  then  if  T  =  0  is  the  integral  of  H  =  0,  there  will  be  given 


T 


fdT\    fd^T\      fd--^r\         (dT\      (d;^\ 


This  seems  unsatisfactory.  If,  for  example,  T  =  0  then  T^  =  0 
and  T^  =  0  necessarily,  and  no  new  information  is  supplied  by  these 
equations.  The  true  method  when  relations  are  given  between  the 
limiting  values  of  quantities  is  to  deduce  relations  between  the  vari- 
ations of  these  limiting  values ;  thus  some  of  the  variations  are 
expressible  in  terms  of  the  others,  and  the  number  left  arbitrary  is 
diminished;  we  then  equate  to  zero  the  coefficients  of  these  re- 
maining variations,  and  the  equations  so  obtained  together  with  the 
given  relations  can  be  used  to  determine  the  arbitrary  constants. 

In  some  cases,  as  we  have  seen  in  Arts.  276  and  367  the 
number  of  arbitrary  constants  occurring  in  s.  solution  may  be  too 
small.     Mr  Price  speaks  of  such  a  problem  as  indeterminate  on 
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page  270 ;  it  should  rather  be  called  {mpossille,  for  the  problem 
cannot  be  solved  at  all,  unless  certain  restrictions  are  imposed.  See 
Mr  Jellett's  Treatise,  page  44. 

On  page  274  instead  of  "  ...  i^o  (^>  ^)  =^^  -^i  («»  ^)  =  0-     % 

means  of  which  four  equations  we  can  determine  -^ ,  a  and  5,  and 

thereby  definitely  fix  the  line  whose  equation  is  (32),"  read 

We  have  now  five  equations  for  finding  x^^y^^  jr^,  y^,  -g ." 

An  important  mistake  occurs  on  page  296.  The  equations  (131) 
cannot  be  deduced  in  the  way  given  in  the  book.  Equations  (131) 
involve  important  properties  of  geodesic  lines,  but  the  equations 
(127),  (128),  (129),  (130),  from  which  the  book  deduces  (131),  are  not 
at  all  restricted  to  geodesic  lines.  Equations  (131)  may  be  proved 
thus ;  we  may  shew  by  direct  investigation  that 

dX  _  dfjb  ^  dv 

ds  d^x  —  dx  d^s "~  ds  d^y  -  dy  d'^s     ds  d^z  -  dz  dh  ' 

and  then  by  means  of  equations  (115)  of  the  book,  we  have 
dx  __d^  ^  dv 

On  page  307  we  read  "  suppose  a  series  of  geodesic  lines  to 
originate  at  a  point  (/i„  v^  and  to  touch  the  line  of  curvature  (/ij  ; 
then  at  that  point...."  It  is  not  possible  to  have  a  series  of 
geodesic  lines  passing  through  a  point  and  touching  a  given  line 
of  curvature.  In  fact  the  words  '*  originating  at  a  point  "should 
he  omitted,  as  they  are  not  required  or  used. 

On  page  308  we  read  "  it  may  be  proved  in  the  same  way  as 

'   the  analogous  theorem  in  plane  geometry,  that  the  geodesic  radii 

^ectores  make  equal  angles  with  the  curve  of  curvature."     The 

Pi^oposition  in  question  has  been  assumed  to  be  true  in  writing  the 

^^uations 

c?r,  =  dyS  cos  L    dr^  =  -  d^s  cos  t, 
*  30 
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which  occur  immediatelj  before,  so  that  of  course  we  cannot  use 
any  consequence  drawn  from  these  equations  in  order  to  establish 
the  proposition. 

On  page  329  the  same  mistake  occurs  which  we  have  noticed 
in  Art.  232.    We  have  an  equation 

and  it  is  stated  that  any  value  of  u  which  makes  BH=^0  will  also 
satisfy  the  right-hand  member  of  the  equation.  Either  the  limits 
0  and  1  should  be  omitted  from  the  left-hand  side  and  then  the 
conclusion  is  that  any  value  of  u  which  makes  BH—  0  will  make 
the  right-hand  member  equal  to  a  constant ;  or  if  the  limits  0  and  1 
are  retained  on  the  left-hand  side  the  right-hand  side  must  be 
written 

and  then  any  value  of  u  which  makes  SIf  =  0  makes  this  expression 
vanish. 

397.  There  are  some  passages  in  the  treatise  which  do  not 
appear  treated  with  sufficient  detail  for  those  who  are  studying  the 
subject  for  the  first  time.  For  example,  the  process  of  page  258  of 
the  treatise  may  be  compared  with  Ostrogradsky's  corresponding 
process,  which  we  have  reproduced  in  Art.  128.  The  statement  on 
page  283  respecting  the  equating  certain  ratios  to  a  constant  quantity 
seems  to  need  explanation.  On  page  310  it  is  stated  that  the 
directions  of  the  principal  lines  of  curvature  at  any  point  of  an 
ellipsoid  are  evidently/  parallel  to  the  principal  axes  of  a  section  oi 
the  ellipsoid  made  by  a  plane  parallel  to  the  tangent  plane  at  the 
point  in  question ;  they  are  parallel  but  not  evidently  so  without 
demonstration. 

398.  Meyer.  Nbuveaux  SUments  du  Calcul  des  Variations* 
Li^ge  et  Leipzig,  1856. 

This  treatise  consists  of  132  octavo  pages.  In  the  preface  the 
author  says  he  has  preserved  the  classification  of  variations  into 
simple  and  compound,  pure  and  mixed,  given  by  Strauch,  and  that 
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he  has  borrowed  from  the  profound  work  of  that  writer  the  formula 
for  the  variation  of  a  double  integral  when  the  limits  of  the  first 
integration  are  themselves  susceptible  of  variation.  He  says  that 
he  has  given  a  new  method  of  explaining  the  principles  of  the 
subject,  and  he  considers  this  method  to  have  the  threefold  advan- 
tage of  deducing  the  subject  from  Taylor's  Theorem,  of  freeing  it 
from  the  consideration  of  infinitesimals,  and  of  freeing  it  from  any 
question  about  the  convergence  of  series.  As  he  only  proposed  to 
write  an  elementary  treatise  he  has  not  entered  upon  the  calculation 
of  the  variations  of  the  second  order.  He  says  that  for  isoperime- 
trical  problems  he  has  given  a  method  which  is  substantially 
Euler's,  but  that  he  has  introduced  a  modification  which  removes 
some  objections  that  are  brought  against  the  methods  of  Euler  and 
Lagrange.  For  the  composition  of  the  treatise  he  has  consulted 
the  most  eminent  writers,  especially  Euler,  Lagrange,  Poisson, 
Dirksen,  Ohm  and  Strauch ;  but  as  his  method  of  explaining  the 
principles  of  the  subject  dififers  from  those  of  all  the  authors  whom 
he  consulted,  he  calls  his  treatise,  New  Elements  of  the  Calculus 
of  Variations. 

The  treatise  however  does  not  seem  to  possess  any  claims  to 
attention ;  the  method  which  the  author  adopts  for  explaining  the 
principles  of  the  subject  would  probably  present  serious  difficulties 
to  a  beginner.  In  many  of  his  earlier  formulae  Meyer  retains 
terms  of  a  higher  order  than  the  first ;  this  is  a  useless  encum- 
brance, because  he  makes  no  use  of  those  terms  afterwards.  It 
should  be  added  that  the  book  has  been  obviously  printed  at  a  pres3 
which  is  rarely  used  for  mathematical  works,  and  thus  it  presents 
an  awkward  and  almost  repulsive  appearance.  Meyer's  method 
will  be  seen  from  the  following  example  which  he  gives.  Let /(a?) 
and  F{x)  be  two  functions  oix\  form  the  equation 

from  thia  we  may  find  for  i?  a  value,  say  7}  =  ^{x),  so  that  iden- 
tically 

f[x  +  ^{x)]=F{x). 

Thus  the  original  function  f{x)  changes  its  properties  and  is 
transformed  into  F{x)»     For  example, 

P^t  a  (a?  -f  ^)  =  sin  x, 

30—2 
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, ,  sm  x  —  ax 

then 


^==- 


T                               /        Bmx  —  ax\ 
and  a  Ix-] 1  =  sm  x. 

Thus  if  y  =/(a?),  Meyer  puts 

Dy  =  F{x)-f{x)  ^f{x  +  v)  -fix) 


=  8y  +  ^SV  + 


Thus  with  hinj  Sy  =  -^^,  S'y  =  j-f '?',  •••>  where  rj  is  an  arhi- 
trary  function  of  x. 

This  method  appears  unsatisfactory.  In  the  first  place  it  is 
deficient  in  generality.  The  usual  method  is  to  suppose  f{x) 
changed  into  ^  {x,  t)  and  not  necessarily  into  the  restricted  form 
f{x-\-t). 

Meyer  seems  to  want  to  consider  Sy  and  ^y  as  arbitrary 
and  unconnected;  this  however  is  not  the  case  in  his  system, 
for 

\dx) 

In  the  next  place,  a  beginner  would  Tbe  perplexed  Iby  the 
author's  speaking  of  ^  as  a  constant^  after  the  explanation  and 
example  which  have  been  given  of  it.  This  language  occurs  how- 
ever on  page  6.    Again,  on  page  22  we  have  this  process.    Having 

given  the  function  p  =  ^-| ,   in  which  x  is  the  constant  element, 

required  Sp,  S^, ...,  y  being  a  function  of  x. 
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We  have  by  definition 

^+^^=   i-   --^ — ^ 

but  a^=|,,    ^^^i'^'--- 

moreover  rj  being  an  arbitrary  function  of  the  constant  element  x, 
we  must  regard  tj,  7f, ..,  as  constants....  Here  the  last  statement 
would  appear  obscure  to  a  beginner. 

On  page  81  there  is  some  novelty,  but  it  cannot  be  comr 
mended.  The  subject  of  isoperimetrical  problems  is  considered 
on  pages  89  and  90;  but  it  is  not  obvious  what  modification  or 
improvement  the  author  has  made  of  the  common  method. 


CHAPTER  XV. 

MISCELLANEOUS  AETICLES. 


399.  The  present  chapter  contains  a  brief  account  of  some 
miscellaneous  articles  connected  with  the  Calculus  of  Variations; 
the  connection  is  in  some  cases  very  slight,  but  it  is  useful  for 
purposes  of  reference  to  notice  all  the  articles  which  bear  on  the 
subject.     The  notices  will  take  the  articles  in  chronological  order. 

400.  Ampere.  Remarks  on  the  application  of  the  general  for- 
mulas of  the  Calculus  of  Variations  to  mechanical  problems. 

This  memoir  was  published  in  1805,  in  the  first  volume  of  the 
MSmoires  jprSsentes  h  VInstitut  ,,,jpar  Divers  Savans,  It  occupies 
pages  493 — 523  of  the  volume.  This  memoir  contributes  nothing 
to  the  theory  of  the  Calculus  of  Variations ;  its  only  interest  arises 
from  its  relation  to  mechanics.  Lagrange  had  remarked  in  the 
Micanique  Analyttque,  that  there  is  an  analogy  between  the  equa- 
tions of  equilibrium  in  mechanical  problems  and  the  equations 
furnished  by  the  Calculus  of  Variations  for  determining  the  maxima 
and  minima  values  of  integral  expressions.  Ampere  makes  some 
general  remarks  on  this  analogy ;  he  illustrates  his  remarks  by  the 
example  of  a  uniform  inextensible  string  suspended  by  its  extre- 
mities and  acted  on  by  gravity.  In  connection  with  this  example 
he  indicates  several  properties  of  the  common  catenary. 

On  his  page  503  Ampere  makes  some  remarks  to  the  following 
effect.  The  Calculus  of  Variations  consists  of  two  parts,  one  in 
which  it  is  sufficient  to  attribute  variations  to  the  dependent  vari- 
ables only,  the  other  in  which  variations  must  be  attributed  to  all 
the  variables  dependent  and  independent;  writers  on  the  subject 
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hare  howeyer  confined  themselves  as  much  as  possible  to  the 
former  part.  The  theory  of  the  Calculus  of  Variations  is  therefore, 
according  to  Ampere,  not  yet  established  upon  absolutely  rigorous 
principles.  There  remains  in  this  respect  a  deficiency  in  Mathe- 
matics which  Ampere  proposes  to  consider  elsewhere. 

It  does  not  however  appear  that  this  purpose  was  accomplished ; 
for  the  memoir  in  Gergonne's -4n?ia&5 ...  which  we  have  noticed 
in  Art.  375,  can  hardly  be  considered  of  sufficient  importance  to 
correspond  to  the  purpose  here  expressed.  On  his  page  516 
Ampere  refers  to  some  other  memoir,  without  however  indicating 
where  it  is  to  be  found. 

401.  Lagrange.  The  first  volume  of  the  second  edition  of 
Lagrange's  Micanique  Analytique  was  published  in  1811;  the 
second  volume  was  published  in  1815,  after  Lagrange's  death. 
Lagrange  uses  the  notation  and  the  processes  of  the  Calculus  of 
Variations  freely  throughout  the  work,  but  the  great  interest  which 
belongs  to  his  investigations  is  derived  from  their  connection  with 
Mechanics.  The  theory  of  the  Calculus  of  Variations  receives  no 
accession  from  the  work. 

402.  Crelle.  In  the  article  Variationsrechnung  of  Kliigel's 
Mathematisches  Worterbuch,  page  713,  reference  is  made  to  a  work 
by  Crelle.  The  article  says,  "  Crelle's  views  on  the  principles  of 
the  Calculus  of  Variations  seem  not  sufficiently  known ;  they  are 
contained  in  his  Versuch  einer  rein  algebraischen  Darstellung  der 
Sechnung  mit  verandlichen  Grossen,  I.  Gottingen,  1813,  pages 
527—776.  The  numerous  new  symbols  render  the  work  difficult 
for  study.  The  application  to  maxima  and  minima  is  not  included 
in  the  work."  The  present  writer  has  not  seen  this  work  by 
Crelle. 

403.  On  the  surface  of  minimum  area  between  given  limits. 
Grergonne's  Annates  de  MatUmatiques,  VoL  7,  pages  m,  99, 
143—156,  283—287.     1816* 

These  pages  contain  some  problems  proposed  for  solution;  the 
problems  are  particular  cases  of  the  question  of  the  surface  of 
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minimum  area,  Tarious  conditions  being  given  with  respect  to  the 
limits  of  the  required  surface.  There  is  an  attempt  at  the  solution 
of  one  of  the  problems  by  M.  T^d^nat,  and  criticisms  on  this 
attempt  by  Gergonne;  Gergonne  also  makes  some  observations 
on  the  general  question. 

The  particular  case  considered  by  T^d^nat  is  the  following ;  it 
is  required  to  determine  a  surface  which  shall  pass  through  the 
inverse  diagonals  of  two  opposite  faces  of  a  cube,  and  so  that  the 
area  of  the  portion  of  the  surface  intercepted  by  the  cube  may  he 
a  minimum.  By  mechanical  considerations  relating  to  a  flexible 
elastic  membrane,  T^d^nat  considers  that  he  proves  that  the  smface 

must  be  that  which  is  determined  by  the  equation  y^x  tan  —  . 

Gergonne  admits  that  this  surface  satisfies  the  general  partial 
differential  equation  for  a  surface  of  minimum  area,  but  objects  that 
it  is  not  proved  that  this  surface  gives  the  solution  of  the  problem 
with  the  prescribed  limiting  conditions.  Gergonne's  criticisms 
indicate  that  he  had  considered  the  problem  more  closely  than 
Tedenat  had. 

Gergonne  gives  an  interesting  account  of  the  circumstances 
which  drew  his  attention  to  these  problems.  A  distinguished 
mathematician  informed  Gergonne  that  he  had  serious  doubts  as  to 
the  legitimacy  of  the  methods  given  in  the  Calculus  of  Variations. 
Gergonne  invited  him  to  write  an  article  upon  the  subject  which 
might  appear  in  the  Annates  ... ;  but  the  article  was  never  sent  for 
publication.  One  of  the  objections  of  the  distinguished  mathe- 
matician is  expressed  thus ;  suppose  the  so-called  minimum  surface 
to  be  determined  by  conditions  which  preclude  it  from  being  a  plane 
surface ;  draw  any  plane  curve  upon  it ;  then  remove  the  piece  of 
the  so-called  minimum  surface  which  is  bounded  by  this  plane 
curve,  and  replace  it  by  a  plane  having  the  same  boundary ;  thus 
a  surface  is  obtained  which  is  less  than  the  so-called  minimum 
surface.  Gergonne  replies  that  this  objection  only  amounts  to  a 
proof  that  it  would  be  impossible  to  draw  on  the  minimum  surface 
-a  plane  closed  curve;  and  this  impossibility  is  consistent  with  the 
fact  that  the  minimum  surface  has  at  every  point  its  principal 
curvatures  in  opposite  directions. 
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Gergonne  states  that  it  appeared  to  him  that  it  would  be  useful 
to  propose  certain  problems  relative  to  the  minimum  surface  in  which 
there  should  be  definite  limiting  conditions.  Besides  the  problem 
already  given,  the  following  are  proposed. 

To  find  the  surface  of  minimum  area  among  all  those  which 
are  bounded  by  the  curve  of  intersection  of  two  cylinders  of  the 
same  radius,  the  cylinders  having  their  axes  at  right  angles  to  each 
other,  and  the  axis  of  each  cylinder  being  a  tangent  to  the  other 
cylinder. 

A  quadrilateral  is  given  having  its  sides  not  all  in  the  same 
plane ;  find  the  surface  of  minimum  area  among  all  those  which 
are  bounded  by  the  sides  of  this  quadrilateral. 

Find  the  surface  of  minimum  area  among  all  those  which  are 
bounded  by  two  circles  given  in  magnitude  and  position. 

Find  the  surface  of  minimum  area  among  all  those  which  are 
bounded  by  the  sides  of  a  given  square,  and  which  include  between 
themselves  and  the  square  a  given  volume. 

Among  all  surfaces  which  are  bounded  by  the  sides  of  a  given 
square,  and  which  have  within  this  boundary  a  given  area,  find 
that  which  includes  between  itself  and  the  square  a  maximum 
volume. 

No  attempts  seem  to  have  been  made  to  solve  these  problems, 
except  that  Teddnat  intimates  that  he  believes  that  no  continuous 
surface  can  be  found  as  a  solution  of  a  certain  special  case  of  the 
problem  in  which  the  given  boundary  is  a  quadrilateral  having  its 
sides  not  all  in  the  same  plane ;  see  page  286  of  the  seventh  volume 
of  the  Annales, ... 

404.     Crelle.    Bemarks  on  the  Calculus  of  Variations. 

These  remarks  form  part  of  a  collection  of  mathematical  treatises 
published  by  Crelle  under  the  title  of  8ammhing  Maihematischer 
Aufsatze  und  Bemerkungen.  The  work  consists  of  two  octavo 
volumes;  the  first  was  published  in  1821,  and  the  second  in  1822, 
both  at  Berlin.  The  remarks  on  the  Calculus  of  Variations  occur 
in  the  second  volume ;  they  occupy  pages  44—174.  These  remarks 
constitute  an  elementary  treatise  on  the  subject;  the  treatise 
however  does  not  seem  to  possess  any  special  merit,  and  the 
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notation  is  repulsive.  On  his  page  47  Crelle  refers  to  his  former 
work  on  the  subject,  but  not  in  terms  of  commendation;  see 
Art.  383. 

405.  Crelle.  Eemarks  on  the  principles  of  the  Calculus  of 
Variations. 

This  memoir  forms  part  of  the  Transactions  of  the  Academy  of 
Sciences  of  Berlin  for  1833 ;  the  date  of  publication  of  the  volume 
is  1835.  The  memoir  occupies  40  pages ;  it  proves  the  ordinary 
formula  for  the  variation  of  a  single  integral,  both  for  constant 
and  variable  limits  of  integration.  The  method  and  notation  differ 
from  those  in  common  use,  but  present  no  obvious  advantages. 

406.  Mliller.  On  establishing  and  extending  the  Calculus  of 
Variations.  Grelle's  Mathematical  Journal,  Vol.  13,  pages  240 — 249. 
1835. 

This  article  contains  some  general  remarks  on  functions  without 
any  obvious  reference  to  the  Calculi]^  of  Variations.  At  the  end  of 
the  article  the  author  says  that  he  will  on  another  occasion  explain 
the  method  of  applying  these  remarks ;  it  does  not  however  appear 
that  this  design  was  accomplished. 

407.  Boole.  On  certain  theorems  in  the  Calculus  of  Vari- 
ations, Gambridge  Mathematical  Journal,  Vol.  2,  pages  97 — 102. 
1840. 

The  author  says  at  the  beginning  of  this  article,  "  It  would 
perhaps  have  been  more  just  to  entitle  this  communication  '  Notes 
on  Lagrange.'  The  papers  from  which  it  is  selected  were  written 
towards  the  close  of  the  year  1838,  during  the  perusal  of  the 
MScamque  Analytiquer  The  article  contains  a  simple  demonstra- 
tion of  a  theorem  which  forms  the  basis  of  Lagrange's  investigations 
on  the  great  problem  of  the  variation  of  the  arbitrary  constants. 
The  theorem  is  that  which  Mr  De  Morgan  speaks  of  as  '*  perhaps 
the  most  characteristic  specimen  of  the  genius  of  Lagrange  which 
could  be  given;"  see  his  Differ entml  and  Integral  Calculus, 
page  532* 

The  author  thus  indicates  the  object  of  the  latter  part  of  his 
article.     "I  shall  now  proce^  to  demonstrate  from  the  general 
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transformed  equation  of  motion  the  principles  of  the  conservation  of 
living  forces,  and  of  least  action.  The  former  of  these  has  been 
thence  deduced  by  Lagrange.  I  am  not  however  aware  that  the 
latter  has  been  obtained  from  the  same  equation,  either  by  the 
discoverer  of  the  Calculus  of  Variations,  or  by  any  subsequent 
author." 

4^8.  Delaunay.  On  the  surface  of  revolution  which  has  its 
mean  curvature  constant*  Liouville's  Journal  of  Maihetnatics^  Vol.  6, 
pages  309— 315.    1841. 

When  we  investigate  the  problem  of  finding  the  surface  which 
with  a  given  area  includes  a  maximum  volume,  we  arrive  at  a 
certain  partial  differential  equation  which  expresses  that  the  sum  of 
the  principal  curvatures  at  any  point  of  the  surface  is  constant. 
Delaunay  proposes  to  determine  what  surface  of  revolution  has  this 
property.  He  finds  that  the  generating  curve  must  be  such  as 
would  be  traced  out  by  the  focus  of  a  conic  section,  if  the  conic 
section  itself  were  to  roll  without  sliding  on  a  fixed  straight  line. 
There  is  a  note  by  Sturm  immediately  after  Delaunay' s  article,  in 
which  the  same  result  is  obtained  in  a  difierent  manner.  The 
result  is  also  given  in  Mr  Jellett's  treatise ;  see  his  page  364. 

409.  Strauch.  Problems  in  the  Calculus  of  Variations. 
Grunert's  Archw  der  Maihematih  und  Physik^  Vol  3,  pages 
119—195.    1843. 

This  article  contains  some  problems  which  Strauch  published 
as  a  specimen  of  his  work  on  the  Calculus  of  Variations.  The 
first  seven  pages  of  the  article  contain  some  introductory  remarks 
and  definitions,  and  then  follow  the  problems.  A  few  of  the 
problems  relate  to  expressions  involving  neither  symbols  of  difier- 
entiation  nor  symbols  of  integration ;  the  remainder  relate  to  ex- 
pressions which  involve  differential  coefiicients  but  not  integrals. 
All  these  problems  are  reproduced  by  Strauch  in  his  work. 

In  the  same  volume  of  Grunert's  ArcMv  ...  a  few  remarks  are 
Kiade  on  Strauch's  article  by  Gdpel ;  these  remarks  occupy  pages 
405—407  of  the  volume.    Gopel  says  that  the  problems  of  the  first 
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kind  whicli  Strauch  considers  are  only  ordinary  problems  of  maxima 
and  minima  values;  and  he  makes  a  few  other  observations. 
GopeFs  remarks  did  not  convince  Strauch  of  the  necessity  of 
making  any  change,  as  the  parts  which  are  criticised  appear  again 
in  substantially  the  same  form  in  Strauch's  work. 

410.  Laurent.  A  memoir  on  the  Calculus  of  Variations  was 
written  by  Laurent  in  competition  for  the  prize  offered  by  the 
Academy  of  Sciences  at  Paris ;.  see  Art.  133.  Laurent's  memoir 
was  sent  to  the  Academy  after  the  time  fixed  for  the  reception  of 
the  memoirs,  but  before  the  judges  had  published  their  award. 
A  report  on  Laurent's  memoir  is  given  by  Cauchy  in  the  Comptes 
Bendus  ...  Vol.  18,  pages  920,  92 L  1844.  "We  will  give  a  trans- 
lation of  the  essential  part  of  this  report. 

The  application  of  the  Calculus  of  Variations  to  the  investi- 
gation of  the  maxima  and  minima  values  of  multiple  integrals 
required  especially  new  formulae  of  integration  by  parts  and  a  new 
notation  which  should  afford  an  easy  expression  of  these  new 
formulae.  The  judges  of  the  prize  had  particularly  noticed  the 
paragraphs  relating  to  these  two  objects  in  the  memoir  of  Sarrus, 
The  corresponding  paragraphs  in  the  memoir  of  Laurent  are  also 
worthy  of  notice.  The  two  authors  have  employed  different  methods 
of  establishing  the  formulae  of  integration  by  parts.  But  the 
formulae  are  in  reality  the  same  in  the  two  memoirs,  although  they 
are  expressed  by  two  distinct  notations.  We  may  add  that  when 
once  these  formulae  are  established  Laurent  uses  methods  analogous 
to  those  of  Sarrus  in  order  to  obtain  the  limiting  equations. 

The  memoir  of  Laurent  contains  besides  some  observations, 
which  are  not  without  interest,  respecting  the  different  ways  of 
verifying  the  limiting  equations. 

We  will  not  conceal  the  fact  that  among  the  methods  employed 
by  Laurent  some  may  be  considered  rather  as  methods  of  induction 
than  as  perfectly  rigorous  methods.  But  it  is  generally  very  easy 
to  verify  the  exactness  of  the  results  obtained  by  these  methods,  as 
the  calculations  commonly  can  be  easily  effected. 

To  sum  up  we  think  the  memoir  of  Laurent  deserves  to  be 
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approved  by  the  Academy,  and  to  be  inserted  in  the  Recueil  des 
Savants  Grangers. 

We  may  add  that  the  memoir  does  not  seem  to  have  been 
printed  as  yet.  There  is  a  report  on  two  memoirs  by  Laurent  in 
the  Gomptes  Bendus  ...  Vol.  40,  pages  632—634.  1855.  The 
report  is  by  Cauchy,  and  it  gives  a  short  account  of  the  scientific 
labours  of  Laurent  then  recently  deceased. 

411.  Strauch.  On  the  sign  of  the  second  variation  and  on 
relative  maxima  and  minima.  Grunert's  Archiv  der  Mathematik 
und  Physih,  Vol.  4,  pages  39—68.     1844. 

This  article  contains  some  problems  in  which  the  second  vari- 
ation of  an  expression  is  examined  in  order  to  determine  whether 
the  expression  is  really  a  maximum  or  a  minimum;  and  some 
problems  of  relative  maxima  and  minima  values  are  discussed.  All 
these  problems  are  reproduced  by  Strauch  in  his  work. 

412.  Strauch.  Eemarks  on  the  words  variation^  variable^..,. 
Grunert's  Archiv  der  Mathematik  und  Fhysik,  Vol.  7,  pages 
221—224.     1846. 

This  article  contains  some  remarks  by  Strauch  on  some  of  the 
terms  used  in  the  Calculus  of  Variations ;  the  remarks  are  repro- 
duced by  Strauch  in  his  work,  Vol.  I.,  pages  69 — 71. 

413.  Eoger.  Essay  on  Brachistochrones.  Liouville's /owrna? 
of  Mathematics,  Vol.  13,  pages  41—71.    1848. 

In  this  essay  the  author  demonstrates  several  properties  relative 
to  brachistochrones.  He  considers  the  case  when  the  moving  par- 
ticle is  constrained  to  remain  on  a  surface  as  well  as  the  case  of  a 
free  particle.  The  differential  equations  of  the  problem  are  obtained 
by  the  ordinary  principles  of  the  Calculus  of  Variations,  and  many 
interesting  results  are  deduced  from  these  equations. 

414.  Goodwin.  Cambridge  and  Dublin  Mathematical  Journal, 
Vol.  3,  pages  225—238.     1848. 

This  article  is  entitled.  On  certain  points  in  the  theory  of  the 
Calculus  of  Variations.    The  article  is  chiefly  devoted  to  the  expla- 


478  GOODWIN. 

nation  of  a  certain  geometrical  conception  relatiye  to  variations. 
Suppose  X  and  y  the  co-ordinates  of  a  point  in  a  curve.  Then  it 
is  manifest  that  we  may  give  the  most  general  infinitesimal  vari- 
ation possible  to  the  position  of  the  point  {x,  y)  by  giving  it  a 
small  tangential  displacement  and  also  a  small  normal  displace- 
ment. Let  the  tangential  and  normal  displacements  be  denoted 
by  T  and  v  respectively ;  then  if  hx  and  hy  be  the  corresponding 
displacements  parallel  to  the  axes  of  co-ordinates,  and  ds  an  element 
of  the  arc  of  the  curve,  we  have 

^    dx  ^  ^   dy  ^    dy     ^   dx 

and  these  are  equivalent  to 

^  dx        dy        ^        *  dy        dx 

as         as         ^         a$        as 

The  variation  of  an  integral  is  then  expressed  so  as  to  involve  t 
and  V,  and  it  appears  that  t  does  not  occur  at  all  in  the  uninte- 
grated  part,  and  only  once  in  the  integrated  part. 

It  is  not  difficult  to  illustrate  geometrically  the  fact  that  r  does 
not  occur  in  the  unintegrated  part.     The  unintegrated  part  may 

be  denoted  by  I  Uvdsi  and  then  the  equation  i[7==0  gives  the  fofm 

of  the  curve  which  is  required,  and  it  is  manifest  that  a  curve  may 
be  made  to  pass  into  another  which  difiers  infinitesimally  from 
itself  by  a  normal  variation  only,  and  that  in  fact  a  tangential 
variation  can  have  no  effect  upon  the  form  of  the  curve,  because  if 
a  point  receive  an  indefinitely  small  displacement  along  the  tangent, 
or  which  is  the  same  thing  along  the  curve,  it  still  remains  in  the 
same  curve. 

The  fact  that  t  does  not  occur  in  the  unintegrated  part  of  the 
variation  of  an  integral  is  the  principal  topic  discussed  in  this 
article,  and  it  is  illustrated  and  developed  in  various  ways.  Three 
examples  are  given  of  the  application  of  the  formulae  which  are 
investigated. 

The  article  concludes  with  some  remarks  on  the  condition  of 
mtegrahility  of  a  function  Vdx.    In  reference  to  the  well-known 
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equation  whick  is  obtained  as  the  condition  the  author  says, 
"  I  think  it  would  be  more  proper  to  say  that  the  equation  ex- 
presses a  condition  of  Vdx  being  a  perfect  differential  rather  than 
the  condition,  for  it  is  nowhere  proved  that  there  may  not  be  an 
indefinite  number  of  other  conditions."  It  must  however  be  re- 
marked here,  that  it  has  been  distinctly  proved  that  the  equation 
referred  to  is  sufficient  to  ensure  that  Vdx  should  be  integrable  as 
well  as  necessary  ;  see  the  last  Chapter  of  the  present  work. 

415.     Vieille,     Cours  compUmentaire  d' analyse  et  de  Mecanique 
rationelle.     Paris,  1851. 

This  valuable  work  contains  some  investigations  relating  to  our 
subject. 

An  excellent  demonstration  of  Lagrange's  transformation  of  the 
equations  of  motion  in  Dynamics  is  given  in  pages  1 — 9. 

A  chapter  entitled  DSveloppements  sur  le  calcul  des  variations, 
occupies  pages  38—50.  This  chapter -contains  four  articles.  (1)  The 

investigation  of  the  maximum  or  minimum  of       Vdx,  where  V 

contains  cc,  y,  z  and  the  differential  coefficients  of  y  and  z  with 
respect  to  x ;  and  an  equation  is  given  which  connects  the  variables 
and  differential  coefficients.  (2)  To  determine  the  conditions  which 
must  subsist  among  p,  g^,  r  which  are  all  functions  oix,  y,  and  ^, 

in  order  that  |   \pdx-\-qdy -^rdz)  may  retain  a  constant  value 

whatever  functions  of  t  may  be  denoted  by  x,y^z\  the  conditions 
are  found  to  be  those  which  ensure  that  ;pdx-\'qdy -^rdzi^  an 
exact  differential  with  respect  to  x,  y,  and  z,  considered  as  indepen- 
dent. (3)  Having  given  cZT  =p  c^a;  +  g'  c?y  +  r  dz,  where  x,  y,  z  are 
any  functions  of  t,  and  ^,  q,  r  are  any  functions  of  x,  y,  z  which 
may  also  contain  t,  it  is  required  to  determine  under  what  con- 
ditions we  shall  also  have  BT  =jpSx  +  qBy +  rhz',  the  conditions 
are  found  to  be  the  same  as  in  the  preceding  example.  (4)  The 
example  just  given  is  now  modified  by  the  supposition  that  x,  y, 
and  z  are  connected  by  a  relation  z=:^F{x,  y) ;  the  condition  now  is 
found  to  amount  to  this,  that  pdx^qdy  +  rdz  must  be  an  exact 
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differential  after  one  of  the  variables  has  been  eliminated  by  means 
of  the  given  relation  z=F{x^  y). 

A  chapter  of  exercises  on  the  Calculus  of  Variations  occupies 
pages  113—127.  Four  examples  are  discussed.  (1)  Among  all 
curves  of  given  length  which  are  terminated  in  two  fixed  points 
A  and  B,  to  find  that  for  which  the  sum  of  the  products  of  each 
element  by  the  square  of  its  distance  from  the  line  AB  is  a  maxi- 

mum.    (2)  To  find  the  maximum  value  of       ^/{dx^-\-dy^),  subject 

to  the  relation  that  1     ^/ {dx^  +  dy^  +  dz^)  shall  be  equal  to  a  given 

Jo 

constant.  This  question  admits  of  easy  geometrical  treatment,  but 
the  process  of  the  Calculus  of  Variations  does  not  completely 
succeed,  so  that  Euler's  method  for  solving  problems  of  relative 
maxima  and  minima  appears  to  fail.  The  reason  appears  to  be, 
as  Vieille  conjectures,  that  the  second  integral  involves  a  new 
variable  z  which  is  quite  independent  of  the  other  variables  x  and  y 
which  alone  occurred  in  the  first  integral.  (3)  Assuming  that 
dT!  =  Xdx+  Ydy  +  Zdz,  it  i^  required  to  find  the  curve  for  which 

I   't&  is  a  minimum;  the  result  is  that  the  curve  must  be  that 

which  a  flexible  string  would  form  when  in  equilibrium  under  forces 
on  each  element  which  referred  to  a  unit  of  length  of  string  would 
be  X,  F,  Z,  respectively  parallel  to  the  axes  of  x,  y,  z.  (4)  To  find 
a  curve  of  given  length  terminated  at  two  fixed  points  for  which 

/   ^y'^dx  is  a  maximum ;  this  is  an  example  of  the  first  of  James 

Bemouilli's  celebrated  isoperimetrical  problems;  see  Art.  387. 
Vieille  gives  a  figure  similar  to  that  which  we  have  recommended 
in  Art.  387. 

Some  results  relative  to  brachistochrones  are  given  on  pages 
299—308  of  the  work. 

416.  Cauchy.  Variations  employ ies  comme  clefs  algSbnques, 
This  article  occurs  in  the  Comptes  Rendus  ...  Vol.  37,  pages 
57 — 64.  1853.  The  article  presents  nothing  of  interest  so  far  as  the 
Calculus  of  Variations  is  concerned  \  it  merely  uses  the  symbol  S  to 
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express  certain  infinitesimal  changes  in  the  values  of  arbitrary 
constants.  At  the  end  of  the  article  Cauchy  promises  another 
article  on  the  subject.  The  student  who  wishes  for  information 
on  what  Cauchy  calls  clefs  alg&hriques  may  consult  the  Comptes 
Rendus  ...  Vol.  36,  page  70,  and  a  memoir  on  the  subject  in  Vol.  4 
of  Cauchy 's  Exercices  d^ Analyse  et  de  Physique  MatMmatique. 

417.  Cauchy.  On  the  advantages  which  arise  from  the  intro- 
duction of  a  variable  parameter  and  of  the  notation  of  the  Calculus 
of  Variations  into  some  of  the  principal  formulse  of  infinitesimal 
analysis.     Comjptes  Rendus,  Vol.  40,  pages  261 — 267.     1855. 

The  following  sentences  will  give  an  idea  of  this  article  by 
Cauchy. 

Let  u  be  any  function  of  the  variables  Xj  y,  z;  suppose 
u  =/(«?,  y,  z) ; 

and  let  w^  be  the  value  which  is  obtained  from  u  by  changing 
Xy  y,  z  into  x-\-'h,  y-^-h,  z-\'l  respectively,  so  that 
t*^=/(a;  +  A,  y^-h,  z-\-l). 

Then  put  A  =  aA',  Z;  =  a^',  l=^aV]  thus  u^  may  be  considered 
a  function  of  the  parameter  a,  and  may  be  developed  by  Maclaurin's 
theorem  in  a  series,  which  we  may  express  thus ; 

This  notation  is  also  applied  by  Cauchy  to  the  case  of  a  system 
of  differential  equations.  Cauchy  saya  at  the  end  that  he  will 
give  another  article  on  the  subject. 

418.  Carmichael.  The  treatise  on  the  Calculus  of  Operations, 
published  by  Mr  Carmichael  in  1855,  contains  some  investigations 
l^earing  upon  the  Calculus  of  Variations;  they  occupy  pages 
153— -160  of  the  work.  These  investigations  include  generalisations 
of  the  results  which  occur  on  pages  253,  262,  and  340  of  Mr  Jellett's 
ti^eatise,  and  ako  some  interesting  theorems  respecting  attractions. 

31 
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419.  Braschmann.  On  the  Principle  of  Least  Action.  Bulle-' 
tm*,.PhysicO'MatMmat{que  de  VAcad6mie,,,de  St  PStershcmrg.  Vol. 
17,  pages  487—489.    1859. 

We  have  remarked  in  Art.  317  that  Ostrogradsky  criticises 
some  parts  of  Lagrange's  Mecanique  Analytique.  On  page  139  of 
the  16th  volume  of  thQ  Bulletm.»,de  St  PStershourg  we  read  that 
M.  Ostrogradsky  announced  a  memoir  on  the  principle  of  least  action; 
and  it  is  stated  that  he  considers  the  ordinary  enunciation  of  the 
principle  to  require  modification.  Braschmann's  article  bears  on 
this  point.  It  does  not  appear  obvious  what  error  Ostrogradsky 
thinks  he  detects  in  the  common  account  of  the  principle.  We  will 
however  translate  part  of  Braschmann's  article. 

Let  there  be  a  system  of  masses  m,  m\  m!\  m'\  ...  considered  as 
points  and  acted  upon  by  given  forces.  Let  X,  F,  Z  denote  the 
projections  of  the  accelerating  force  which  acts  upon  the  mass  m^  let 
V  denote  the  velocity  of  this  particle  at  the  end  of  the  time  t.    Put 

tm{Xdx'\-Ydy-^Zdz)^dIi,    i2mv'  =  T; 

then  the  equation  of  motion  of  the  system  may  be  written  under  the 
following  form ; 

the  characteristic  S  relating  to  all  possible  displacements  of  the 
masses  m,  m',  m\  m'"  ....  We  see  by  this  equation,  as  M.  Ostro- 
gradsky has  shewn  in  his  memoir  on  isoperimetrical  problems,  that 
in  the  passage  of  a  system  from  one  position  to  another 


s|(n+T)c?«  =  0; 


that  is,  between  given  limits  the  integral  1  (11  +  T)  dt  is  a  maximum 

or  a  minimum.  Nevertheless  in  the  treatises  on  Mechanics  which 
have  appeared  since  the  publication  of  this  memoir,  we  find  the 
principle  of  least  action  still  treated  after  the  manner  of  Lagrange. 
This  great  mathematician  replaces  in  the  equation  dH  =  ^T  the 
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differential  d  by  the  letter  S,  which  relates  to  possible  displace- 
ments, and  concludes  that 

2  JT^^  or  Itm^ds 

must  be  a  maximum  or  a  minimum.  Although  it  seems  evident 
that  we  cannot  substitute  S  for  d  in  the  equation  of  Vis  Viva,  yet 
it  will  perhaps  be  useful  for  those  who  are  studying  rational 
mechanics,  still  to  prove  by  a  simple  example,  that  the  true  prin- 
ciple of  least  action  is  that  given  by  M.  Ostrogradsky,  and  that  we 
are  not  at  liberty  to  replace  c?  by  S  in  the  equation  of  Vis  Viva. 

Braschmann  then  proceeds  to  his  example.  It  merely  shews 
what  no  one  will  dispute,  that  d  and  S  are  not  to  be  interchanged 
arbitrarily;  but  it  does  not  shew  that  there  is  any  error  in  the 
ordinary  conception  or  proof  of  the  principle  of  least  action. 

420.  In  the  second  edition  of  the  Catalogue  of  the  Library  of 
the  Observatory  of  Pulkova,  St  Petersburg,  1860,  the  titles  of  some 
treatises  occur  bearing  on  the  Calculus  of  Variations  which  the 
present  writer  has  not  had  the  opportunity  of  consulting.  These 
titles  are  the  following. 

Wiedebeck,  J.  S.     In  methodum   Variationum,  Upsal,  1823. 

Svanberg,  J.  In  Theoriam  Maximorum  et  Mmimorumy  Upsal, 
1830. 

Almquist,  E.  De  Principiis  Calculi  Vartationis,  I.  ii.,  Upsal, 
1837. 

Senff,  C.  E.     Ele^nenta  Calculi  Variationum  ...Dovp^it,  1838. 

Lindelof,  L.  L.  Variations-kalkyUns  theori  och  dess  anvand-- 
*^%...Hsfs,  1856. 

Popoff,  A.  Elements  of  the  Calculus  of  Variations,  Kazan, 
1856  (in  Eussian). 

Simon,  O.     Die  Tkeorie  der  Variationsrechnung,  Berlin,  1857. 


31-^-2 


CHAPTER  XVI. 


421.  The  following  chapter  contains  brief  accounts  of  some 
articles  and  memoirs  on  geometry  and  mechanics  which  have 
some  connection  with  the  Calculus  of  Variations ;  and  a  few  works 
are  noticed  which  really  belong  to  the  ordinary  theory  of  maxima 
and  minima  values  given  in  the  Differential  Calculus,  but  the 
titles  of  which  might  suggest  that  they  were  treatises  on  the  Cal- 
culus of  Variations.     We  adopt  the  chronological  order. 

422.  Busse.  Neue  Methode  des  Grossten  und  Klemsten  nehst 
Beurtkeilung  und  einiger  Verbesserung  des  bisherigen  Systemes, 
Freyberg,  1808. 

This  is  an  octavo  volume  of  108  pages  with  a  preface  of  12 
pages.  It  is  devoted  to  the  ordinary  theory  of  maxima  and  minima 
values,  and  does  not  touch  on  the  Calcidus  of  Variations.  The 
chief  point  in  it  seems  to  be  that  it  draws  attention  to  the  fact 
that  a  function  of  a  variable  may  have  a  maximum  or  minimum 
value  when  its  differential  coefficient  with  respect  to  that  variable 
is  infinite  as  well  as  when  it  is  zero.  It  is  stated  in  the  preface 
that  a  second  part  will  soon  appear;  this  has  not  come  to  the 
knowledge  of  the  present  writer,  and  perhaps  never  appeared. 

Ohm  speaks  unfavourably  of  the  views  of  Busse ;  see  Ohm's 
Sysism  of  Mathematics^  Vol.  4,  Berlin,  1830,  page  127. 

423.  Playfair.  Of  the  solids  of  Greatest  Attraction,  or  those 
which  among  all  the  Solids  that  have  certain  properties  attract  with 
the  greatest  Force  in  a  given  direction.  Read  5th  Januar}'',  1807. 
Published  in  the  Transactions  of  the  Eoyal  Society  of  Edinburgh, 
Vol.  6,  1812. 
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This  memoir  occupies  pages  187 — 243  of  the  volume.  The 
problems  on  Solids  of  Greatest  Attraction  are  not  treated  by  the 
Calculus  of  Variations,  but  by  the  method  which  we  have  illus- 
trated in  Art.  322. 

It  is  stated  on  page  204,  "  In  general,  if  a?,  ^,  and  z,  are  three 
rectangular  co-ordinates  that  determine  the  position  of  any  point  of 
a  solid  given  in  magnitude,  and  if  the  value  of  a  certain  function  Q, 
of  x^  y,  and  z^  be  computed  for  each  point  of  the  solid,  and  if  the 
sum  of  all  these  values  of  Q  added  together  be  a  «iaximum  or  a 
minimum,  the  solid  is  bounded  by  a  superficies  in  which  the  func- 
tion Q  is  everywhere  of  the  same  magnitude." 

And  on  page  205,  **A11  the  questions,  therefore,  which  come 
under  this  description,  though  they  belong  to  an  order  of  pro- 
blems, which  requires  in  general  the  application  of  one  of  the 
most  refined  inventions  of  the  .New  Geometry,  the  Calculus  Va- 
riationuniy  form  a  particular  division  admitting  of  resolution  by 
much  simpler  means,  and  directly  reducible  to  the  construction 
of  lod." 

The  problems  respecting  solids  that  have  certain  properties 
and  attract  with  the  greatest  force  in  given  directions  are  exam- 
ples of  the  ordinary  methods  of  maxima  and  minima  explained 
in  the  Differential  Calculus. 

424.  Knight.  Of  the  attractions  of  such  Solids  as  are  terminated 
hy  Planes;  andof  Solids  of  greatest  attraction.  Read  March  19,  1812. 
Published  in  the  Philosophical  Transactions,  1812. 

This  memoir  occupies  pages  247—309  of  the  volume.  It  con- 
tains investigations  of  the  attractions  of  solids  of  various  forms. 
Knight  refers  frequently  to  Playfair's  memoir  which  we  noticed  in 
the  preceding  Article.  One  section  of  Knight's  memoir  occupying 
pages  283—301  is  devoted  to  Solids  of  greatest  attraction.  Knight 
states  that  besides  Playfair  this  subject  had  been  considered  by 
Silvabelle  and  Frisi,  but  that  these  mathematicians  had  confined 
themselves  to  the  case  of  a  homogeneous  solid  of  revolution.  Knight 
obtains  his  solutions  by  a  simple  application  of  the  Calculus  of 
Variations.     He  proves  the  well-known  result  for  the  figure  of  a 
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homogeneous  solid  of  revolution  of  given  mass  which  exerts  the 
greatest  attraction  on  a  particle  in  its  axis ;  and  he  notices  that  the 
generating  curve  is  the  same  as  would  be  obtained  if  the  problem 
proposed  were  to  find  the  form  of  a  curve  such  that  the  area  in-^ 
eluded  may  be  a  given  quantity,  and  the  attraction  on  a  given  point 
a  maximum.  Playfair  had  established  these  results.  Knight  then 
shews  that  the  same  form  is  obtained  for  the  solid  of  revolution  of 
given  mass  and  greatest  attraction  on  a  point  in  its  axis  if  the 
solid  be  not  homogeneous,  provided  the  density  at  any  point  is  a 
function  of  the  distance  of  that  point  from  the  axis  and  of  the 
distance  between  the  foot  of  the  perpendicular  from  that  point  on 
the  axis  and  the  attracted  particle. 

426.  Lehmus.  Uebungs-Aufgaben  zur  Lehre  vom  Grossten 
und  Kletnsten.     Berlin,  1823. 

This  is  an  octavo  volume  of  202  pages,  containing  examples  of 
ordinary  maxima  and  minima  problems ;  it  does  not  touch  upon 
the  Calculus  of  Variations.  The  problems  are  principally  of  a  geome- 
trical character.  Ohm  refers  to  the  work  in  favourable  terms ;  see 
Die  Lehre  vom  Grossten  und  Kleinsten,  page  208. 

426.  Qxdl^'B  MathematicalJournaly  Vol.  6,  pages  81 — 83.  1830. 

This  is  an  anonymous  article  respecting  Minding's  solution 
which  we  have  examined  in  Article  307,  which  was  not  known  to 
the  present  writer  when  that  Article  307  was  printed.  The 
anonymous  article  agrees  with  what  we  have  stated  respecting  the 
inaccuracy  of  Minding's  result.     The  equation  given  by  Minding 

is  here  developed  into  the  form 
r  f .  d'^s         fd<j>\   &^      /d<f>\   ds       ,,  fd<f>\\   ,  ds 
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The  writer  says  that  neither  ^  =  0  nor  jj-  =  0  can  give  the 

general  solution ;  that  must  be  found  from  the  equation  in  the  form 

ds 
which  it  takes  after  removing  the  factor  ^  -jj  by  division. 

The  writer  gives  a  geometrical  interpretation  of  the  result 

cos  Q 

=  a  constant,  which  belongs  to  the  required  curve.    Suppose 

r 

tangent  planes  drawn  to  the  given  surface  at  all  the  points  of  the 
required  curve;  we  may  suppose  a  developable  surface  generated 
by  the  lines  which  form  the  perpetual  intersections  of  these  tangent 
planes.  The  required  curve  is  then  common  to  the  given  surface 
and  the  generated  developable  surface.  Then  if  the  developable 
surface  be  developed  into  a  plane  the  required  curve  becomes  a 
circle  on  that  plane. 

It  appears  from  page  161  of  the  same  volume  of  Crelle's  Mather 
matical  Journal  that  Minding  admitted  his  error. 

427.  Amdt.  Disquisitiones  historicce  de  maximis  et  minimis, 
Berlin,  1833. 

This  essay  was  written  for  a  degree  in  the  University  of  Berlin. 
It  contains  a  history  of  the  ordinary  theory  of  maxima  and  minima 
values  without  any  reference  to  the  Calculus  of  Variations.  Giesel 
refers  to  it  on  page  38  of  his  work. 

428.  Scherk.  Eemarks  on  the  least  surface  between  given  limits. 
Crelle's  Mathematical  Journal,  Vol.  13,  pages  185—208.     1835. 

This  memoir  was  presented  to  the  Royal  Academy  of  Sciences 
at  Copenhagen  in  September,  1833.  Some  historical  information 
is  supplied  as  to  the  problem  of  the  least  surface.  Lagrange  found 
the  partial  differential  equation.  Meunier  shewed  the  geometrical 
interpretation  of  the  equation,  namely,  that  the  required  surface 
must  have  at  every  point  its  two  principal  radii  of  curvature  equal 
in  magnitude  and  opposite  in  sign.  Meunier  also  indicated  two 
surfaces  which  satisfy  this  equation,  namely,  the  surface  called  the 
hSUgoide  gauche  by  the  French  writers,  and  the  surface  formed  by 
revolving  a  catenary  round  its  directrix.     Reference  is  then  made 
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to  the  general  integral  of  the  partial  diflferentlal  equation  found  by 
Monge,  and  to  the  note  on  the  problem  by  Poisson  in  the 
eighth  volume  of  Crelle's  Mathematical  Journal. 

The  surface  in  question  was  proposed  as  the  subject  of  a  prize 
essay  by  a  scientific  society  in  Leipsic,  and  the  prize  was  awarded 
to  Professor  Scherk  in  Nov.  1830. 

The  essay  which  gained  the  prize  is  printed  in  the  Acta  Socie" 
tatts  JaJbhnovtame^  Vol.  IV.  Fasc.  ii.  pages  204— 280,  under  the  title 
De  proprtetatihits  swperfidei  quce  hac  conttnetur  ceguatione 

disqumtiones  analyticm. 

The  two  memoirs  by  Professor  Scherk  belong  to  the  subject  of 
differential  equations  rather  than  to  the  Calculus  of  Vartatiom. 
The  result  of  them  appears  to  be  that  some  additional  surfaces  are 
indicated  which  satisfy  the  differential  equation  in  question.  An 
investigation  is  given  with  the  view  of  shewing  that  the  hiligoide 
gauche  is  the  only  ruled  surface  which  satisfies  the  differential 
equation,  but  the  author  admits  that  he  has  not  fully  established 
this  proposition. 

The  following  are  the  equations  to  three  surfaces  which  are 
sh^wn  by  the  author  to  satisfy  the  differential  equation, 

(1)  e-=5^^. 
^  '  cosaa? 

(2)  (€«*  -  €-^)  {^  -  €-«*)  ==  ±  4  sin  ay. 

(3)  z^l\os\^J{r'^a')•^•^/{r'■-h'^)]^^aU^^^^ 
where,  as  usual,  r  cos  ^  =  oj  and  r  sin  0  =  y. 

The  last  result  includes  two  well-known  results;  for  by 
putting  a  =  0  we  obtain  the  solid  formed  by  revolving  a  catenary 
round  its  directrix,  and  by  putting  &  =  0  we  obtain  the  MUgotde 
gauche.  Two  other  equations  are  given  by  the  author,  but  they  are 
very  complicated. 
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We  take  tins  opportunity  of  adverting  to  a  point  in  the  history 
of  the  problem  here  considered. 

The  statements  which  we  have  noticed  in  Art.  315  as  made 
by  Bonnet  are  not  correct.  Bonnet's  words  are,  On  sait  que 
rh^li9oide  gauche  h  plan  directeur  est  la  seule  surface  r%le^  qui 
ait  en  chacun  de  ses  points  ses  rayons  de  courbure  principaux 
6gmx  et  de  signes  contraires.  Meunier  a  le  premier  demontr^  cette 
proposition  remarquable  dans  son  Mdmoire  sur  les  surfaces,  qui 
a  ^t^  ins^r^  au  Becueil  des  Savants  Strangers,  Plus  tard  Legendre 
y  a  6t4  aussi  conduit  {voir  les  Mimoires*de  TAcadimie  des  Sciences, 
ann6e  1787). 

The  memoir  of  Meunier  is  in  the  MSmoires  present fs  ...par 
Divers  Savans  ...  Vol  10,  1785  ;  see  page  504  of  the  volume. 
Meunier  proves  that  the  Mligoide  gauche  is  the  surface  of  minimum 
area  among  all  surfaces  that  can  be  generated  by  the  motion  of  a 
line  which  always  remains  parallel  to  a  fixed  plane,  not  among  all 
ruled  surfaces ;  thus  he  does  not  prove  so  much  as  Bonnet 
says.  Legendre  does  not  prove  any  thing,  but  he  asserts  more 
than  Bonnet  intimates.  His  words  are,  Si  on  cherche  la  sur- 
face la  moindre  entre  deux  lignes  droites  donn&s,  non  situ^es  dans 
le  mSme  plan,  soit  m  la  plus  courte  distance  de  ces  lignes,  Tt  Tangle 
qu'elles  font  entr'elles  ...  il  en  r^sultera  pour  F^quation  de  la  surface 
cherchee,  r^duite  a  la  forme  la  plus  simple, 

z=^x  tans:  —  . 
°  m 

These  words  occur  on  page  314  of  the  volume  cited  by  Bonnet. 
Thus  Legendre  asserts  that  the  hSligoide  gauche  is  the  surface 
of  minimum  area  among  all  surfaces  which  have  two  rectilinear 
boundaries  not  in  one  plane ;  this  is  not  true ;  see  Art.  442. 

429.  Michaelis.  De  lineis  hrevissimis  in  datis  superficiehus, 
imprimis  de  Linea  Oeodetica.     Berlin,  1837. 

This  is  an  exercise  for  a  degree  in  the  University  of  Berlin ; 
it  consists  of  27  quarto  pages.  The  differential  equations  are  in- 
vestigated by  the  Calculus  of  Variations  for  two  problems.  (1)  The 
shortest  line  on  a  given  surface.     (2)  iThe  problem  considered  by 
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Minding  and  others ;  see  Art.  307.  The  investigations  are  given 
in  two  forms,  first  by  using  the  ordinary  variables  x^  y,  z,  and 
secondly  by  using  two  variables  p  and  q  in  the  manner  explained 
by  Gauss  in  his  Disquisitiones  generales  circa  superficies  curvas. 
In  the  second  problem  Michaelis  gives  the  result  which  had  been 
published  in  the  sixth  volume  of  Crelle's  Mathematical  Journal ; 
see  Art.  427. 

A  large  part  of  the  memoir  is  devoted  to  the  geodetic  line,  by 
which  the  author  means  the  shortest  line  on  the  surface  of  an  oblate 
spheroid.  The  investigatioiis  in  this  part  chiefly  involve  the  theory 
of  elliptic  integrals. 

430.  Minding.  On  the  shortest  lines  on  curved  surfaces. 
Crelle's  Mathematical  Journal^  Vol.  20,  pages  323 — 327,  1840. 

In  this  article  the  difierential  equations  furnished  by  the 
Calculus  of  Variations  are  assumed,  and  some  inferences  are  de- 
duced from  them  with  respect  to  the  shortest  lines  on  developable 
surfaces. 

431.  Catalan.  On  ruled  surfaces  with  a  minimum  area. 
Liouville's  Journal  of  Mathematics^  Vol.  7,  pages  203 — 211.    1842. 

The  problem  discussed  is  the  following;  among  all  ruled 
surfeces  to  find  that  of  which  the  area  is  a  minimum,  or  which 
amounts  to  the  same  thing,  to  find  that  which  has  its  two  prin- 
cipal radii  of  curvature  at  every  point  equal  in  magnitude  and  of 
opposite  sign.  The  memoir  does  not  make  any  use  of  the  Calculus 
of  Variations.     The  result  has  been  already  stated ;  see  Art.  311. 

432.  Catalan.  'On  the  line  of  given  length,  which  includes  a 
maximum  area  upon  a  surface.  Journal  de  VEcole  Polytechnique, 
Cahier  29,  pages  151—156.    1843. 

Eeference  is  made  to  an  investigation  by  Delaunay  in  the 
eighth  volume  of  Liouville^s  Journal  of  Mathematics;  see 
Art.  314.    (Catalan  by  mistake  names  the  seventh  volume). 

The  following  theorems  are  demonstrated  by  Catalan  in  his 
interesting  article.  # 
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(1)  Suppose  any  surface  S,  and  let  there  be  a  curve  L  of  given 
length  described  on  it  so  as  to  include  a  maximum  area ;  construct 
a  developable  surface  %  which  touches  the  surface  S  along  the  curve 
L ;  then  if  the  surface  S  be  developed  the  curve  L  is  transformed 
into  a  circle.  This  theorem  had  been  obtained  however  by  previous 
writers ;  see  Arts.  427  and  429. 

(2)  Suppose  any  surface  8  and  on  it  a  curve  L  of  minimum 
length ;  construct  a  developable  surface  2  which  touches  the  sm-- 
face  8  along  the  line  L ;  then  if  the  surface  %  be  developed  the 
curve  L  is  transformed  into  a  straight  line. 

433.  Bjorling.  In  integrationem  cequattonis  Derwatarum  par^ 
tialium  superficiei,  cujus  in  puncto  unoquoque  prmcipales  amho  radii 
curvedinis  cequales  sunt  signoque  contrario.  Grunert's  Archiv  der 
Mathematik  und  Physik,  Vol.  4,  pages  290—315.   1844. 

In  the  beginning  of  1842  Bjorling  published  a  treatise  entitled 
Calculi  Variationum  Integralium  Duplicium  Exercitationes,  of  which 
an  account  has  already  been  given  in  Art.  311.  A  large  part  of  that 
treatise  was  devoted  to  the  integration  of  the  differential  equation 
which  belongs  to  surfaces  of  minimum  area.  In  a  French  scientific 
journal  called  L'  Institute  Bjorling  saw  it  stated  that  Wantzel  and 
Catalan  had  proved  that  the  only  ruled  surface  of  minimum  area 
was  the  Uligoide  gauche.  Bjorling  then  resolved  to  reprint  his 
investigations  on  the  integration  of  the  partial  differential  equation, 
with  some  modifications  and  additions. 

Thus  the  present  memoir  is  devoted  to  the  solution  of  the  partial 
differential  equation,  and  the  results  obtained  coincide  essentially 
with  those  of  the  treatise  already  referred  to,  namely,  that  of  all 
surfaces  of  revolution,  the  only  one  which  satisfies  the  proposed 
differential  equation  is  that  formed  by  the  revolution  of  a  catenary 
round  its  directrix,  and  that  of  all  surfaces  which  can  be  formed 
by  the  motion  of  a  straight  line  which  always  remains  parallel 
to  a  fixed  plane,  the  only  one  which  satisfies  the  proposed  dif- 
ferential equation  is  the  Uligoide  gauche.  Bjorling  expresses  a 
hope  that  the  demonstrations  of  Wantzel  and  Catalan  of  the  state- 
ment that  this  is  the  only  surface  out  of  all  ruled  surfaces  which 
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satisfies  the  proposed  differential  equation,  will  soon  be  publisheij ; 
Catalan's  has  since  been  published,  as  we  have  seen  in  Art.  431. 

There  are  two  points  in  the  memoir  to  which  we  will  ad- 
vert. 

In  a  note  on  page  303  Bjorling  makes  a  statement  to  which 
he  refers  more  than  once  afterwards;    it  is  to  the  effect  that  if 

we  are  seeking  the  surface  for  which   l|c?a?%V(l +i^'*  +  2'^)  is  a 

minimum,  and  suppose  the  surface  to  be  bounded  by  two  given 
curves,  the  curves  must  be  such  that  when  Ihey  are  projected  on 
the  plane  of  (a?,  y)  one  projection  must  be  entirely  within  the 
other.  It  is  not  obvious  what  he  means  to  be  inferred  when  this 
condition  does  not  hold,  whether  he  regards  the  problem  as  then 
impossible,  or  whether  he  thinks  that  the  ordinary  formulae  of  the 
Calculus  of  Variations  cannot  be  applied  to  it. 

On  page  312  Bjorling  considers  a  certain  special  example.  Sup- 
pose we  have  two  circles  in  parallel  planes  at  a  distance  2,  and  sup- 
pose that  the  line  joining  their  centres  is  perpendicular  to  the  planes 

of  the  circles,  and  that   the  radius  of  each  circle  is  -  f  6  +  -j  . 

Take  the  line  joining  the  centres  as  the  axis  of  x  and  the  ojigin 
midway  between  the  centres.  Then  it  might  be  supposed  that  the 
minimum  surface  would  be  that  formed  by  revolving  round  the 
axis  of  a?,  the  catenary  determined  by 

and  taking  that  portion  of  it  comprised  between  ic=  —  1  and  07=- 1. 
But  it  will  be  found  on  trial  that  the  surface  thus  obtained  is 
not  necessarily  less  than  that  which  would  be  obtained  by  taking 
a  cylindrical  surface  round  the  axis  of  x  as  axis  with  any  radius 

r  which  is  less  than  «  (^  + "")  '  ^^^  forming  the  surface  of  the 

part  of  this  cylindrical  surface  which  is  contained  between  a?  =  — 1 
^nd  ic=l,  together  with  the  plane  circular  strips  at  each  end 
which  are  necessary  to  connect  the  cylindrical  surface  with  the 
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given  limiting  circles.     In  fact  the  area  of  the  siirface  formed  by 
the  revolution  of  the  catenary  will  be  found  to  be 

and  the  area  of  the  surface  made  up  of  the  cylindrical  surface 
and  the  plane  circular  strips  is 

Now  it  is  quite  possible  for  the  former  expression  to  exceed  the 
latter ;  for  example,  the  former  will  exceed  the  latter  by  tt  f  ~ — § ) , 

3 
if  r  be  taken  so  that  /—  2r  +  -  =  0,  that  is  if  r  be  taken  about  =  '2. 

o 

Bjorling  brings  this  forward  as  an  example  of  the  necessity  of  the 

restriction  he  proposed  in  his  note  on  page  303.     It  seems  to  shew 

no  more  than  this ;  a  result  furnished  by  the  Calculus  of  Variations 

must  not  be  assumed  to  be  a  maximum  or  a  minimum  without 

investigating  tte  terms  of  the  second  order. 

434.  Grunert.  On  the  Cycloid  as  the  Brachistochrone. 
Grunert's  ArcMv  der  Mathematik  und  PhysiJc,  Vol.  7,  pages 
308—315.     1846. 

This  article  contains  an  elementary  proof  of  the  fact  that  the 
cycloid  is  the  brachistochrone,  without  the  use  of  the  Calculus  of 
Variations. 

435.  Jacobi.  On  a  particular  solution  of  the  partial  differ- 
ential equation 

d'V    d'V    d'V_ 
da?  ^  df  ^  da" 


Crelle's  Mathematical  Journal,  Vol.  36,  pages  113—134.  1848. 
In  the  course  of  this  memoir,  Jacobi  makes  that  application  of  the 
Calculus  of  Variations  which  we  have  given  in  Art.  323. 

436.  Schlaeffli.  On  the  minimum  of  a  certain  Integral.  Crelle's 
Mathematical  Journal,  Vol.  43,  pages  23 — 36.     1852. 
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Tke  proWcaa  of  finding  tlie  shortest  line  on  a  surface  of  the 

^mai  order  amounts  to  making  the  integral  j  \/ {dx^  +  dx^  +  dx^^) 

a  minimum  J  where  oc^^x^,  x^  are  connected  by  an  equation  of  the 
second  degree.     In  the  present  memoir  the  problem  considered  is 

to  make  the  integral  U{dxl-\-dx^+  ...  +  dx^)  a  minimum,  where 

the  variables  x^^x^^  ...  x^  are  connected  by  an  equation  of  the 
second  degree.  The  memoir  however  does  not  belong  to  the 
Calculus  of  Variations,  as  there  is  only  one  line  connected  with 
that  subject;  in  this  line  the  equations  for  a  minimum  value 
furnished  by  the  Calculus  of  Variations  are  written  down,  merely 
for  the  purpose  of  indicating  the  number  of  arbitrary  constants 
which  should  occur  in  the  solution.  The  solution  of  the  prob- 
lem considered  in  the  memoir  is  effected  by  some  complex  alge- 
braical investigations  which  do  not  involve  the  Calculus  of  Varia- 
tions. 

437.  Hohl.  Aufgaben  zur  Lehre  vom  Grossten  und  Kleinsten 
der  Bifferenzial-Functionen ...   Stuttgart,  1852. 

This  is  an  octavo  volume  of  162  pages ;  the  author  is  a  pro- 
fessor of  Mathematics  in  the  University  of  Tiibingen.  ^  The 
problems  are  of  the  same  kind  as  that  which  we  have  considered 
in  Art.  3,  after  Lagrange.     Three  cases  are  considered  by  the 

author.  (1)  The  maximum  or  minimum  of  f(x,  y,  ^j  .  (2)  The 
maximum  or  minimum  of  F  (x,  y,  J ,  3)  •     (S)  The  maximum 

or  minimum  of  f(x,  y,  ^,  J .   ^)  •    Each  case  is  illustrated  by 

the  solution  of  numerous  simple  examples.  The  author  says  that 
the  examples  are  intended  for  the  exercise  of  beginners,  in  Dif- 
ferentiation, in  Integration,  and  in  the  higher  Geometry. 

The  author  says  in  his  preface  that  he  did  not  become  ac- 
quainted with  the  work  of  Strauch  before  the  printing  of  his 
own  had  advanced  to  the  last  sheet.  He  promises  if  his  work 
is  favourably  received,  to  follow  it  up  by  a  similar  collection  of 
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examples  on  the  maxima  and  minima  values  of  integral  ex- 
pressions; the  present  writer  is  not  aware  that  this  continuation 
has  appeared. 

438.  Wituski.  De  Maximis  atgue  Minimis  vahrihus  Fum- 
tionum  Algehraicarum  . . .  Berlin,  1853. 

This  is  an  essay  written  for  a  degree  in  the  University  of 
Berlin;  it  contains  25  quarto  pages.  The  essay  has  no  relation 
to  the  Calculus  of  Variations ;  it  consists  of  investigations  partly 
respecting  the  equations  furnished  by  the  Differential  Calculus  for 
determining  the  maxima  and  minima  values  of  expressions,  but 
chiefly  respecting  the  tests  for  ascertaining  whether  a  maximum 
or  minimum  value  really  exists. 

439.  Jellett.  On  the  surface  which  has  its  mean  curvature 
constant.  Liouville's  Journal  of  Mathematics^  Vol.  18,  pages 
163—167.     1853. 

The  Calculus  of  Variations  shews  that  for  a  surface  which 
includes  a  maximum  volume  under  a  given  surface,  the  mean 
curvature  must  be  constant.  The  object  of  the  article  is  to  prove 
that  among  all  the  surfaces  whose  volume  can  be  expressed  by 
the  integral 

J  Q    J  0    J  0 

the  sphere  is  the  only  surface  which  has  its  mean  curvature 
constant.    The  proof  depends  upon  two  theorems. 

(1)  For  any  closed  surface 

see  Mr  Jellett's  Calculus  of  Variations,  page  353. 

(2)  For  any  closed  surface  the  whole  area  of  the  surface 
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the  integral  being  taken  over  tie  whole  surface.    This  remarkable 
theorem  is  proved  in  the  article. 

440.  Bonnet.  Note  on  the  general  theory  of  Surfaces. 
Comptes  Bendus  ...  Vol.  37,  pages  529 — 532,     1853. 

This  note  contains  some  results  relative  to  the  surface  of  mini- 
mum area.  A  new  form  is  proposed  for  the  integral  of  the  differ- 
ential equation  which  belongs  to  such  a  surface,  the  new  form  being 
in  Bonnet's  opinion  preferable  to  that  given  by  Monge.  Some  new 
properties  of  such  surfaces  are  enunciated  without  demonstration. 
The  investigations  relative  to  the  integral  depend  upon  a  method 
of  considering  surfaces  which  is  due  to  (|^auss.  Bonnet  does  not 
demonstrate  the  fundamental  formulae  which  he  uses. 

441.  Grunert.  On  the  shortest  line  between  two  points  on 
any  surface  and  on  the  fundamental  formulae  of  spheroidal  Trigono- 
metry. Grunert's  Archiv  der  Mathematik  und  Physik^  Vol.  22, 
pages  64—106.     1854. 

The  design  of  this  memoir  is  to  discuss  in  an  elementary 
manner  the  subjects  mentioned  in  its  title,  and  there  is  no  reference 
in  it  to  the  Calculus  of  Variations. 

442.  Serret.  On  the  least  surface  comprised  between  given 
right  lines  not  situated  in  the  same  plane.  Comptes  Rendus ... 
Vol.  40,  pages  1078—1082.     1855- 

Legendre  asserted  that  the  least  surface  comprised  between  two 
given  right  lines  which  are  not  situated  in  the  same  plane  is  the 
MUgoide  gauche;  see  Art.  428.  Serret  shews  that  this  assertion 
is  incorrect,  for  there  is  an  infinite  number  of  such  surfaces,  and 
the  MUgoide  gauche  is  only  a  particular  case  of  them.  Serret's 
investigation  is  based  on  Mongers  form  of  the  integral  of  the 
differential  equation  belonging  to  surfaces  of  minimum  area. 

443.  Bonnet.  On  the  determination  of  the  arbitrary  functions 
which  occur  in  the  integral  of  the  equatbn  for  surfaces  of  minimum 
area.     Comptes  Bendus  ...  Vol.  40,  pages  1107 — 1110.     1855. 
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Bonnet's  design  is  to  shew  tliat  tlie  question  discussed  by  Serret 
on  pages  1078—1082  of  this  volume  of  the  Comptes  Bendus  ,,, , 
and  similar  questions  of  greater  difficulty,  may  be  investigated  by 
means  of  the  formula  which  he  himself  gave  in  the  37th  volume  of 
the  Comptes  Bendus  . . . ;  see  Art.  440. 

444.  Roger.  Memoir  on  a  certain  class  of  curves.  Comptes 
Bendus  ...  Vol.  40,  pages  1176,  1177.     1855. 

This  is  a  brief  account  by  the  author  of  the  results  of  his  in- 
vestigations.    It  is  as  follows. 

We  may  imagine  in  space  or  on  a  given  surface  an  infinite 
number  of  different  trajectories  which  a  particle  can  describe  under 
the  action  of  a  given  system  of  forces.  Among  these  trajectories 
I  have  considered  those   which   make   an   integral   of  the   form 

i  ^{v)ds  Si  minimum,  where  ^  {v)  is  a  certain  function  of  the 

''0 

velocity,  supposed  known  in  terms  of  the  co-ordinates  of  the  moving 
particle,  and  s  is  the  arc  described  from  the  starting-point. 

Some  curves  which  have  been  already  studied  under  various 
points  of  view  fall  under  the  class  which  I  have  defined,  and  form 
particular  cases  of  it.  The  principal  are  the  following.  1.  Geodesic 
lines  which  correspond   to  the  case  for  which  ^{v)=a  constant. 

2.  Brachistochrones  for  which  (p  (v)  =  - .  3.  The  trajectories  of 
least  action  which  are  obtained  by  taking  <^(v)  =t;;  these  trajec- 
tories  by  a  well-known  principle  due  to  Euler  are  those  which  the 
moving  particle  is  naturally  led  to  describe  under  the  action  of  the 
given  forces.  4.  The  lines  of  greatest  slope  {Ugnes  de  plus  grande 
penie);  these  form  a  peculiar  species,  which  I  find  corresponds  to 

the  case  of  trrl  =  0,  whatever  v  may  be. 

<l>{v) 

The  lines  belonging  to  these  different  species  and  to^  other 
species  of  the  same  class  which  have  not  as  yet  obtained  a 
definition,  or  rather  a  distinctive  appellation,  possess  on  the  one 
hand  a  set  of  common  properties,  and  on  the  other  hand  properties 
peculiar  to  the  different  species;  the  study  of  these  properties  ap- 

32 
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pears  to  me  to  have  some  interest.  The  most  striking  results  which 
I  have  obtained  are  the  following. 

I.  If  we  suppose  on  a  given  surface  a  series  of  trajectories  of 
the  same  species  which  start  normally  from  the  same  curve,  and 
take  on  each  of  them  arcs  described  in  the  same  time,  the  curve 
formed  hy  the  extremities  of  these  arcs  will  be  itself  normal  to 
every  one  of  the  trajectories,  if  these  trajectories  are  geodesic  lines 
or  brachistochrones,  and  only  in  these  two  cases.  (This  theorem 
has  already  been  demonstrated  for  geodesic  lines  by  Gauss  and  for 
brachistochrones  by  Bertrand.) 

II.  The  trajectories  of  least  action,  the  brachistochrones,  and 

generally  the  species  for  which  the  ratio  %rp^  vanishes  when  v  =  0, 

are  tangents  to  the  lines  of  greatest  slope,  or,  which  is  the  same 
thing,  are  normals  to  the  curves  of  level  {courhes  de  niveau),  in  all 
the  points  where  the  velocity  is  zero. 

III.  If  we  suppose  the  moving  particle  to  be  free  or  to  be  con- 
strained to  move  on  a  plane,  and  consider  the  ratio  of  the  centrifugal 

force  —  to  the  component  N  of  the  force  estimated  along  the  radius 

of  curvature  of  the  path  described  by  the  particle,  then 

1.  For  all  the  curves  which  make  the  integral  j>  {v)  ds  a  mini- 
mum the  ratio  of  the  component  N  to  the  centrifugal  force  is  con- 
stant throughout  the  extent  of  any  curve  of  level. 

2.  This  ratio  is  absolutely  invariable  for  all  the  particular 
species  determined  by  a  function  of  the  form  ^  {v)  =  v^,  where  h  is 
an  arbitrary  constant,  which  is  in  fact  the  value  of  the  ratio  of 

i^to^. 
r 

3.  In  a  more  special  manner  this  ratio  reduces  to  ±  1  for  bra- 
chistochrones and  for  curves  of  least  action ;  so  that  in  these  two 
species  the  component  N  is  equal,  in  actual  magnitude,  to  the  cen- 

2 

trifugal  force  -  ,  and  this  property  belongs  exclusively  to  these 
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two  curves,  including  the  right  line,  which  may  be  considered  as 
a  variety  of  either  of  them. 

lY.  If  a  curve  belongs  to  two  different  species  it  will  possess 
the  properties  of  all  the  species ;  that  is,  it  will  be  at  every  point 
geodesic,  curve  of  least  action,  brachistochrone,  line  of  greatest 
slope,  &c.  For  example,  in  the  case  of  gravity,  any  meridian  of 
a  surface  of  revolution  with  its  axis  vertical. 

This  is  the  end  of  the  author's  account  of  the  results  of  his 
investigations.  It  would  appear  that  these  investigations  constitute 
a  development  of  the  memoir  published  in  Vol.  13  of  Liouville's 
Journal  of  Mathematics;  see  Art.  413.  In  that  memoir  Roger 
explains  what  he  means  by  a  line  of  greatest  slope  and  by  surfaces 
of  level.  It  is  there  stated  that  the  theorem  attributed  to  Gauss 
was  published  by  him  in  the  memoir  in  the  6th  volume  of  the 
Grottingen  Transactions.  The  theorem  attributed  to  Bertrand  is 
there  proved  by  Eoger.  Eoger  first  supposes  the  curves  to  start 
all  from  the  same  point;  he  says  that  this  theorem  was  communi- 
cated to  him  by  Bertrand,  and  he  also  gives  Bertrand's  proof,  which 
is  as  follows. 

Suppose  a  point  on  a  surface ;  see  figure  12.  Let  AM,  AM\  ... 
he  brachistochrones,  commencing  at  the  same  point  A,  such  that 
they  would  be  described  in  equal  times  by  particles  starting  from 
A  with  the  same  velocity ;  then  the  locus  of  the  points  Jf,  If', ... 
will  be  normal  to  every  brachistochrone.  For  if  the  angle  at  if' 
he  acute  we  can  make  at  M  an  angle  NMM'  greater  than  NM'M; 
then  we  shall  have  MN  less  than  M'N\  thus  the  moving  particle 
having  arrived  at  N  with  a  certain  velocity  would  describe  the 
element  NM  in  less  time  than  it  would  describe  the  element  NM\  its 
velocity  not  being  sensibly  altered  while  describing  the  element ; 
thus  the  curve  ^iVif  would  be  described  in  less  time  than  ANM\ 
that  is  in  less  time  than  AM,  which  is  absurd. 

445.  Catalan.  Note  on  a  surface  at  every  point  of  which  the 
radii  of  curvature  are  equal  and  of  opposite  sign.  Gomptes  Bendus . . . 
Vol.  41,  pages  35—38.    1855. 

Catalan  proposes  to  consider  whether  the  well-known  differential 
equation  admits  of  a  solution  of  the  form  ^  =  <^  H  + 1  (^)-    ^^ 

O/u'-'—'Z 
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shews  that  the  only  solution  of  such  a  form  is  one  which  in  Its 
simplest  form  may  be  written  z  =  log  cos  y  —  log  cos  x.  He  also 
points  out  many  properties  of  the  surface  denoted  by  this  equation. 

This  equation  had  been  noticed  before ;  see  Art.  428. 

446.  Catalan.  Note  on  two  surfaces  which  have  at  every 
point  their  radii  of  curvature  equal  and  of  opposite  sign.  Comptes 
Bendus  ...  Vol.  41,  pages  274—276.    1855. 

Two  surfaces  are  here  given  which  satisfy  the  well-known 
diflFerential  equation.  One  of  them  is  that  determined  by  equa- 
tion (3)  of  Art.  428.  Catalan  points  out  some  properties  of  this 
surface. 

447.  Catalan.  On  the  surfaces  which  have  at  every  point 
their  radii  of  curvature  equal  and  of  opposite  sign.  Comptes 
Bendus  ...  Vol.  41,  pages  1019—1023.    1855. 

This  is  an  extract  from  a  memoir  on  the  subject  named.  Some 
results  are  given  without  demonstration.  Catalan  appears  to  have 
transformed  the  differential  equation  into  forms  more  convenient 
for  integration  than  the  common  form.  He  is  thus  enabled  to 
obtain  the  integral  In  a  more  convenient  form  than  Monge's.  Some 
new  examples  are  given  of  surfaces  which  have  the  property 
considered. 

448.  Bonnet.  Observations  on  Minima  Surfaces.  Comptes 
Bendus  ...  Vol.  41,  pages  1057,  1058.    1855. 

Bonnet  adverts  to  three  notes  on  the  subject  of  Surfaces  of 
minimum  area  which  Serret  had  communicated  to  this  volume  of 
the  Comptes  Bendus  ...  Bonnet  intimates  that  his  own  formulae  in 
the  37th  volume  of  the  Comptes  Bendus...  had  rendered  such 
investigations  superfluous.  Bonnet  claims  for  himself  the  example 
given  by  Catalan  in  his  second  note,  which  as  we  have  seen  had 
been  given  before  either  of  them  by  Scherk ;  see  Arts.  446  and  428. 
Bonnet  then  adds  two  more  examples  of  the  use  of  his  formula. 

On  page  1155  of  the  41st  volume  of  the  Comptes  Bendus  .>* 
Catalan  offers  a  brief  reply  to  the  remarks  of  Bonnet.  This  reply 
was  referred  by  the  Academy  to  the  members  who  had  already 
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been  appointed  to  examine  Catalan's  memoir,  namely  Lionville, 
Binet  and  Chasles. 

449.  Bonnet.  Note  on  the  surfaces  for  wliich  the  sum  of  the 
two  principal  radii  of  curvature  is  equal  to  twice  the  normal, 
Comptes  Eendus  ...  Vol.  42,  pages  110 — 112.    1856. 

This  is  an  application  of  the  formulse  which  Bonnet  gave,  as 
he  says,  in  the  Comptes  Rendus  ...  YoL  37,  page  349,  to  the  deter- 
mination of  a  class  of  surfaces  which  have  a  remarkable  analogy  to 
the  surfaces  of  minimum  area.  Page  349  seems  to  be  put  by 
mistake  for  page  529. 

450.  Bonnet.  New  remarks  on  surfaces  of  minimum  area. 
Gomptes  Bendus  ...  Vol.  42,  pages  532—535.    1856. 

Bonnet  says  that  this  article  contains  a  simpler  solution  than 
that  which  he  had  given  in  Vol.  40  of  the  Gomptes  Rendus  ...  of  the 
problem  to  determine  the  surface  of  minimum  area  which  touches 
a  given  surface  along  a  given  curve. 

451.  Liouville.  Remarkable  expression  of  the  quantity  which 
by  the  principle  of  least  action  is  a  minimum  in  the  movement  of 
a  system  of  material  particles  subject  to  any  connexions.  Gomptes 
Eendus  ...  Vol.  42,  pages  1146—1154.    1856. 

This  article  is  not  connected  with  the  Calculus  of  Variations ; 
it  is  interesting  in  its  relation  to  Dynamics, 

452.  Richelot.  Remarks  on  the  theory  of  Maxima  and  Minima. 
Schumacher's  AstronomiscJie  NachricUeii.    No.  1146.    1858. 

This  article  relates  to  the  ordinary  theory  of  maxima  and 
minima  values  of  the  Differential  Calculus. 

453.  Richelot.  On  the  theory  of  elliptic  functions,  and  on 
the  differential  equations  of  the  Calculus  of  Variations.  Gomptes 
Rendm...  Vol.  49,  pages  641—645.     1859. 

This  article  states  that  the  differential  equations  furnished  by 
the  Calculus  of  Variations  for  the  maximum  or  mmimum  ot  an 
integral  may  be  transformed  into  other  differential  equations  ot  ttic 
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first  order  and  first  degree,  which  take  what  the  author  calls  the 
canonical  form ;  this  term  is  used  because  the  form  agrees  with 
the  analogous  form  in  Dynamics.  Eichelot's  object  is  thus  the 
same  as  that  of  Ostrogradsky  and  Clebsch ;  see  Art.  317. 

454.  Bode  and  Fischer.  Mathemattsche  Lehrstunden  von  K 
H.  Schellbach.  Aufgahen  aus  der  Lehre  vom  Grossten  und  Klein- 
sten,  hearheitet  und  herausgegehen  von  A.  Bode  und  E.  Fischer. 
1860. 

This  is  an  octavo  volume  of  154  pages  containing  elementary 
problems  not  involving  the  Differential  Calculus. 

455.  We  have  in  Art.  327  referred  to  some  remarks  by  Loffler 
as  destitute  of  value ;  since  that  article  was  printed  the  present 
writer  has  seen  a  later  paper  by  Loffler.  This  paper  is  entitled 
Beitrag  zum  Probleme  der  Brachystochrone;  it  is  published  in  the 
41st  volume  of  the  Sitzungsberichfe  of  the  Academy  of  Sciences 
of  Vienna,  pages  53—59,  1860.  It  is  remarkable  that  a  scientific 
society  should  print  a  communication  with  so  little  to  recom- 
mend it. 

Loffler's  notion  is  that  the  limiting  equations  in  problems  of 
maxima  and  minima  are  often  inadmissible  or  contradictory,  and 
that  in  the  brachistochrone  problem  they  do  not  supply  sufficient 
conditions. 

He  takes  for  example  the  case  in  which  we  require  the 
maximimi  or  minimum  value  of 

/'(^■■  +  <r^)*' 

and  supposes  that  the  limiting  values  of  y  are  not  fixed.  The 
term  outside  the  integral  sign  in  the  variation  of  jfy'^-^  "-ZT^j 

is  2^% ;  and  Loffler  says  that  it  is  equal  to  (  a^  -| )  Sy,  where 

a^  is  a  constant.  Thus  the  coefficient  of  Sy  is  infinite  when  x^<^^ 
and  so  we  cannot  make  the  integrated  part  vanish  at  the  lower 
limit.    Loffler  has  not  given  the  coefficient  of  hy  correctly ;  f^^  *^ 
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make  the  proposed  expression  a  maximum  or  minimum,  we  liave 
the  equation 

and  this  leads  to 

%y  =  a^x  +  ag  —  (a;  —  a)  log  {x  —  a), 

where  a^  and  a^  are  arbitrary  constants. 

Thus  2^'  =  a^  —  1  ~ log  (a;  -  a), 

and  this  should  be  the  coefficient  of  hy  instead  of  what  Loffler 
gives.  Nevertheless  it  is  true,  as  he  says,  that  this  coefficient  is 
infinite  when  x  =  a\  this  indicates  that  if  the  limiting  values  of 
y  are  not  fixed  the  proposed  integral  cannot  be  made  a  maxi- 
mum or  a  minimum,  and  this  involves  no  contradiction  and  no 
difficulty. 

Loffler  next  considers  the  brachistochrone  problem  on  the  sup- 
position that  the  initial  point  .is  constrained  to  lie  on  one  fixed 
vertical  line  and  the  final  point  on  another  fixed  vertical  line. 
Take  the  axis  of  y  vertically  downwards,  and  let 


,    ]aJiA-y) 


If  we  proceed  to  make  U  a  minimum,  we  oTbtaia  in  the  usual 
way 

where  a,  is  a  constant.     The  integrated  part  of  the  variation  re- 
duces to 


and  this  will  not  yanish  if  Bi/  is  arbitrary  at  both  the  limits  unless 
y'  vanishes  at  both  limits.  Loffler  says  that  this  is  inadmissible, 
because  the  first  element  of  the  cycloid  must  be  vertical  and  not 
horizontal.  There  is  no  reason  for  saying  that  the  first  element 
of  the  cycloid  must  be  vertical;  the  fact  is  that  our  result  mdi- 
cates  that  there  is  no  minimum  in  the  present  case ;  see  Art.  23. 
There  is  therefore  here  no  contradiction  and  no  difficulty. 
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Loffler  now  takes  the  general  brachistoclirone  problem  wlien 
tlie  initial  and  final  points  are  constrained  to  lie  on  given 
curves,  and  the  velocity  is  supposed  given  at  the  initial  point. 
He  puts  down  a  few  of  the  steps  and  arrives  at  the  results  which 
we  have  denoted  thus  in  Art.  300, 

{pf  {00)+ 11=0,     X{x,)p,+  1=0; 

therefore  yfr'  {x^  =  ^  (^1)  • 

He  then  asserts,  quite  untruly,  that  from  the  nature  of  the 
cycloid,  we  must  have 

and  on  this  error  he  constructs  a  large  figure  and  a  corresponding 
page  of  text. 

Lastly,  he  considers  that  there  are  not  enough  conditions  for 
determining  the  constants  of  the  problem ;  he  seems  to  be  in 
difficulty  with  respect  to  the  quantity  A,  But  in  the  case  which 
he  has  himself  considered,  A  is  equal  to  the  value  of  y  at  the 
initial  point ;  and  if  A  were  any  given  function  of  the  value  of  y  at 
the  initial  point  the  problem  could  be  discussed  in  a  similar 
manner.  Loffler's  difiiculties  arise  solely  from  his  own  miscon- 
ceptions. 


CHAPTER    XVIL 

CONDITIONS  OF  INTEGEABILITY. 


456.  The  present  chapter  will  be  devoted  to  the  subject  of 
the  criteria  which  determine  whether  proposed  expressions  are 
immediately  integrable.  The  history  of  the  subject  has  not  hitherto 
been  fully  treated ;  and  it  will  be  seen  that  the  statements  which 
have  been  made  are  deficient  in  precision. 

457.  In  Gregory's  Examples  of  the  processes  of  the  Differential 
and  Integral  Calculus^  first  edition,  page  285,  the  relations  are 
given  which  must  hold  in  order  that  a  function  involving  two 
variables  and  their  differentials  may  be  integrable  once,  twice, 
thrice,...  Gregory  says,  *' these  remarkable  formulae  were  first 
discovered  by  Euler  [Comm,  Petrop,  Yol.  viii.)  in  his  investigations 
concerning  maxima  and  minima."  This  does  not  appear  correct; 
Euler  first  gave  the  relation  which  must  hold  in  order  that  a 
function  of  one  variable  and  its  differential  coefficients  may  be  in- 
tegrable once,  but  not  in  the  place  which  Gregory  cites. 

The  eighth  volume  of  the  Comm.  Petrop,  is  represented  to  be  for 
the  year  1736,  and  was  published  in  1741.  It  contains  a  memoir 
by  Euler,  entitled  Curvarum  maxhni  minimive  proprietate  gauden- 
tmm  inventio;  there  is  nothing  in  this  memoir  relating  to  the 
conditions  of  integrability. 

The  eighth  volume  of  the  Novi  Comm.  ...  Petrop.  is  represented 
to  be  for  1760  and  1761,  and  was  published  in  1763 ;  it  has  nothing 
bearing  on  the  conditions  of  integrability. 

458.  The  tenth  volume  of  the  Novi  Comm. ...  Petrop,  is  re- 
presented to  be  for  1764,  and  was  published  in  1766;  this  volume 
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contains  two  memoirs  by  Euler,  connected  with  the  Calculus  of 
Variations.  The  first  memoir  is  entitled  Elementa  Calculi  Varta- 
ttonum;  the  second  memoir  is  entitled  Analytica  explicatw  meihodi 
maximorum  et  minimorum.  At  the  end  of  the  second  memoir 
Euler  says :  Antequam  autem  finiam  examini  Analystarum  egre- 
gium  Theorema  subjiciam  cujus  Veritas  ex  principiis  hactenus 
positis  haud  difficulter  perspicitur,  et  quod  in  Calculo  integrali 
eximium  usum  praestare  videtur.  The  theorem  is  that  Zdx  is 
integrable  if 

dx      dx^      dx^      dx^      "*        ' 

and  that  Zdx  is  not  integrable  unless  this  relation  holds;  N^P,  Q,.., 
being  derived  from  Z  in  the  well-known  manner. 

This  appears  to  be  the  earliest  reference  to  the  Theorem. 

459.  The  third  volume  of  the  first  edition  of  Euler's  treatise  on 
the  Integral  Calculus  was  published  in  1770;  the  present  writer 
has  not  seen  it,  but  this  date  is  assigned  to  it  by  Strauch  in  his 
preface,  page  x,  and  the  date  is  confirmed  by  the  testimony  given 
in  Vol.  15  of  the  Novi  Comm.  ..t  Fetrop.  which  will  presently  be 
quoted. 

It  appears  that  the  third  chapter  of  the  part  which  treats  of 
the  Calculus  of  Variations  contains  the  theorem,  that  the  necessary 
and  sufficient  condition  for  the  integrability  of  Vdx  is  that 

^      dx'^  dx'      dx'^^dx'      •••        ' 

the  proof  given  is  in  substance  the  same  that  has  usually  been 
adopted  in  Treatises  on  the  Calculus  of  Variations.  The  present 
writer  has  not  had  the  opportunity  of  consulting  the  first  edition  of 
Euler's  Integral  Calculus,  so  that  he  cannot  assert  positively  that 
the  proof  is  there  given.  Bertrand,  in  his  Memoir  in  Cahier  28  of 
the  Journal  de  VEcole  Polytechnique,  quotes  Euler's  proof  but 
without  giving  any  precise  reference.  The  passage  Bertrand  quotes 
occurs  in  Art.  92,  page  425  of  the  second  edition  of  Euler's  Integral 
Calculus ;  the  date  of  the  volume  is  1793.    In  the  same  volume, 
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Art.  129,  page  454,  Euler  gives  the  form  of  the  variation  of  (vdx, 

where  V  contains  two  dependent  variables  2/  and  z,  and  their  differ- 
ential coefficients  with  respect  to  x.  From  his  result  he  infers  in 
Art.  131  that  two  relations  must  be  satisfied  in  order  that  Vdx  may 
be  integrable,  namely, 

dx'^  dx''      dx'  ^  dx''^ ^' 

and  a  similar  relation  in  connexion  with  z  and  its  differential 
coefficients. 

460.     The  fifteenth  volume  of  the  Novi  Oomm Petro^,  is 

represented  to  be  for  the  year  1770,  and  was  published  in  1771.  It 
contains  a  memoir  of  68  pages  by  Lexell,  entitled  De  criterus  Inte- 
graUlitatis  Formularum  DifferentiaUum.  There  is  a  short  account 
of  this  memoir  given  in  pages  18—22  of  the  volume.  In  this 
account  Euler's  theorem  is  referred  to  as,  insigne  Theorema  ab  111. 
Eulero  in  Tomo  iil.  Calculi  Integralis  allatum,  and  the  following 
statement  is  made.  Hoc  autem  Theorema,  licet  jam  demum  anno 
praeterito  in  nunquam  satis  laudato  opere  Calculi  Integralis  evul- 
gatum  fuit,  tamen  ad  minimum  ante  16  annos  ab  lUustris.  ejus 
Auctore  inventum  fuisse  certissime  nobis  habemus  perspectum. 
Quum  vero  interea  Illustr.  Eulerus  hoc  Theorema  cum  insigni 
quodam  Gallias  Mathematico  communicasset,  probabile  omnino  est, 
Illustr.  Marchionem  de  Condor cet  per  eum  in  cognitionem  hujus 
Theorematis  pervenisse.  Ex  Historia  enim  lUustrissimse  Academ. 
Scient.  Parisinge  pro  annis  1764  et  1765  accepimus,  modo  laudatum 
Marchionem  primum  demonstrationem  hujus  Theorematis  cum 
Illustr.  Acad.  Parisina  communicasse,  turn  vero  conscripto  Tractatu 
de  Calculo  Integrali  doctrinam  de  criteriis  integrabilitatis  omnino 
fusius  explicasse. 

It  seems  singular  that  in  this  passage,  which  claims  priority 
for  Euler,  it  is  implied  that  the  theorem  was  first  given  by  Euler 
in  his  Integral  Calculus  in  1770,  when  we  have  seen  that  it  was 
really  given  by  him  in  the  volume  of  the  Novi  Comm. ...  published 
in  1766.    Lexell,  in  his  memoir,  gives  the  criteria  which  determine 
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when  an  expression  admits  of  integration  several  times  in  suc- 
cession. 

461.  The  volume  of  the  Hlstoire  de  VAcademie  .,.de  Paris... 
for  the  year  1765  was  published  in  1768.  Here  on  pages  54  and  55 
we  find  the  following  statements.  M.  Le  Marquis  de  Condorcet 
presented  to  the  Academy  a  treatise  on  the  Integral  Calculus.  He 
solves  this  problem;  given  a  differential  equation  of  any  order 
with  any  number  of  variables,  required  to  determine  if  this  equa- 
tion in  the  state  in  which  it  is  proposed  admits  or  does  not 
admit  of  an  integral  of  an  inferior  degree.  This  important  solu- 
tion is  given  with  all  the  elegance  and  all  the  generality  pos- 
sible. 

Lacroix,  TrmtS'du  Calc.  Diff.  ...  Vol.  2,  page  238,  says  "  ...  je 
passerai  aux  Equations  de  condition  qu'Euler  a  rencontrees  par 
tine  sorte  de  hasard,  et  qui  ont  ^te  demontr^es  pour  la  prehiiere 
fois  directement  par  Condorcet,  dont  je  suivrai  d'abord  la  marche." 
Accordingly  we  may  presume  that  Lacroix  gives  Condorcet's 
method.  The  necessity  of  the  condition  is  shewn  very  distinctly, 
and  the  conditions  are  given  which  must  hold  for  a  function  to 
admit  of  integration  twice,  thrice,  &c. 

462,  The  sixteenth  volume  of  the  Novi  Comm. ..,  Petrop,  is 
represented  to  be  for  the  year  1771,  and  was  published  in  1772. 
It  contains  a  memoir  by  Lexell  which  occupies  59  pages.  Lexell 
says  that  he  wished  to  give  some  examples  of  the  application  of 
the  criteria  of  integrability,  and  also  to  give  a  new  demonstration 
of  Euler's  theorem,  since  that  which  he  formerly  gave  was  liable 
to  objection. 

Lacroix,  in  his  TraiU  du  Calc.  Diff.  ...  Vol.  2,  page  249,  says, 
On  trouve  dans  les  Novi  Commentarii  Acad.  Petrop.  T.  #:v.  et 
XVI.  deux  Memoires  dans  lesquels  M.  Lexell  s'est  propose  de 
prouver  la  proposition  ci-dessus ;  mais  ses  procddds  sont  extr^me- 
ment  compliquds,  et  ont  paru  tels  a  M.  Lagrange.  {Legons  sur  h 
Cahul  des  Fonctions^  p.  409,  de  1' Edition  tn-S^  imprim^e  par 
M.  Courcier,  en  1806.)  Lagrange's  words  are  quoted  in  the  next 
article,  and  they  do  not  bear  out  the  remark  of  Lacroix;  La- 
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grange  says  that  the  demonstration  in  the  fifteenth  volume  is 
complicated,  and  says  nothing  of  the  other  demonstration,  while 
Lacroix  speaks  of  Lagrange's  opinion  of  loth  demonstrations. 

463.  Lagrange  has  proved  both  the  necessity  and  sufficiency 
of  the  condition  of  integrability  for  the  case  of  a  single  dependent 
variable ;  and  he  adds  that  in  the  same  way  the  two  conditions 
can  be  obtained  which  must  hold  when  there  are  two  dependent 
variables.  See  the  Theorie  des  Foncftons,  first  edition,  page  217 ; 
and  the  Legons  sur  le  Galcul  des  Fonctions,  edition  of  1806,  page 
402.  It  is  usual  on  this  point  to  refer  to  the  latter  work,  but  the 
proof  is  substantially  the  same  in  the  two  works,  though  the 
nature  of  it  is  perhaps  seen  more  readily  in  the  former  work. 

On  page  409  of  the  latter  work,  after  Lagrange  has  given  his 
proof,  he  remarks.  Nous  venons  de  prouver  non  seulement  que  la 
fonction  proposee  ne  peut  6tre  une  fonction  derivee  exacte,  ^  moins 
que  r^quation  de  condition  n'ait  lieu,  comme  Euler  et  Condorcet 
Tavaient  trouvee,  mais  encore  que  si  cette  equation  a  lieu,  la 
fonction  sera  necessairement  une  derivee  exacte,  ce  qui  restait,  ce 
me  semble,  k  ddmontrer;  car  la  demonstration  qu'on  en  trouve 
dans  le  tome  XV.  des  Novi  Gommentaru  de  P^tersbourg,  est  si  com- 
pliqude,  qu'il  est  difficile  de  juger  de  sa  justesse  et  de  sa  g^neralitd. 

464.  In  the  Legons..,  Lagrange,  after  investigating  the  con- 
ditions of  integrability,  gives  some  examples  of  their  use;  see 
pages  417—421  of  the  work.  Suppose  in  the  first  place  that  we 
have  a  function  of  the  first  order /(a;,  y,^) ;  the  condition  that 
it  may  be  an  exact  differential  is 

/(2/)-[/(y')r=o. 

In  order  that  this  may  be  identical  f\y')  must  not  contain 
y,  for  if  it  did  Ifiy)]'  would  contain  f,  and  as  y"  would  not 
occur  in  f{y),  the  whole  expression /'(^z) -[/' (3/')]'  would  not 
vanish  identically. 

Thus  f{xj  y,  y')  must  be  of  the  form 
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then  it  will  be  found  that  the  condition  reduces  to 

Next,  consider  a  function  of  the  second  order /(a;,  7/,^,  y") ;  the 
condition  that  it  may  be  an  exact  differential  is 

f{2/)-Lf'iy')]'+[f'iy")T=o. 

As  before,  it  is  necessary  that /'(y'O  should  not  contain  y" ; 
so  that  f{x,  y,  y\  y")  must  be  of  the  form 

Then   it  will  be  found   that  the  equation  of  condition  will 
become 

t'  iy) + y"  f  iy)  -  W  (y')]'  +  W  («^)]' + b''!''  (2/)]'  ==  o- 

Let  <t>'{x)+y^'{y)-y{r'{y')  be  denoted  by  %  (^^  y^  y)^  ^^  ^^^^* 
the  condition  becomes 

t'(y)  +y' f  {y)  +  [x  (^.  y^  y)!  =  ^ ; 

that  is 

t'  (2/)  +  %'(^)  +  yx  ky) + 2/"  l^  iy) + x'  (2^')]  =  0. 

And  y"  does  not  occur  in  any  of  the  functions  '^'{y),  x'H, 
X{y)i  so  that  the  last  equation  cannot  be  identically  true  unless 

f(2/)+x'(/)=0, 

and  t'(y)+x'H+2/x'(2/)=0- 

Lagrange  adds  on  page  421 — In  like  manner  as  in  the  case  of 
a  function  of  the  second  order,  the  equation  of  condition  decomposes 
into  two  which  must  hold  simultaneously,  so  it  may  be  proved  that 
for  a  function  of  the  third  order  it  will  decompose  into  three,  for  a 
function  of  the  fourth  order  it  will  decompose  into  four;  and  so  on. 
This  statement  has  been  developed  in  two  elaborate  memoirs  by 
Raabe  and  Joachimsthal.  Eaabe's  memoir  is  in  Crelle's  Mathematical 
Journal.YohUj  pages  181— 212.  1846.  Joachimsthal' s  memoir  is 
in  Crelle's  Mathematical  Journal^  Vol  38,  *  pages  95—116.    1846. 
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465.  As  we  have  already  stated,  Lacroix  gives  a  proof  of  the 
necessity  of  the  conditions  of  integrability.  His  method  is  inde- 
pendent of  the  Calculus  of  Variations.  But  he  does  not  prove  the 
sufficiency  of  the  conditions  hy  this  method,  hut  refers  to  the  Cal- 
culus of  Variations  on  this  point.  Accordingly  he  returns  to  the 
subject  in  the  chapter  on  the  Calculus  of  Variations,  and  there  he 
improves,  as  he  considers,  Euler's  proof;  see  the  Traite  du  Gale, 
Biff.  ...  Vol.  2,  pages  249  and  764. 

466.  The  fourteenth  volume  of  Gergonne's  Annates  de  MatJie^ 
matiques  contains  a  memoir  on  the  integrability  of  differential 
expressions  by  M.  F.  Sarrus ;  the  date  of  publication  is  January, 
1824.    The  memoir  occupies  pages  197 — 205  of  the  volume. 

Sarrus  begins  by  referring  to  the  remarks  of  Lagrange  which 
we  have  quoted  in  Art.  463.  He  then  proves  that  the  conditions 
of  integrability  are  necessary ;  he  takes  the  case  in  which  two 
variables  x  and  y  are  functions  of  a  third  variable  ^,  and  an  ex- 
pression involves  x  and  y  and  their  differential  coefficients.  In 
proving  that  the  conditions  are  necessary,  Sarrus  adopts  precisely 
the  same  method  as  Lacroix,  but  he  does  not  give  any  reference  to 
him  or  to  Condorcet.  Sarrus  then  proves  that  the  conditions  are 
sufficient. 

The  demonstration  given  by  Sarrus  is  perhaps  the  best  for 
elementary  purposes  that  has  yet  appeared,  unless  it  be  considered 
preferable  to  prove  the  necessity  of  the  conditions  in  the  manner 
given  by  Sarrus,  and  the  sufficiency  of  the  conditions  in  the  manner 
given  in  Moigno's  Leqons  de  Gale.  Diff.  et  de  Gale,  Int. 

467.  Another  memoir  on  the  conditions  of  integrability  ap- 
peared in  the  fourteenth  volume  of  Gergonne's  Annates  ... ,  pages 
319—323. 

The  question  considered  is  the  following.  Suppose  Fa  function 
of  X  and  y  and  their  differential  coefficients  with  respect  to  a  third 
variable  t.  Then  the  two  conditions  which  must  hold  in  order 
that  Vdt  may  be  integrable  are  known  from  the  memoir  of  Sarrus. 
Now  suppose  that  y  is  made  a  function  of  a?,  it  is  obvious  that  a 
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single  condition  would  ensure  the  integrability  of  Vdt ;  it  is  required 
to  find  that  condition.     The  result  is 

dt^  ^  dt    ^' 

where  X  and  Y  are  the  functions  which  we  should  have  to  equate 
to  zero  to  ensure  the  integrability  of  Vdt  if  3/  had  not  been  made 
a  function  of  x.  This  result  is  obtained  by  simple  transformations. 
The  result  may  be  easily  obtained  by  the  Calculus  of  Variations ; 
for  if  y  be  not  supposed  a  function  of  x,  we  obtain  in  the  ordinary 

way  for  the  unintegrated  part  of  S  /  Vdt  the  expression 
suppose  y  is  made  a  function  of  x,  then  this  term  becomes 

Thus  in  order  that  Vdt  may  be  integrable,  we  must  have 

dy 

x-f  ril=o. 

ax 
dt 

At  the  end  of  the  memoir  the  writer  says  that  the  condition  is 
exactly  that  of  Lagrange,  Legons ...  page  412  of  the  edition  of  1806. 
But  Lagrange  has  there  a  different  question  before  him ;  Lagrange's 
result  is  in  fact  that  which  we  have  noticed  in  Art.  93,  and  have 
expressed  thus, 

Hy'  +  Kz'-^O. 

468.  Graeffe  briefly  refers  to  the  condition  of  integrability  on 
page  46  of  his  essay ;  see  Art*  306.     He  quotes  the  theorem  of 
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Euler  as  we  have  given  it  in  Art.  458,  and  says,  Manifesto  Eulerus 
ad  illam  aeqtiationem  in  qu^stionibus  quae  ad  calculum  variationum 
spectant,.  instituendis  venit,  unde  accidit,  ut  his  principiis  theorema 
superstrueret.  Sed  ejusdem  evidentia  adhuc  desiderabatur  et  quan- 
quam  Condorcet  et  Lexell  demonstrationem  in  solius  calculi  inte- 
gralis  notionibus  fundatam  tentabant,  Lagrange  tamen  primus  rite 
confirmavit,  si  formula  Fevanescat,  semper  quantitatem  Zdx  inte- 
grari  posse.  Graeffe  refera  to  Condorcet,  du  Calcul  Integral, 
p.  16  seq.  Novi.  Comm.  ...  Petrop.  T.  xv.  p.  127.  Lagrange 
Legom  ...  p.  401  segf. 

469.  In  Poisson's  Memoir  on  the  Calculus  of  Variations,  pages 
260—270  are  devoted  to  our  present  subject ;  see  Art.  96.  Poisson 
first  shews  very  briefly  the  necessity  of  the  condition.  He  says 
that  if  Vdx  is  an  exact  differential  the  integral  f7  will  be  a  function 
^f  ^oj  3^0 »  yo^  yl\  •••  y/>  yl\  ••• ;  thus  the  value  oihTJ  must  reduce 
to  the  part  P,  and  therefore  the  factor  H  under  the  integral  sign 
must  vanish  ,-see  equation  (3)  of  Art.  86.  Poisson  adds  the  follow- 
ing words :  "  Thus  the  same  equation  JT=  0  which  determines  the 
value  of  y  corresponding  to  the  maximum  or  minimum  of  £7,  when 
Vdx  is  not  an  exact  differential,  must  become  identical  when 
Ydx  is  an  exact  differential.  This  remark  is  due  to  Euler,  who 
tas  thus  been  the  first  to  express  by  an  equation  the  necessary 
condition  for  the  integrability  of  a  differential  formula  of  any  order. 
Lagrange  has  proved  by  means  of  very  complicated  series  not  only 
that  the  equation  H—  0  is  necessary,  but  that  it  is  sufficient  for  the 
integrability  of  Vdx\  Legons  ...  page  409  of  the  edition  of  1806." 

Poisson  then  says  that  he  will  give  a  demonstration  of  the  second 
part  of  the  proposition  which  appears  more  simple  to  him,  and 
which  has  the  advantage  of  presenting  the  integral  of  Vdx  under  a 
finite  form,  when  the  condition  H—  0  holds. 

470.  A  note  by  Sarrus  Is  given  in  the  Gomptes  Bendtcs,. .  Vol.  i. 
pages  115 — 117,  1835.  This  note  enunciates  some  results,  which 
the  author  had  obtained  as  generalisations  of  his  memoir  in  Ger- 
gonne's  Annales,.,-. 

471.  A  memoir  by  Dirksen  on  the  conditions  of  integrability 
<^f  functions  of  several  variables  occurs  in  the  volume  for  1836  of 

33 
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the  Transactions  of  the  Academy  of  Sciences  of  Berlin  ;  the  date  of 
the  volume  is  1838.  This  memoir  names  Euler,  Condorcet,  Lexell, 
Lagrange  and  Poisson.  Dirksen  agrees  with  Lagrange  in  speak- 
ing unfavourably  of  LexelFs  first  memoir ;  and  Dirksen  adds  that 
Lexell's  second  memoir,  which  Lagrange  does  not  mention,  is  un- 
satisfactory. Dirksen  objects  to  Poisson*s  proof,  because  it  depends 
on  the  Calculus  of  Variations,  and  intimates  that  a  proof  depending 
upon  considerations  which  are  not  foreign  to  the  subject,  is  still 
required.  Accordingly,  he  supplies  some  tedious  investigations  on 
the  subject ;  he  proves  both  the  necessity  and  sufficiency  of  the  con- 
dition, considering  the  case  of  one  variable. 

472.  A  memoir  by  Bertrand  on  the  conditions  of  integrability 
of  differential  functions  was  published  in  the  Journal  de  VEcole 
Polytechmguey  Cahier  28,  1841,  pages  249—275.  Bertrand  infers 
from  the  words  of  Lagrange  and  Poisson  that  they  did  not  know 
that  Euler  had  professed  to  prove  the  sufficiency  as  well  as  the 
necessity  of  the  condition.  Bertrand  quotes  Euler's  words  as  we 
have  already  stated  in  Art.  459.  After  some  remarks  on  the  history 
of  the  subject,  Bertrand's  memoir  is  divided  into  three  sections. 

In  his  first  section,  Bertrand  proves  the  necessity  and  sufficiency 
of  the  condition.  He  says  himself  that  his  proof  agrees  with 
Euler's  when  the  latter  is  so  modified  as  to  be  placed  beyond  the 
reach  of  objection.  He  then  shews  how  to  effect  the  integration 
when  the  condition  is  satisfied.  Bertrand  then  investigates  the 
conditions  when  a  function  is  to  admit  of  successive  integration ; 
next  he  considers  the  case  when  there  are  two  dependent  variables  ; 
and  lastly,  he  considers  the  condition  which  must  hold  in  ordef  that 

1 1  Vdxdy  may  be  capable  of  expression  without  assigning  any  par- 
ticular relation  between  ^,  x  and  y,  where  Fis  a  function  of  a?,  y,  ^j 
and  the  differential  coefficients  of  z  with  respect  to  x  and  y.  All 
these  investigations  are  simple  and  conclusive. 

Bertrand  begins  his  second  section  by  saying  that  his  demonstra- 
tion in  the  first  section  depended  entirely  on  the  Calculus  of  Varia- 
tions, and  so  he  says,  difffere  en  cela  de  celles  qui  avaient  ^t^  pro- 
poshes  jusqu'^ici  par  Lexell,  Lagrange,   Poisson,  et  dernibrement 
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encore  par  M.  Sarrus.  These  words  would  suggest  to  a  reader  that 
the  memoir  of  Sarrus  was  subsequent  to  that  of  Poisson,  which  we 
know,  however,  is  not  the  case.  Bertrand  adds  thai  these  mathe- 
maticians establish  the  sufficiency  of  the  condition  by  effecting  the 
integration,  the  possibility  of  which  they  wish  to  prove,  and  he  says 
that  they  seem  to  regard  this  as  the  only  difficulty  in  the  question. 
He  considers  all  the  demonstrations  which  have  been  given  very 
complicated,  and  thinks  he  has  found  a  simple  demonstration.  Ac- 
cordingly, he  establishes  the  sufficiency  of  the  condition.  His  proof 
is,  as  he  says,  founded  on  the  same  principle  as  Poisson's,  but  it 
avoids  the  use  of  the  Calculus  of  Variations.  Bertrand's  proof  is  a 
simplification  of  Poisson's.  Bertrand  next  proves  the  necessity  of 
the  condition ;  this  proof  seems  rather  difficult  but  decisive. 

In  his  third  section  Bertrand  gives  some  interesting  applications 
to  Mechanics. 

473.  The  second  volume  of  Moigno's  Legons  de  Gale,  Diff.  et 
de  Gale.  Integ.  is  dated  1844.  Moigno  refers  to  our  present  subject 
on  page  xxxvii.  of  his  preface,  and  considers  it  on  pages  550 — 563 
of  the  work.  Moigno  states  that  Lexell,  Lagrange,  and  Poisson 
seem  not  to  have  been  aware  that  Euler  had  proved  not  only  that 
the  condition  is  necessary,  but  that  it  is  sufficient.  This  seems  in- 
correct so  fkr  as  Lexell  is  concerned;  for  Lexell  says  that  his  object 
was  to  give  a  proof  without  using  the  Galculus  of  Variations,  so  that 
he  appears  to  imply  that  the  proposition  had  been  established  by  the 
use  of  that  calculus. 

Moigno's  proof  was  communicated  to  him  by  M.  Jacques  Binet. 
The  method  of  proving  the  sufficiency  of  the  condition  may  be  de- 
scribed as  an  improvement  on  Bertrand's  simplification  of  Poisson's 
proof.  The  proofs  of  Poisson  and  Bertrand  are  liable  to  failure,  be- 
cause a  certain  quantity  which  occurs  may  become  infinite  or  inde- 
terminate ;  the  proof  given  by  Moigno  is  free  from  this  difficulty. 

The  proof  of  the  necessity  of  the  condition  given  by  Moigno 
seems  open  to  an  objection  urged  by  Professor  De  Morgan  m  a 
memoir  which  we  shall  presently  notice.  Mr  De  Morgan  says  :- 
"Again,  it  is  to  be  shewn,  not  only  that  the  criterion  is  su:§icient 
but  that  it  is  necessary.      Some  of  the  proofs  of  the  latter  point 
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appear  to  me  to  fail  entirely.     They  depend  upon  the  reduction  of 
I  Vdx  to  an  integrated  portion  together  with  an  integral  of  the  form 


/' 


iVy—VJ'\'.,.)Qdx.     This,  it  is  assumed,  must  vanish;  which 

though  clear  enough  in  the  common  case  in  which  ^  =y,  and  F^  — . .. 
is  a  function  of  x  only,  is  not  sufficiently  supported  in  any  other. 
Why  may  not  ( F^  —  ...)  ^  be  a  new  integrable  function?"  It  does 
not  seem  that  this  objection  holds  against  any  other  proof  besides 
that  given  by  Moigno. 

Both  Bertrand's  proof  and  that  given  by  Moigno  of  the  suffi- 
ciency of  the  conditions  allow  us  to  draw  the  two  inferences  drawn 
by  Poisson  ;  see  Art.  96. 

474.  An  article  on  the  integrability  of  functions  by  Professor 
Bruun,  of  Odessa,  was  published  in  1848,  in  the  eighth  number  of 
the  seventh  volume  of  the  Bulletin,,.  Physico-Mathematique  of  the 
Academy  of  St  Petersburg ;  the  article  is  in  German.  This  article 
proves  both  the  necessity  and  sufficiency  of  the  condition ;  the  proof 
depends  on  the  Calculus  of  Variations.  The  method  resembles 
Poisson's,  but  is  much  simpler.  This  article  is  included  in  Pro- 
fessor Bruun's  Manual  of  the  Calculus  of  Variations. 

475.  We  may  now  refer  to  some  investigations  by  Bertrand 
and  Sarrus  which  are  connected  with  the  present  subject.  Ber- 
trand's investigations  were  mentioned  in  the  Comptes  Rendus ... 
Vol.  28,  pages  350,  351.  1849.  Sarrus  gave  on  pages  439—442  of 
the  same  volume  a  brief  account  of  the  method  which  he  had  for 
many  years  explained  in  his  lectures,  and  which  he  presumed 
would  be  found  to  agree  with  Bertrand's.  A  memoir  by  Bertrand 
explaining  his  method  was  published  in  Liouville's  Journal  of 
Mathematics,  Vol.  14,  pages  123—131.  1849.  This  memoir  is 
followed  by  a  note  by  Sarrus,  which  occupies  pages  131 — 134  of 
the  volume. 

The  method  of  Bertrand  and  Sarrus  is  different  from  that  of 
previous  writers  on  the  subject.  Bertrand's  own  words  will  give 
an  idea  of  it.  After  referring  to  Euler's  well-known  condition  of 
integrability,  which    had  been  so  often  demonstrated,  Bertrand 
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makes  the  following  remarks.  Notwithstanding  the  elegant  form 
of  this  condition  the  application  of  it  is  very  laborious.  In  order 
to  make  use  of  the  condition,  we  have  to  perform  a  large  number 
of  diiferentiations,  and  when  the  condition  is  satisfied  we  have  to 
perform  a  new  set  of  operations  in  order  to  obtain  the  integral 
which  is  thus  known  to  exist.  The  method  which  I  propose  in  this 
memoir  differs  widely  from  that  of  Euler,  and  it  would  require 
some  complicated  investigations  to  establish  their  agreement  in  a 
direct  manner ;  the  method  does  not  certainly  lead  to  such  an 
elegant  condition  as  Euler's,  but  the  operations  which  it  requires 
have  the  great  advantage  of  simplicity.  It  is  by  integrating  a 
proposed  function  that  we  ascertain  that  it  is  integrable;  each 
operation  is  followed  by  a  verification,  and  we  are  relieved  from  the 
necessity  of  continuing  the  process  if  the  verification  does  not 
succeed.  We  have  thus  an  advantage  analogous  to  that  of  the 
method  of  commensurable  roots  in  the  Theory  of  Equations;  for 
this  method,  although  it  does  not  give  us  a  formula  for  the  roots, 
indicates  a  series  of  operations  by  which  we  may  find  these  roots, 
and  a  single  operation  will  often  shew  that  such  a  root  does  not 
exist. 

We  may  add  that  the  method  is  explained  in  Professor  Boole's 
Differential  Equations^  pages  219—222. 

476.  Minich.  An  article  on  the  present  subject  occurs  in 
Tortolini's  Annali  di  Scienze  Matematiche  e  Fisiche,  Vol.  1,  pages 
321—336.  1850.  The  article  is  said  to  be  an  extract  from  an 
unpublished  memoir.     The  article  is  divided  into  three  sections. 

In  the  first  section  Minich  proposes  to  exhibit  the  conditions 
which  ensure  that  a  function  shall  be  susceptible  of  repeated  inte- 
gration, under  a  simpler  form  than  the  well-known  form.  An 
example  will  give  a  clear  idea  of  Minich's  object.  Suppose  we 
have  an  expression  V  which  involves  x  and  y  and  the  differential 

coefficients  of  y  with  respect  to  x  up  to  -£, ;  and  let  the  partial 

dy      d'y     d^ 
differential  coefficients  of  F  with  respect  ^o  y,  -^y    ^»    ^^a 

and  g ,  be  denoted  by  N,  P,  (?,  R.  S  respectively.    Then  the 
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conditions  which  are  necessary  and  sufficient  in  order  that  V 
may  be  immediately  integraUe  four  times  in  succession  are  known 
to  be 

AT     ^^a.   ^_   ^   4-   ^-0 
^^~  dx^   <M         dx'   ^   dx'  ""' 

^      '^dx^^da?      ^  dx'      "' 

^         dx         d^ 

dx 

Minich  substitutes  for  this  system  the  following  more  simple 
system, 

/^-f-o.  ^^-^t">'  ^«-'S-»'  ^-4'-»- 

If  we  only  require  that  V  shall  be  immediately  integrable  three 
times  in  succession,  the  conditions  will  consist  of  the  first  three  of 
the  first  system  given  above ;  and  Minich  substitutes  for  them  the 
following, 

dR       d'8_ 
^-^l^^^d^-^- 

And  similarly  if  V  is  to  be  immediately  integrable  twice  in 
succession,  Minich  gives  the  two  conditions, 

dx         dx^         dx^ 
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Thus  in  every  case  the  last  condition  of  Minich's  system  is  the 
same  as  the  last  condition  of  the  ordinary  system,  and  the  other 
conditions  of  Minich's  system  are  simpler  than  the  conditions  of 
the  ordinary  system.  Minich  gives  a  general  investigation,  and 
shews  that  the  ordinary  system  can  be  deduced  from  his  system. 
He  does  not  shew  conversely  that  his  system  can  be  deduced  from 
the  ordinary  system ;  this  however  is  the  case,  and  it  can  be  easily 
verified  in  the  example  which  we  have  given. 

The  object  of  the  second  section  of  Minich's  article  may  be  seen 
from  an  example  which  occurs  in  it.  Suppose  we  require  the  con- 
dition which  must  hold  in  order  that  a  given  expression 

may  result  by  differentiating  an  expression  of  the  form  Pdx  +  Qdy, 
on  the  supposition  that  dx  and  dy  are  both  constant.  The  required 
condition  is  found  to  be 

dy^     dxdy      dx^ 

The  third  section  of  Minich's  article  relates  to  the  integration 
of  expressions  in  Finite  Differences.  Lacroix  intimates  that  Con- 
dorcet  was  the  first  to  consider  this  subject,  and  Lacroix  considers 
the  subject  more  curious  than  useful;  see  the  TraitS  du  Cole. 
Diff.  et  du  Calc.  Int.  Vol.  3,  page  311.  Minich  investigates  the 
condition  which  is  necessary  in  order  that  one  immediate  Finite 
Integration  may  be  possible.  Suppose  V  any  function  of  x,  y, 
%,  A^y, ...  A^^y ;  let  ^y  be  denoted  by  j?,,  and  A'y  by  j?^'  ^^^  so  on. 
Let  the  symbol  E  be  equivalent  to  1  +  A.  Then  the  necessary 
condition  is 

dy  dp^  df^  apn 

This  condition  may  also  be  put  in  another  form. 
Suppose  that  in  V  we  put  for  Ly,  A^, ...  their  values  in  terms 
^h^Vi^Vi^^  •••;  namely 

Ay =.y,  -  y .   ^"y  =  y.-  ^.y,  + .'/-  •  •  ■ 
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then  Fbecomes  a  ftinction  of  a?,  y,  y^,  y^^ ...  ^n-  The  condition  may 
now  be  expressed  thus, 

dy  dy^  dy^  dy^ 

In  this  form  of  the  condition  -t~  is  not  the  same  thing  as  was 

denoted  by  -r-  in  the  first  form  of  the  condition. 
^  dy 

Minich  then  briefly  indicates  the  conditions  necessary  in  order 
that  it  may  be  possible  to  effect  immediate  Finite  Integration  any 
number  of  times  in  succession ;  and  he  shews  that  the  system  of 
conditions  which  he  first  obtains  is  deducible  from  a  second  system 
which  is  more  simple,  so  that  this  part  of  the  third  section  is 
analogous  to  the  first  section. 

477.  In  Mr  Jellett's  treatise  on  the  Calculus  of  Variations  a 
chapter  is  devoted  to  the  present  subject.  The  ordinary  proof  by 
the  Calculus  of  Variations  of  the  necessity  and  sufficiency  of  the 
condition  of  integrability  is  given,  and  then  five  propositions  are 
discussed.  (1)  To  investigate  the  conditions  under  which  a  func- 
tion will  admit  of  immediate  integration  m  times  successively. 

(2)  To  find  the  form  of  the  function  V  in  order  that  1 1  Vdx  dy  may 

be  reduced  to  a  single  integral,  when  F  is  a  function  of  a?,  y,  ^,  p^ 
and  ^.     (3)  To  find  the  form  of  the  function   F  in  order  that 

1 1  Vdxdy  may  be  reducible  to  a  single  integral,  when  F  is  a  func- 
tion of  X,  y,  z,  p,  q,  r,  s,  and  t,  (4)  To  find  whether  it  is  possible 
to  represent  the  superficial  area  of  a  surface  by  any  such  formula  as 


r+ 


jJF{P,d,(l>)d0d(l>, 


where  F  is  a  quantity  referring  solely  to  the  limits  of  integration, 
P  is  the  perpendicular  from  the  origin  upon  the  tangent  plane,  and 
0  and  4>  ^^^  the  polar  angles  which  determine  the  position  of  this 
perpendicular.     (5)  Let  li  and  J?'  be  the  principal  radii  of  curvature 


CONDITIONS  OP  INTEGRABILITY.  521 

of  a  closed  surface,  P  the  perpendicular  on  the  tangent  plane,  and 
dm  the  element  of  the  spherical  surface  described  by  a  portion  of 
this  perpendicular  whose  length  is  equal  to  unity.    Theli 


[[{U  +  E)  cZo)  =  2  \\^^<^, 


the  integrals  being  extended  throughout  the  entire  of  the  closed 
surface. 

478.    A  memoir  On  some  points  of  the  Integral  Calculus  by 
Professor  De  Morgan  was  published  in  1851  in  the  second  part  of 
the  ninth  volume  of  the  Transactions  of  the  Cambridge  Philosophical 
Society,    The  fourth  section  of  the  Memoir  is  devoted  to  the  con- 
dition of  integrability  of  a  differential  expression.    After  the  memoir 
had  been  read  before  the  Society  Mr  De  Morgan  became  acquainted 
with  the  memoir  of  Sarrus,  which  we  have  noticed  in  Art.  466 ;  but 
as  Mr  De  Morgan's  copy  of  this  memoir  was  detached  from  the 
volume  to  which  it  belonged,  he  did  not  know  in  what  journal  it 
had  been  published,  and  made  a  wrong  conjecture.    Mr  De  Morgan 
says  with  respect  to  Sarrus's  memoir,  "  This  memoir  contains  the 
proof  here  given,  in  substance,  though  the  equations  on  which 
the  condition  is  founded  are  not  demonstrated.    It  is  singular  that 
M.  Bertrand  takes  no  notice  of  it,  except  to  observe  that  M.  Sarrus 
does  not  use  the  calculus  of  variations.     MM.  Cauchy  and  Moigno 
pass  it  over  altogether.     But  it  must  be  observed  that  M.  Sarrus 
establishes  only  the  necessity  of  the  condition,  and  does  not  esta- 
blish its   sufficiency,  except  when  the  equations  that  give  it  are 
presented  with  it."     The  statement  that  Sarrus  does  not  prove  the 
sufficiency  of  the  condition  is  incorrect.    By  "MM.  Cauchy  and 
Moigno"  is  meant  the  work  published  under  the  name  of  Moigno 
which  we  have  noticed  in  Art.  473.     It  is  not  obvious  what  is  meant 
by  the  remark  that   "  the  equations  on  which  the  condition  is 
founded  are  not  demonstrated." 

479.  There  is  a  very  good  elementary  discussion  of  the  subject 
in  Stegmann's  treatise  on  the  Calculus  of  Variations,^  pages 
118—132.  Stegmann  begins  by  remarking  that  the  equation  fur- 
nished by  the  Calculus  of  Variations  for  the  maximum  or  mmimum 
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of  an  integral  may  in  some  cases  be  impossible  and  in  some  cases 
identical.     An  instance  of  the  first  kind  is  supplied  by  endeavom-- 

ing  to  find  the  maximum  or  minimum  oi  j{xp-y)  dx.      Here  we 

should  obtain  as  the  condition  for  a  maximum  or  a  minimum 

-  1  -  _  a?  =  0,  that  is  -  2  =  0,  which  is  impossible.     In  fact  if  we 

dx 
transform  the  proposed  expression  to  polar  co-ordinates  we  find 

that  we  are  requiring  the  maximum  or  minimum  of  jr^dd,  and  it 

is  obvious  that  this  function  may  be  made  either  as  great  as  we 
please  or  as  small  as  we  please.  Stegmann  then  passes  on  to  the 
case  in  which  the  equation  becomes  an  identity,  and  this  leads  him 
to  discuss  the  condition  of  integrability.  He  proves  the  necessity 
of  the  condition  in  the  same  way  as  Sarrus,  and  the  sufficiency 
of  the  condition  in  the  same  way  as  Binet  in  Moigno's  work. 

Stegmann  makes  a  remark  on  his  page  123  which  we  will  give 
here.  Suppose  Vdx  a  perfect  difierential  of  u,  where  u  involves  x 
and  y  and  the  difibrential  coefficients  of  y  with  respect  to  x  up  to 

g.    Let  y.  stand  for  g.     Then 

^^     du     du  du       ,         ,    du 

,       ,       dV       d}u       d\       ,     d\       ^       .    d% 
therefore  -^=^^  +  ^y,+  ^^^2r,+  ...+^^__2/„«. 

Til       ^  —  A  ^ 
dy  ^  dxdy^ 

where  the  right-hand  member  means  the  complete  differential  co- 
efficient of  J-  with  respect  to  x. 

du      f  dV  J 
Therefore  ^^J^'^' 

that  is  1/^^^  =  /^^' 
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SO  that  if  Vdx  is  a  perfect  differential,  the  two  operations  of  com- 
plete integration  with  respect  to  x  and  partial  differentiation  with 
respdict  to  y,  may  be  performed  on  V  in  either  order. 

480.  We  will  close  this  chapter  by  giving  a  translation  of  the 
memoir  of  Sarrus  which  we  have  noticed  in  Art.  466,  and  also  an 
account  of  the  method  adopted  by  Bruun  which  we  have  noticed  in 
Art.  474. 

481.  The  present  article  is  a  translation  of  the  memoir  of 
Sarrus. 

The  investigation  of  the  conditions  of  integrability  of  differential 
functions  which  has  chiefly  engaged  Euler  and  Condorcet  constitutes 
one  of  the  most  important  branches  of  the  higher  analysis.  The 
method  of  variations  leads  very  simply  to  these  conditions,  but  the 
use  of  this  method  in  investigations  which  strictly  belong  to  the 
Integral  Calculus  seems  indirect,  and  moreover  it  does  not  assist 
us  in  arriving  at  the  integral  when  these  conditions  are  fulfilled. 

Euler  and  Condorcet  proved  satisfactorily  by  their  analysis 
that  the  conditions  which  they  obtained  are  necessary;  but  Lexell 
appears  to  be  the  first  who  without  using  any  considerations  foreign 
to  the  integral  calculus,  tried  to  demonstrate  that  these  conditions 
are  sufficient^  that  is,  that  they  assure  us  of  the  possibility  of  effect- 
ing the  integration,  which  is  the  important  point  in  the  theory 
{Novi  Comm Pet.  Vol.  xv).  Unfortunately,  as  Lagrange  re- 
marks, the  demonstration  of  Lexell  is  so  complicated  that  it  is 
difficult  to  judge  of  its  accuracy  and  its  generality. 

In  reflecting  on  this  subject  it  appears  to  us  that  the  processes 
of  the  differential  calculus,  strictly  so  called,  are  sufficient  by  them- 
selves to  lead  in  a  simple  manner  to  the  conditions  of  integrability 
and  to  the  demonstration  of  the  important  proposition  of  Lexell ; 
and  this  we  propose  to  shew  in  this  brief  memoir. 

In  all  that  follows  x  and  y  will  be  any  functions  of  a  third 
variable,  the  differential  of  which  we  shall  take  for  unity,  and  of 
any  number  of  constants.  For  abridgement,  we  shall  represent 
dx,d\d\..,  hyx,,x,,x,,,.,,mddy,d%d%..,hjy,,y,,y,,*.r, 
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P,  Pj,  Pjj,  Pg,  ...  will  be  any  functions  of  x,  «,,  x^,  oj,,  ... 
'^m-i,  y,  Vy,  y^,  y^,  —  y»-i,  and  their  differentials  will  be  re- 
spectively^, ^, ,  p^,  p^,... 

Thus  we  have  identically, 
dP        dP         dP 


^  =  ^'"'+^^^  +  ^/»  + 


.+ 


and  therefore 


dP^ 

dx^' 

dP 


dP         dP         dP      ,        ,    dP 


dy'^^dy.'^^dy. 


dy«. 


dx~     dx'   dx,        dx,      dx '   dx„        dx^     dx, ' ' 


dp        J  dP        dP       dp  _   dP 
flte^_j        aa;,^j     dx^_^     dx,^     ofo;,^, 


(1), 


dy        dy'  dy^        dy^     dy'  dy~    dy^'^ dy^'"   ' 


•'%* 


dp J  dP        dP       dp  _  dP 


dy,u.x      dy^ '   dy„     dy^ 


(2). 


From  the  first  of  these  systems  of  equations  we  obtain  by  succes- 

dP     dP 


sively  eliminating  the  differentials  of-^ ,   


dT      ^    dT       ' 


' '  JcCj '   dx 


dP  _  dp 


dx, 


dP 


cCx^ 


dp       ^dp 


dP  _   dp 


dx^ 


CLX^ 


-d^+d^^ 


dx^ 


dx^ 


dx' 


dx     dx^        dx^         dx^ 
0^±-d^  +  d^^-...Td-^-^±d-^ 


.(3). 
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The  last  of  these  equations  is  an  equation  of  condition  which 
must  be  satisfied  by  the  differential  'p  of  the  function  P. 

The  equations  (2)  treated  in  the  same  manner  give  a  similar 
system  to  (3),  namely 

dP       dp 


dP  _   dp        ^  dp 


dyn.2     dy^ 


%n 


dy     dy^        dy^         dy^       dy^ 


0  =  ^. 
dy 


dy^         dy, 


dy^^  -      dy^ 


(4). 


The  last  of  these  is  a  new  equation  of  condition  which  must  be 
satisfied  by  the  difierential  j?  of  the  function  P. 

Before  we  proceed  further  we  may  remark  that  if  P  is  a  function 


oiXi,x^^^,x^ 


i+i>  •^i+2' 


2(,  ^15  2^2'  •••  2^«-i»  ^^ly>  *h^*  is»  if  *^is  func- 


tion  does  not  contain  any  of  the  quantities  a?,  x^^  x^^ 
shall  have 

dP     ^      dP     ^     dP_^  dP 


^x, 


i-l> 


we 


^=^' 


dx^ 


dx. 


=  0, 


dp         r,  dp    _  ^^Q  _^  =  0- 

dx       '     dx,       '     dx,  dx,,, 

the  application  of  the  same  method  will  then  lead  to  the  results 

(5), 


.dP  ^dp^ 
dxi     dxi 


o=^-d 


dp 


dp 


dxi        dx,^ 


dx. 


■i+2 


dx^ 


.(6). 


This  remark  will  be  useful  to  us  in  the  sequel. 

When  we  are  sure  that  p  is  an  exact  differential  the  equations 
(3)  and  (4)  will  supply  the  simplest  means  for  obtaining  the  in- 
tegral P  by  quadratures  only.  But  we  have  now  to  prove  that  any 
differential  function  which  satisfies  identically  equations  (3)  and  (4} 
is  necessarily  an  exact  differential. 
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In  the  first  place  let  Ui  be  any  function  whatever  of 

subject  only  to  the  condition  of  satisfying  the  equation 

A,  =  ^-dp-  +  d^p-- ±d-^p (7), 

in  which  Ai  is  any  constant  quantity  whatever.   This  equation  may 
be  put  in  the  form 


dXi  [dx^^^        dx^^  dXi^^  dx„, 

and  hence  we  infer  that  since  the  first  member  does  not  involve 
difierentials  of  x  and  ?^  of  a  higher  order  than  x^,  y„,  the  part  of 
the  second  member  comprised  between  the  brackets  cannot  involve 
differentials  of  the  same  variables  of  a  higher  order  than  x^^^  and 
y^j  and  therefore  it  will  be  possible  to  find  a  function  P^  of  Xij 
Xi^,, ... ,  x^_„  y,  y^,  y^,  ... ,  y^^,  which  satisfies  the  equation 

dPj  _    dUj   ^   ,    dUj         ,2   ^^i   ___         -r  ^»H-i+i  .^ 

dx^'^  dx^^^         dx.^^         efe^+3      '"  dxj 

and  from  this  by  means  of  (5)  we  shall  have 

dxi        *         dxi         *      dxi^ 

and  therefore  «/i  =  A^«+i?»  +  ^i+i (8), 

where  t^,.^; denotes  a  function  of  or.^,,  x^^^,  ...,  x^,  y,  y^,  y^,...,yn, 
which  must  be  determined  in  a  suitable  manner.  Substitute  this 
value  of  Ui  in  (7),  and  observing  that  since  pf  is  an  exact  difi'erential 
we  have  by  (6) 

dxi        dx.^^         dx^^^     '"  dxj 

we  shall  find  after  reduction 

0^d^P^'-d'^'^^'-\'d'^--...Td^''^ 

and  therefore  by  integrating 
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d^ui        dx,^,         dx^^  ^  dx^  ' 

wliich  shews  that  u.^^  is  entirely  of  the  same  nature  as  %. 

Let  us  now  suppose  that  w  is  a  function  of  a;,  a; ,  a;  a- 

2^?  2^1?  2^2?  •••  J  2/**?  which  satisfies  the  condition 

du       T  du       ,„  du  ,     du 

dx        dx^         dx^  "■       dx^  ' 

by  operations  analogous  to  those  which  gave  us  equation  (8)  we 
shall  obtain 


u, 


u^^  =  A^^  x^^  +  p^j  +  ^^,^^ , 
u^=^A^x^      +i?,,,    +  F, 
r being  a  function  oiy,  y^,y^,  ...  ,y^  only. 
Add  these  equations  and  put  for  abridgement 

gi^A^x^-\'A^x^-VA^x^'\-...-\-A^x^ 

thus  t^  =  g'  +  r"j 

in  which  q^  is  evidently  an  exact  differential  because  each  of  the 
terms  of  which  it  is  composed  is  an  exact  differential. 

If  u  did  not  involve  y  and  its  differential  coefficients  y^^y^^ 
2^8?  •••?  y«j  the  function  which  we  have  represented  by  F would  be 
a  constant  and  therefore  zero,  otherwise  u  would  be  composed  of 
heterogeneous  terms,  which  can  never  be  the  case ;  thus  u  would 
then  be  an  exact  differential. 
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If  on  the  contrary  u  involves  y  and  its  differential  coefficients  ] 
Vv  ^2?  ya'  —  '  y«'  ^^*  ®^  *^^*  *^^  following  equation  is  identically  ^ 
satisfied, 

dy        dy^  dy^  dy^ 

the  function  Fmay  be  diflferent  from  zero;  but  by  substituting  in 
this  equation  the  value  of  u  just  given,  and  observing  that  since  g 
is  an  exact  differential  we  have 

dy         dy^         dy^  dy^ 

we  obtain,  by  reduction, 

^     dY      \dY  ^.,dY  ,jndY^ 

dy  dy^  dy^  dy„ 

from  this  we  conclude  as  before,  that  since  Y  only  involves  y  and 
its  differential  coefficients  y^,y^,y^,  ^^^  jVn,  this  function  Fis  neces- 
sarily an  exact  differential,  so  that  in  this  case,  as  in  the  preceding, 
u  is  still  an  exact  differential. 

In  order  to  simplify  the  question  we  have  supposed  that  all  the 
functions  involved  only  two  variables  x  and  y  and  their  differential 
coefficients ;  but  it  is  easy  to  see  that  the  question  would  not  be- 
come very  much  complicated  if  we  wished  to  consider  liiore  than 
two  variables,  and  that  moreover  the  conclusions  would  be  abso- 
lutely the  same. 

[It  would  perhaps  have  been  clearer  if  Sarrus  had  explicitly 
introduced  the  third  variable,  say  ^,  of  which  x  and  y  may  be  sup- 
posed functions ;  thus  in  his  value  of  p  we  should  add  a  term  on 

the  right  ~  ;  his  equations  (1)  and  (2)  would  still  hold.    His 

method  really  amounts  to  the  following;  let  Fbe  any  function  of 
x^  y^  t^  and  the  differential  coefficients  of  x  and  y  with  respect  to  t] 

then  suppose  1  Vdt  separated  into  two  parts,  first,  that  part  which 
would  arise  from  supposing  t  variable,  but  not  x,  y,  and  their  differ- 
ential coefficients,  secondly,  that  part  which  would  arise  from  regard- 
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ing  0?,  y  and  their  differential  coefficients  as  variables.  Then  the 
first  part  may  be  supposed  obtained  by  ordinary  explicit  integration, 
and  Sarrus  disregards  it. 

Dirksen's  process,  which  we  have  refeiTcd  to  in  Art.  471, 
resembles  that  of  Sarrus  in  this  respect;  both  in  fact  follow 
Condorcet's  method  as  given  by  Lacroix.] 

482.  We  will  now  give  an  account  of  the  method  adopted 
by  Bruun  which  we  have  noticed  in  Art.  474. 

Bruun  proves  the  necessity  of  the  condition  in  the  same  way  as 
it  is  usually  proved  in  works  on  the  Calculus  of  Variations.  His 
proof  of  the  sufficiency  of  the  condition  is  substantially  the  fol- 
lowing. Let  F  be  a  function  of  x  and  y  and  the  differential 
coefficients  of  y  with  respect  to  a?,  which  satisfies  the  condition  of 
integrability,  say  V  =-f{x,  y,  y',  y'\  ,..).  Change  y  into  y  +  %, 
and  let  Vi  denote  what  V  now  becomes,  so  that 

Vt  =f{x,  y  +  %,  y'  +  %',  y  +  %",  ...). 
Then  let  U—  \  Vtdx,  so  that 

dt  ~j    dt  '^^* 

Now  —7-*  will  consist  of  a  series  of  terms  which  we  may  de- 
dt 

note  by 

Uy  +  il%'  +  Nhf  +  Phf  -f-  . . . 

Apply  the  process  of  integration  by  parts  in  the  usual  manner 
of  the  Calculus  of  Variations,  and  we  shall  obtain 

dt  V  dx       d'j? 


+  ayfiV-f^+...) 


dx 

+V{i'- ) 

+ 


U    (r      dM  ^  d'N     d=P  ,       \  . 
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The  part  under  the  integral  sign  vanishes,  because  the  con- 
dition of  integrability  is  supposed  to  be  satisfied  with  respect  to 
f{x,y,y\y'\  ...)?  and  it  will  therefore  be  satisfied  when  y  is 
changed  into  y  +  %.     Thus  we  may  express  our  result  as  follows, 

-;^  =  %^(^,y+%,  y  +  %',  f-^tly\...) 
+  S^>i  (^,  y  +  %,  y  +  tly\  y''  +  %", . . .) 


+ 


Integrate  with  respect  to  t  from  j5  =  0  to  #=1;  then  the  left- 
hand  member  gives  us  U^—  U^,  so  that 

//(^,  y  +  Sy,  y  +  ¥.  y"  +  s/, .,.)  ^^ ~//K  y,  y,  3/",  •..)  ^^ 
=  I  jsy t  (^.  3^ + %,  y + %',  / + %", ...) 

+  %'  ti  (^.  3/  +  %,  3/'  4^  %',  2^"  +  %'', . . .) 
+  ¥'f.  i^,  y  +  tSy,  y'  +  %',  f  +  %", ...) 

+ \dU 

In  this  result  put  0  for  y  and  y  for  Sj^r ;  thus 

//(^,  3^.  y.  y,  •••)  dx^jf{x,  0,  0,  0,  ...)  Ja; 

=      ^Sy^fr  {x,  ty,  ty\  ty\  ...)  +¥  ti  (^.  <y.  ^3^',  ty\  ...) 

+  a/  f ,  (a?,  ^y,  ^/,  f/; ...)  + j  du 

This  is  in  fact  the  result  originally  obtained  by  Poisson ;  see 
Art.  96. 
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To  meet  a  widely  expressed  wish,  the  ARITHMETIC  was  published 
separately  from  the  lai^er  wark  in  18i4,  with  so  much  alteration  as  was 
necessary  to  make  it  quite  independent  of  the  ALGEBRA.  It  has  now  a 
large  and  increasing  sale  in  all  classes  of  Schools  at  home  andinthe  Colonies. 
Avery  copious  collection  of  Examples,  under  each  rule,  has  been  embodied 
in  the  work  in  a  systematic  order,  and  a  Collection  of  Miscellaneous  Papers 
in  all  branches  of  Arithmetic  have  been  appended  to  the  book. 

The  EXERCISES  have  been  published  in  order  to  give  the  pupil 
examples  of  every  rule  in  Arithmetic,  and  they  have  been  carefully  com- 
piled from  the  latest  University  and  School  Examination  Papers. 
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This  work  contains  all  the  propositions  which  are  usually  included 
in  elementary  treatises  on  Algebra,  and  a  large  number  of  Examples 
for  Exercise.  The  author  has  sought  to  render  the  work  easily  intelligible 
to  students  without  impairing  the  accuracy  of  the  demonstrations,  or 
conlaracting  the  limits  of  the  subject.  The  examples  have  been  selected 
with  a  view  to  illustrate  every  part  of  the  subject,  and  as  the  number 
of  them  is  about  sixteen  hunted  and  fifty ^  it  is  hoped  they  will  supply 
ample  exercise  for  the  student.  Each  set  of  examples  has  been  careMly 
airanged,  commencing  with  very  simple  exercises,  and  proceeding 
gradually  to  those  which  are  less  obvious. 
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St.  Jolm's  College,  Cambridge. 

Paet  I.     Crown  8vo.  clotli.     3s.  (yd. 

This  work  forms  the  first  part  of  a  Treatise  on  Arithmetic,  in  which 
the  Author  has  endeavoured,  from  very  different  principles,  to  Explain  in 
a  full  and  satisfactory  manner  all  the  important  processes  in  that  subject. 

The  proofs  have  in  all  cases  been  given  in  a  form  entirely  arithmetical : 
for  the  author  does  not  think  that  recourse  ought  to  be  had  to  Algebra 
until  the  arithmetical  proof  has  become  hopelessly  long  and  perplexing. 

At  the  end  of  every  chapter  several  examples  have  been  worked  out  at 
length,  carefully  pointing  out  the  best  practical  method  of  operation. 
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The  object  aimed  at  by  the  Compiler  of  this  Manual  is  to  bring  before 
jtmior  students  so  much  of  the  Theory  of  Arithmetic  as  may  be  fairly  ex- 
pected of  them,  and  to  present  it  in  such  a  form  that  the  study  of  the 
Science  may  become  to  some  extent  a  mental  framing.  It  is  rather  a 
Grammar  of  Arithmetic  than  a  treatise  on  that  subject,  and  should  for 
the  most  part  be  committed  to  memory.  It  will  be  found  well  adapted 
for  vivd  voce  examination,  and  enable  candidates  to  prepare  themselves 
for  the  Local  University  Examination.  The  Definitions  are  briefly  and 
carefully  worded.  Each  rule  is  stated  so  as  to  include  the  proof  of  it 
where  tnis  was  possible. 


PLANE    TRIGONOMETEY. 

FOR  SCHOOLS  AND  COLLEGES. 

By  L  TOBEUNTER,  M,A. 

Second  Ebition.    Crown  8vo.  279  pp.  (i860),  strongly  bound 
in  clotli.  5s. 

The  design  of  tMs  work  lias  been  to  render  the  subject  intelli- 
gible to  beginners,  and  at  the  same  time  to  afford  the  student  the 
opportunity  of  obtaining  all  the  information  which  he  will  require  on 
this  branch  of  Mathematics.  Each  chapter  is  followed  by  a  set  of 
examples;  those  which  are  entitled  Miscellaneous  Examples^  together 
with  a  few  in  some  of  the  other  sets,  may  be  advantageously  reserved 
by  the  student  for  exercise  after  he  has  made  some  progress  in  the 
subject.  As  the  Text  and  Examples  of  the  present  work  have  been  tested 
b^  considerable  experience  in  teaching,  the  hope  is  entertained  that  they 
will  be  suitable  for  imparting  a  sound  and  comprehensive  knowledge  of 
Plane  Trigonometry,  together  with  readiness  in  the  application  of  this 
knowledge  to  the  solution  of  problems.  In  the  Second  Edition  the  hints 
for  the  solution  of  the  Examples  have  been  considerably  increased. 


SPHEBICAL    TRIGONOMETRY 

FOR   THE  USE    OF    COLLEGES   AND    SCHOOLS. 

By  L  TOBHUNTER,  M.A. 

U2  pp.  Crown  8vo.  (1859),  strongly  bound  in  clotli.    4*.  6d. 

This  work  is  constructed  on  the  same  plan  as  the  Treatise  on  Plane 
Trigon6metry,  to  which  it  is  intended  as  a  sequel.  Considerable  labour 
has  been  expended  on  the  text  in  order  to  render  it  comprehensive  and 
accurate,  and  the  Examples,  which  have  been  chiefly  selected  from 
University  and  College  Papers,  have  aU  been  carefully  verified. 


PLANE     TRIGONOMETEY. 

An  Elementary  Treatise. 

WITH  A  NUMEKOTJS   COLLECTION  OF  EXAMPLES. 

By  R.  B,  BEASLEY,  M.A, 

Head  Master  of  Grantham  School. 

106  pp.  (1858),  strongly  bound  in  cloth.     3«.  6d, 

This  Treatise  is  specially  intended  for  use  in  Schools.  The  choice  of 
matter  has  heen  chiefly  guided  by  the  requirements  of  the  three  days* 
Examination  at  Cambridge,  with  the  exception  of  proportional  parts  in 
logarithms,  which  have  been  omitted.  About  four  hundred  examples 
have  been  added,  mainly  collected  from  the  Examination  Papers  of  the 
last  ten  years,  and  great  pains  have  been  taken  to  exclude  from  the  body 
of  the  work  any  wmch  might  dishearten  a  beginner  by  their  difficulty. 


PLANE    AND    SPHERICAL 
TRIGONOMETRY. 

WITH    THE    CONSTRUCTION   AND    USE   OF   TABLES    OF 
LOGARITHMS. 

By  J.  0.  SNOWBALL,  M.A. 

Late  Fellow  of  St.  John's  College,  Cambridge. 

Ninth  Edition.      240  pp.  (1857).  Crown  8vo.     75.  6d, 

In  preparing  a  new  edition,  the  proofs  of  some  of  the  more  im- 
portant propositions  have  been  rendered  more  strict  and  general ;  and 
a  considerable  addition^  of  more  than  two  hundred  examples,  taken 
principally  from  the  questions  in  the  Examinations  of  Colleges  and  the 
University,  has  been  made  to  the  collection  of  Examples  and  Problems 
for  practice. 


ELEMENTARY    TREATISE    ON 
MECHANICS. 

"WITH  A  COLLECTION  OF  EXAMPLES. 

By  S.  PARZimON,  B.D. 

Fellow  and  Praelector  of  St.  Jolm's  College,  Cambridge. 

Second  Edition".    345  pp.  (1861).    Crown.  8vo.  clotli.   95.6^. 

The  Author  has  endeavoured  to  render  the  present  volume  suitable  as 
a  Manual  for  the  junior  classes  in  Universities  and  the  higher  classes  in 
Schools.  With  this  object  there  have  been  included  in  it  those  portions  of 
theoretical  Mechanics  which  can  be  conveniently  investigated  without 
the  Differential  Calculus,  and  with  one  or  two  short  exceptions  the 
student  is  not  presumed  to  require  a  knowledge  of  any  branches  of 
Mathematics  beyond  the  elements  of  Algebra,  Geometry  and  Trigo- 
nometry. A  collection  of  Problems  and  Examples  has  been  added, 
chiefly  taken  from  the  Senate-House  and  College  Examination  Papers — 
which  will,  it  is  trusted,  be  found  useful  as  an  exercise  for  the  student. 
In  the  Second  Edition  several  additional  propositions  have  been  incorpo- 
rated in  the  work  for  the  purpose  of  rendering  it  more  complete,  and  the 
Collection  of  Examples  and  Problems  has  been  largely  increased. 


ELEMENTARY    HYDROSTATICS. 

WITH    KUMEROUS   EXAMPLES    AKD    SOLIJTIONS. 

By  J,  B,  FEEAR,  M.A. 

Fellow  and  late  Mathematical  Lecturer  of  Clare  College. 

Second  Edition.     156  pp.  (1857).  Crown  8vo.  cloth.     5s.  6d. 

"An  excellent  Introductory  Book.  The  definitions  are  very  clear; 
the  descriptions  and  explanations  are  sufficiently  full  and  intelligible ;  the 
Investigations  are  simple  and  scientific.  The  examples  greatly  enhance 
its  value.*' — English  Joubnal  of  Edtjcation. 

This  Edition  contains  147  Examples,  and  solutions  to  all  these  ex- 
amples are  given  at  the  end  of  the  book. 


ANALYTICAL     STATICS. 

WITH  mJMEROUS  EXAMPLES. 
By  L  TOBHVNTER,  M.A, 

Second  Edition.   330  pp.  (1858).   Crown  8vo.  cloth.    io«.  6d, 

In  this  work  will  be  found  all  the  propositions  which  usuaUjr  appear 
in  treatises  on  Theoretical  Statics.  To  the  different  chapters  Examples 
are  appended,  which  have  been  principally  selected  from  the  University 
and  College  Examination  Papers ;  these  will  furnish  ample  exercise  in 
the  application  of  the  principles  of  the  subject 

DYNAMICS.     A  Treatise. 

By  W.  P.  WILSON,  M.A. 

Professor  of  Mathematics  in  the  University  of  Melbourne. 

176  pp.  (1850).      8vo.     gs.  6d. 

This  Treatise  contains  the  fundamental  principles  of  the  science,  with 
their  application  to  the  motion  of  particles  and  to  the  simpler  cases  of  the 
motion  of  bodies  of  finite  magnitude. 


DYNAMICS    OF    A    PARTICLE. 

WITH  NUMEROUS  EXAMPLES. 

By  P.  G,  TAIT,  M.A,,  and  W.  J,  STEELE,  B.A. 

Late  Fellows  of  St.  Peter's  College,  Cambridge. 

304  pp.  (1856).     Crown  8vo.  cloth.     105.  6d. 

In  this  Treatise  will  be  found  all  the  ordinary  propositions  connected 
with  the  Dynamics  of  Particles  which  can  be  conveniently  deduced 
without  the  use  of  D'Alembert'a  Principles.  Throughout  the  book  wiU 
be  found  a  number  of  illustrative  Examples  introduced  in  the  text,  and 
for  the  most  part  completely  worked  out ;  others,  with  occasional  solutions 
or  hints  to  assist  the  student,  are  appended  to  each  Chapter. 
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A   TREATISE    ON   ATTRACTIOKTS, 

LA   PLACE'S   FUNCTIONS  AND 

THE     PiaXJRE      OF      THE      EARTH. 

By  J,  m  PRATT,  M.A. 

Archdeacon  of  Calcutta,  late  Fellow  of  GonviUe  and  Caius  College, 
Cambridge. 

Crown  8yo.  126  pp.  (i860),    cloth.     Ss.  6d. 

In  tlie  present  Treatise  the  author  has  endeavoured  to  supply  the  want 
of  a  work  on  a  subject  of  great  importance  and  high  interest — La  Place's 
Coefficients  and  Functions  and  the  calculation  of  the  Figure  of  the  Earth 
by  means  of  his  remarkable  analysis.  No  student  of  the  higher  branches 
of  Physical  Astronomy  should  be  ignorant  of  Laplace's  analysis  and  its 
resul1>--**a  calculus,"  says  Airy,  "the  most  singular  in  its  nature  and  the 
most  powerful  in  its  application  that  has  eyer  appeared." 


DYNAMICS    OF    A    SYSTEM    OF    RIGID 
BODIES. 

WITH  NtJMEROUS  EXAMPLES. 

%   EDWARD  JOEW  ROUTE,   M.A. 

Fellow  and  Assistant  Tutor  of  St.  Peter's  College,  Cambridge. 

336  pp.  (i860).     Crown  8vo.  cloth,     los.  6d. 


The  numerous  Examples  which  will  be  found  at  the  end  of  each 
chapter  have  been  chiefly  selected  from  the  Examination  Papers  set  in 
the  tJniTersity  and  Colleges  of  Cambridge  during  the  last  few  years. 
Contents  :  Chap.  I.  Of  Moments  of  Inertia. — II.  D'Alembdrt's  Prin- 
ciple.— III.  Motion  about  a  Fixed  Axis. — IT.  Motion  in  Two  Bimen- 
sions. — Y.  Motion  of  a  Eigid  Body  in  Three  Dimensions. — ^VI.  Motion 
of  a  Flexible  String.— VII.  Motion  of  a  System  of  Eigid  Bodies.— YIII». 
Of  Impulsive  Forces. — IX.  Miscellaneous  Examples. 


A    TREATISE    ON    OPTICS. 

By  8,  PARKINS  ON,  B.D. 

Fellow  and  Assistant  Tutor  of  St.  JoWs  College,  Cambridge. 

304  pp.  (1859).     Crown  8yo.     ios.  6d, 

The  present  work  may  be  regarded  as  a  new  edition  of  the  Treatise  on 
Optics,  by  the  Eev.  W.  N.  Griffin,  which  being  some  time  ago  out  of 
print,  was  very  kindly  and  liberally  placed  at  my  disposal  by  the  author. 
The  author  has  freely  used  the  liberty  accorded  to  him,  and  has  rearranged 
the  matter  with  considerable  alterations  and  additions— ^especially  m  those 
parts  which  required  more  copious  explanation  and  illustration  to  render 
the  work  suitable  for  the  present  course  of  reading  in  the  University. 
A  collection  of  Examples  and  Problems  has  been  appended,  which  are 
sufficiently  numerous  and  varied  in  character  to  afford  an  useful  exercise 
for  the  student :  for  the  greater  part  of  them  recourse  has  been  had  to 
the  Examination  Papers  set  in  the  University  and  the  several  Colleges 
during  the  last  twenty  years. 

Subjoined  to  the  copious  Table  of  Contents  the  author  has  ventured  to 
indicate  an  elementary  course  of  reading  not  unsuitable  for  the  require- 
ments of  the  First  Three  Days  m  the  Cambridge  Senate  House  Ex- 
aminations. 


GEOMETRICAL    TREATISE    ON    CONIC 
SECTIONS. 

WITH   A   COPIOUS    COLLECTION    OF   EXAMPLES. 

By  W.  H,  BBUJF,  M.A, 

Second   Master    of  Blackheath    School. 

121  pp.  (1857).     Crown  8vo.  clotli.     4s.  6d. 

In  this  work  the  subject  of  Conic  Sections  has  been  placed  before 
the  student  in  such  a  form  that,  it  is  hoped,  after  mastering  the  ele- 
ments of  Euclid,  he  may  find  it  an  easy  and  interesting  continuation  of 
his  geometrical  studies.  With  a  view  also  of  rendering  the  work  a  com- 
plete Manual  of  what  is  required  at  the  Universities,  there  have  been 
either  embodied  into  the  text,  or  inserted  among  the  examples,  every 
book- work  question,  problem,  and  rider,  which  has  been  proposed  in  the 
Cambridge  examinations  up  to  the  present  time. 
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A   TEEATISE    01^ 
PLANE    CO-ORDINATE    GEOMETRY 

AS    APPLIED    TO   THE    STEAIGHT   LINE    AND    THE 
CONIC   SECTIONS; 

%  /.  TOBEUNTUR,  M.A, 

Second  Edition.  316  pp.  (1858).    Crown  8vo.  clotli.    105.  6d, 

This  Treatise  exhibits  the  subject  in  a  simple  maimer  for  the  benefit  of 
beginners,  and  at  the  same  time  includes  in  one  yolume  all  that 
students  usually  require.  In  addition,  therefore,  to  the  propositions 
which  haye  always  appeared  in  such  treatises,  the  methods  of  abridged 
notation,  which  are  of /more  recent  origin,  have  been  introduced ;  these 
methods,  which  are  of  a  less  elementary  character  than  the  rest  of  the 
work,  are  placed  in  separate  chapters,  and  may  be  omitted  by  the  student 
at  first.  The  Examples  at  the  end  of  each  chapter  will,  it  is  hoped,  furnish 
sufficient  exercise,  as  they  have  been  carefully  selected  with  the  view  of 
illustrating  the  most  important  points,  and  have  been  tested  by  repeated 
experience  with  pupils. 


EXAMPLES    OF    ANALYTICAL 
GEOMET,RY    OF     THREE     DIMENSIONS, 

Collected  ly  L  TOBJBLUNTER,  M.A. 

76  pp.  (1858).     Crown  8to.  clotli.     4s. 

A  coEection  of  examples  in  illustration  of  Analytical  Geometry  of 
Three  Dimensions  has  long  been  required  both  by  students  and  teacners, 
and  the  present  work  is  published  with  the  view  of  supplying  the  want. 
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CONIC    SECTIONS    AND    ALGEBRAIC 
GEOMETRY, 

WITH  NUMEROUS   EASY  EXAMPLES   PROGRESSIVELY 
ARRANGED. 

By    G.   m    PUCKLU,    M.A. 

Principal  of  Windermere  College. 

Second  Edition.  264  pp.  (1856).     Crown  8yo.     ']s,6d. 

This  book  has  been  written  with  special  reference  to  those  difficulties 
and  misapprehensions  which  commonly  beset  the  student  when  he  com- 
mences. With  this  object  in  view,  the  earlier  part  of  the  subject  has  been 
dwelt  on  at  length,  and  geometrical  and  numerical  illustrations  of  the 
analysis  have  been  introduced.  The  Examples  appended  to  each  section 
are  mostly  of  a  very  elementary  description.  The  work  will,  it  is  hoped, 
be  foimd  to  contain  all  that  is  required  by  the  upper  classes  of  schools 
and  by  the  generality  of  students  at  the  Universities,  and  will  also  serve 
as  a  preparation  for  such  as  may  wish  to  study  more  extensive  modern 
treatises. 


THE  DIFFERENTIAL  CALCULUS. 

By  L  TOBEUNTER,  M.A, 

Third  Edition,  3^8  pp.  (i860)  Crown  8vo.  clotli,  los.  6d, 

This  work  is  intended  to  exhibit  a  comprehensive  view  of  the  Differ- 
ential Calculus  on  the  method  of  Limits.  In  the  more  elementary 
portions,  explanations  have  been  given  in  considerable  detail,  with  the  hope 
that  a  reader  who  is  without  the  assistance  of  a  tutor  may  be  enabled  to 
acquire  a  competent  acquaintance  with  the  subject.  More  than  one  in- 
vestigation of  a  theorem  has  been  frequently  given,  because  it  is  believed 
that  the  student  derives  advantage  from  viewing  the  same  proposition 
under  different  aspects,  and  that  in  order  to  succeed  in  the  examinations 
which  he  may  have  to  undergo,  he  should  be  prepared  for  a  considerable 
variety  in  the  order  of  arranging  the  several  branches  of  the  subject,  and 
for  a  corresponding  variety  in  the  mode  of  demonstration. 
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THE    INTEGEAL    CALCULUS    AND    ITS 
APPLICATIONS. 

%  L  TOJDHUNTER,  M.A. 

268  pp.  (1857).     Crown  8vo.  cloth.     los.  6d. 

In  writing  the  present  Treatise  on  the  Integral  Calculus,  the  object  has 
been  to  produce  a  work  at  once  elementary  and  complete — adapted  for  the 
use  of  beginners,  and  sufficient  for  the  wants  of  advanced  students.  In 
the  selection  of  the  propositions,  and  in  the  mode  of  establishing  them, 
the  author  has  endeavoured  to  e^ibit  fully  and  clearly  the  principles  of 
the  subject,  and  to  illustrate  all  their  most  important  results.  In  order 
that  the  student  may  find  in  the  volume  all  that  he  requires,  a  large 
collection  of  Examples  for  exercise  has  been  appended  to  the  different 
chapters. 

DIFFERENTIAL    EQUATIONS. 

%  GEORGE  BOOLE,  B.C.L. 

Professor  of  Mathematics  in  the  Queen's  University,  Ireland. 
468  pp.  (1859).     Crown  8vo.  cloth.     14s. 

The  Author  has  endeavoured  in  this  treatise  to  convey  as  complete  an 
account  of  the  present  state  of  knowledge  on  the  subject  of  the  Differential 
Equations  as  was  consistent  with  the  idea  of  a  work  intended,  primarily, 
for  elementary  instruction.  The  object  has  been  first  of  all  to  meet  the 
wants  of  those  who  had  no  previous  acquaintance  with  the  subject,  and 
also  not  quite  to  disappoint  others  who  might  seek  for  more  advanced 
information.  The  earlier  sections  of  each  chapter  contain  that  kind  of 
matter  which  has  usually  been  thought  suitable  for  the  beginner,  while 
the  latter  ones  are  devoted  either  to  an  account  of  recent  discovery,  or  to 
the  discussion  of  such  deeper  questions  of  principle  as  are  likely  to 
present  themselves  to  the  reflective  student  in  connection  with  the  methods 
and  processes  of  his  previous  course. 

The  CALCULUS  of  FINITE  DIFFERENCES 

%  OJEOEGE  BOOLE,  B.CX, 

248  pp.  (i860).    Crown  8vo.  cloth.     los.  6e?. 

In  this  work  particular  attention  has  been  paid  to  the  connexion  of  the 
methods  with  those  of  the  Differential  Calculus — a  connexion  which  in 
some  instances  involves  far  more  than  a  merely  formal  analogy.  The 
work  is  in  some  measure  designed  as  a  sequel  to  the  Author's  Treatise  on 
differential  EquationSf  and  it  has  been  composed  on  the  same  plan. 
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SENATE-HOUSE    MATHEMATICAL 
PROBLEMS. 

WITH     SOLUTIONS. 

1848-51.     By  FERRERS  and  JACKSON.     8vo.     15s.  6d, 
1848-51.     (Riders).     By  JAMESON.     8vo.     7*.  6d, 
1854.    By  WALTON  and  MACKENZIE.     8vo.     IQs.  ed. 
1857.    By  CAMPION  and  WALTON.     8vo.     8s.  6d. 
1860.     By  ROUTH  and  WATSON.    Crown  8vo.     7^.  Sd, 

The  above  books  contain  Problems  and  Examples  which  have  been  set 
in  the  Cambridge  Senate-honse  Examinations  at  various  periods 
during  the  last  twelve  years,  together  with  Solutions  of  the  same, 
and  will  afford  Teachers  and  Students  who  are  living  at  a  distance 
from  the  University  a  better  idea  of  the  nature  of  the  Studies  and  the 
best  methods  of  pursuing  them  than  anything  else  would.  The 
Solutions  are  in  all  cases  given  either  by  the  Examiners  themselves  or 
under  their  sanction. 

A     COLLECTION     OF     MATHEMATICAL 
PROBLEMS    AND    EXAMPLES. 

WITH   ANSWERS. 

Bt/   H.  A,    MORGAN,   M.A. 

Fellow  of  Jesus  College,  Cambridge. 
190  pp.  (1858).     Crown  8yo.     6s,  6d, 

This  book  contains  a  number  of  problems,  chiefly  elementary,  in  the 
Mathematical  subjects  usually  read  at  Cambridge.  They  have  been 
selected  from  the  papers  set  during  late  years  at  Jesus  College.  Yery 
few  of  them  are  to  be  met  with  in  otner  collections,  and  by  far  the 
larger  number  are  due  to  some  of  the  most  distinguished  Mathematicians 
in  9ie  University, 

MATHEMATICAL     TRACTS 

ON  THE  LUNAR  AND  PLANETARY  THEORIES,  FIGURE 
OF  THE  EARTH,  THE  UNDULATORY  THEORY  OF 
OPTICS,  &c. 

By  the  ASTRONOMER  ROYAL,  G,  B.  Aim,  M.A. 

Fonrtli  Edition.     400  pp.  (1858).     8vo.     15*. 
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THEORY     of     ERRORS      of     OBSERVA- 
TIONS   AND    THE    COMBINATION 
of    OBSERVATIONS. 

By  the  ASTRONOMER  ROYAL,  G.  B.  Aiey,  M.A. 

103  pp.  (1861).     Crown.  8vo.     6s.  6d. 

In  order  to  spare  astronomers  and  observers  in  natural  philosophy 
the  confusion  and  loss  of  time  which  are  produced  by  referring  to  the 
ordinary  treatises  embracing  both  branches  of  Probabilities,  the  author 
has  thought  it  desirable  to  ^aw  up  this  work,  relating  only  to  Errors  of 
Obserration,  and  to  the  rules  derivable  from  the  consideration  of  these 
Errors,  for  the  Combination  of  the  Results  of  Observations.  The  Author 
has  thus  also  the  advantage  of  entering  somewhat  more  fully  into  several 
points  of  interest  to  the  observer,  than  can  possibly  be  done  in  a  General 
Theory  of  Probabilities. 

THE  CONSTRUCTION  OP 
WROUGHT-IRON    BRIDGES. 

EMBRACING     THE     PRACTICAL     APPLICATION     OF     THE 

PRINCIPLES  OF  MECHANICS  TO  WROUGHT-IRON 

GIRDER-WORK. 

By  eJ.  HERBERT  LATHAM,  M.A.,   Civil  Engineer, 

**  The  great  merit  of  this  book  is  that  it  deals  with  practice  more  than 
theory.  All  the  calculations  in  the  book  connected  with  the  strength  of 
girders  are  based  upon  their  actual  application  which  abounds  in  practical 
investigations  into  girder- work  in  all  its  bearings,  and  will  be  welcomed  as 
one  of  the  most  valuable  contributions  yet  made  to  this  important  branch  of 
mgineermg. '  *  — Athen  jeum. 

HISTORY  OF  THE  PROGRESS  OP 
THE     CALCULUS    OF    VARIATIONS 

DURING  THE  NINETEENTH  CENTURY. 
By  I.  TODHUNTER,  M.A. 

FeRow  and  Principal  Mathematical  Lecturer  of  St.  John's  Coll.  Camb. 

It  is  of  importance  that  those  who  wish  to  cultivate  any  subject  may 
be  able  to  ascertain  what  results  have  already  been  obtained,  and  thus 
reserve  their  strength  for  difficulties  which  have  not  yet  been  conquered. 
And  those  who  merely  desire  to  ascertain  the  present  state  of  a  subject 
without  any  purpose  of  original  investigation  will  often  find  that  the 
study  of  the  past  history  of  that  subject  assists  them  materially  in  ob- 
taining a  sound  and  extensive  knowledge  of  the  condition  whicn  it  has 
attained.  The  Author  has  endeavoured  in  this  work  to  ascertain  distinctly 
what  has  been  effected  in  the  Progress  of  the  Calculus,  and  to  form  some 
estimate  of  the  manner  in  which  it  has  been  effected :  accordingly,  unless 
the  contrary  is  distinctly  stated,  it  may  be  assumed  that  any  treatise  or 
memoir  relating  to  the  Calculus  of  Variations  which  is  described  in  this 
work  has  undergone  thorough  examination  and  study. 
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HELP    TO    LATIN    GRAMMAR. 

WITH    EASY    EXERCISES,    BOTH   ENGLISH    AND    LATIN, 
QUESTIONS  AND  VOCABULARY. 

By  J.   WRIGST,  M.A. 

Head  Master  of  Sutton  Coldfield  ScliooL 

175  pp.  (1855).     Crown  8^vo.  cloth.     45.  6d. 

"This  book  aims  at  helping  the  learner  to  overstep  the  threshold 
difficulties  of  the  Latin  Grammar;  and  never  was  there  a  better  aid 
offered  alike  to  teacher  and  scholar  in  that  arduous  pass.  The  style  is  at 
once  familiar  and  strikingly  simple  and  lucid ;  and  the  explanations  pre- 
cisely hit  the  difficulties,  and  thoroughly  explain  them.  It  will  also 
much  facilitate  the  acquirement  of  English  Grammar." — ^English  Journal 
OF  Education. 


THE    SEVEN    KINGS    OF    ROME. 

A  FIRST  LATIN  READING  BOOK,  ABRIDGED  FROM  LIVY, 
BY  THE  OMISSION  OF  DIFFICULT  PASSAGES,  WITH 
NOTES  AND  INDEX. 

By  J,    WEIGJST,  M.A. 

Second  Edition.     138  pp.  (1857).     Fcap.  8vo.  cloth.     35. 

This  work  is  intended  to  supply  the  pupil  with  an  easy  Construing-book, 
which  may,  at  the  same  time,  be  made  the  vehicle  for  instructing  him  in 
the  rules  of  granmiar  and  principles  of  composition.  These  branches  of 
the  study  of  Latin  seem  to  the  author  to  have  hithertq  been  kept  too  much 
apart.  Boys  have  construed  their  Delectus,  or  Eutropius,  or  Nepos,  and 
have  gone  elsewhere  for  their  grammatical  exercises.  Nor  can  this  be 
wondered  at.  An  educated  man  must  feel  positively  ashamed  of  taking 
his  pupils  away  from  our  good  English  authors,  and  setting  before  him 
instead  a  Delectus  or  Eutropius.  He  therefore  skims  over  them  as 
lightly,  and  escapes  from  them  as  quickly  as  possible,  and  has  recourse 
for  liis  composition  lesson  to  one  of  the  many  exercise-books  which 
swarm  from  our  educational  press.  To  remedy  these  evils  this  book 
has  been  published.  Here  Livy  teUs  his  own  pleasant  stories  in  his  own 
pleasant  words.  What  is  omitted,  is  that  which  no  one  can  wish 
a  beginner  to  learn,  and  which  may  be  better  learnt  elsewhere.  Let 
Livy  be  the  master  to  teach  a  boy  Latin,  not  some  English  collector  of 
sentences,  and  he  will  not  be  found  a  dull  one. 
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VOCABULARY    AND    EXERCISES 
ON    ''THE    SEVEN    KINGS    OF    ROME.'* 

94  pp.  (1857).     Crown  8vo.  clotli,     2s.  6d. 

The  Yocabulary  is  puMished  apart  from  the  Text  in  order  to  suit  the 
views  of  those  who  prefer  their  pupils  to  consult  a  general  dictionary. 
As  the  aim  of  the  Text  is  to  teach  the  elements  of  grammar,  so  the 
Exercises  are  intended  to  test  the  pupil's  knowledge  of  grammar.  Indeed 
there  is  hardly  an  ordinary  Latin  construction  wluch  is  not  illustrated  in 
the  text,  explained  in  the  notes,  and  proved  in  the  exercises. 


HELLENICA. 
A   First    Greek   Reading   Book, 

FROM  DIODORUS  AND  THUCYDIDES.     WITH  YOCABULARY. 

Bi/  J.   WEIGHT,  M,A. 

Author  of  "A  Latin  Granmiar." 

Second  Edition.    150  pp.  (185 1),     Fcap.  8yo.  clotli.    ^s.  6d. 

In  the  last  twenty  chapters  of  this  volume,  Thucydides  sketches  the 
rise  and  progress  of  the  Athenian  Empire  in  so  clear  a  style  and  in  such 
simple  language,  that  the  author  doubts  whether  any  easier  or  more 
instructive  passages  can  be  selected  for  the  use  of  the  pupil  who  is 
commencing  Greek. 


A    FIRST    LATIN    CONSTRXJING    BOOK. 

Btf  UDJFAED    THRINQ,   M,A. 

Head  Master  of  Uppingham  School. 

104  pp.  (1855).     reap.  8vo.     25.  6d. 

This  Construing  Book  is  drawn  up  on  the  same  sort  of  graduated  scale 
as  the  Author's  English  Grammar.  Passages  out  of  the  best  Latin  Poets 
are  gradually  built  up  into  their  perfect  shape.  The  few  words  altered,  or 
inserted  as  the  passages  go  on,  are  printed  in  Italics.  It  is  hoped  by 
this  plan  that  the  learner,  whilst  acquiring  the  rudiments  of  language, 
may  store  his  mind  with  good  poetry  and  a  good  vocabulary. 
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JTJVENAIi. 

WITH  ENGLISH  NOTES. 
By  JOSN  E,  B.  MAYOR,  M.A. 

Fellow  and  Classical  Lecturer  of  St.  Jolrn's  College,  Cambridge. 

464  pp.  (1854).     Crown  8vo.  cloth.     105.  6d. 

"A  School  edition  of  Juvenal,  which,  for  really  ripe  scholarship, 
extensive  acquaintance  with  Latin  literature,  and  familiar  knowledge  with 
Continental  criticism,  ancient  and  modem,  is  unsurpassed,  we  do  not  say 
among  English  School-books,  but  among  English  editions  generally."— 
Edinburgh  Review. 

CICERO'S    SECOND    PHILIPPIC. 

WITH  ENGLISH  NOTES. 
By  JOKN  E,  B,  MAYOR,   M.A, 

168  pp.  (186 1 ).     Fcp.  8vo.  cloth.     5s. 

The  Text  is  that  of  Halm's,  2nd  edition  (Leipsig,  Weidmann,  1858), 
with  some  corrections  from  Madvig's  4th  Edition  (Copenbagen,  1858). 
Halm's  Introduction  has  been  closely  translated,  with  some  additions.  His 
notes  have  been  curtailed,  omitted,  or  enlarged,  at  discretion ;  passages 
to  which  he  gives  a  bare  reference,  are  for  the  most  part  printed  at 
length ;  for  the  Greek  extracts  an  English  version  has  been  substituted. 
A  large  body  of  notes,  chiefly  grammatical  and  historical,  has  been  added 
from  various  sources.  A  list  of  books  useful  to  the  student  of  Cicero, 
a  copious  Argument,  and  an  Index  to  the  introduction  and  notes,  complete 
the  book. 

SALLUST. 

WITH  ENGLISH  NOTES. 

By   a  MERIVALE,  B.D. 

Author  of  ''A  History  of  Rome,"  &c. 

Second  Edition.      172  pp.  (1858).    Fcap.  8vo.     ^s.  6d, 

"This  School  edition  of  Sallust  is  precisely  what  the  School  edition  of 
a  Latin  author  ought  to  be.  No  useless  words  are  spent  in  it,  and  no 
words  that  could  be  of  use  are  spared.  The  text  has  been  carefully 
collated  with  the  best  editions.  It  is  printed  in  a  large  bold  type,  which 
manifests  a  just  regard  for  the  young  eyes  that  are  to  work  upon  it : 
under  the  text  there  flows  through  every  page  a  fuU  current  of  ex- 
tremely weU-selected  annotations."— The  Examineb. 
The  **Catilina"  ^w(?  *' Jugtjrtha"  may  he  had  separately,  priee 
28.  6d.  each,  hound  in  cloth. 
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DEMOSTHENES    OUT    THE    CROWN. 

WITH  EKGLISH  NOTES. 
By  JB,  BRAKE,  M.A, 

Late  Fellow  of  King's  College,  Cambridge. 

Second  Edition.       To  which  is  prefixed  ^schikes  AeAiNST 
Ctesiphok.     With  English  ]S"otes. 

287  pp.  (i860).     Ecap.  8vo.  cloth.     55. 

The  first  edition  of  the  late  Mr.  Drake's  edition  of  Demosthenes  de 
Corona  having  met  with  considerable  acceptance  in  various  Schools,  and 
a  new  edition  being  called  for,  in  accordance  with  the  wishes  of  many- 
teachers  has  been  appended  the  Oration  of  -^schines  against  Ctesiphon, 
with  useful  notes  by  a  competent  scholar. 

DEMOSTHENES    ON    THE    CROWN. 

TEANSLATED  INTO  ENGLISH. 

By  J,  P.  N0ERI8,  M.A. 

H.M.  Inspector  of  Schools. 

(1850).     Crown  8vo.     3s. 

**  Admirably  representing  both  the  sense  and  style  of  the  original." 
— ^Athen-^um. 

THXJCYDIDES.     Book    VI. 

WITH  ENGLISH  NOTES,  MAP  AND  INDEX. 
By  P.   FROST,  Jun.,  M.A. 

Late  Fellow  of  St.  John's  College,  Cambridge. 

8vo.  cloth.     7s.  6d. 

It  has  been  attempted  in  this  work  to  facilitate  the  attainment  of 
accuracy  in  translation.  With  this  end  in  view  the  Text  has  been  treated 
grammatically. 

-ffilSCHYLI     EUMENIDES. 

WITH    ENGLISH    VERSE    TRANSLATION,    COPIOUS 
INTRODUCTION,  AND  NOTES. 

By  B.  BRAKE,  M.A. 

Editor  of  "  Demosthenes  de  Corona." 

"  Mr.  Drake's  ability  as  a  critical  Scholar  is  known  and  admitted.  In 
the  edition  of  the  Eumenides  before  us  we  meet  with  him  also  in  the 
capacity  of  a  Poet  and  Historical  Essayist.  The  translation  is  flowing 
and  melodious,  elegant  and  scholarlike.  The  Greek  Text  is  well  printed : 
the  notes  are  ^lear  and  useful." — Guardian. 
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ELEMEl^TS    OF 
GRAMMAR    TAUGHT    IN    ENGLISH. 

WITH  QUESTIONS. 

By  EDWARD  TRRING,  M.A, 

Head  Master  of  Uppingham  Grammar  School. 

Third  Edition.     136  pp.  (i860.)  Demy  iSmo.     28. 

THE    CHILD'S    ENGLISH    GRAMMAR. 

Dy  the  same  Author. 

"New  Edition.  86  pp.  (1859).     Demy  i8mo.     is. 

The  Author's  effort  in  these  two  books  has  been  to  point  out  the  broad, 
beaten,  every-day  path,  carefully  avoiding  digressions  into  the  byeways 
and  eccentricities  of  language.  This  Work  took  its  rise  from  question- 
ings in  National  Schools,  and  the  whole  of  the  first  part  is  merely 
the  writing  out  in  order  the  answers  to  questions  which  have  been 
used  already  with  success.  The  study  of  Grammar  in  English  has 
been  much  neglected,  nay  by  some  put  on  one  side  as  an  impossibility. 
There  was  perhaps  much  ground  for  this  opinion,  in  the  medley  of  arbi- 
trary rules  thrown  before  the  student,  which  applied  indeed  to  a  certain 
number  of  instances,  but  woidd  not  work  at  all  in  many  others,  as  must 
always  be  the  case  when  principles  are  not  put  forward  in  a  language  full 
of  ambiguities.  The  present  work  does  not,  therefore,  pretend  to  be 
a  compendium  of  idioms,  or  a  philological  treatise,  but  a  Grammar.  Of 
in  other  words,  its  intention  is  to  teach  the  learner  how  to  speak  and 
write  correctly,  and  to  understand  and  explain  the  speech  and  writings  of 
others.  Its  success,  not  only  in  National  Schools,  from  practical  work  in 
which  it  took  its  rise,  but  also  in  classical  schools,  is  full  of  encourage- 
ment. 

SCHOOL    SONGS. 

A  COLLECTION  OF  SONGS  FOR  SCHOOLS. 

Mii^    i^t    Ptt^ic    '^.txnngth    far    ^mx    foites. 

Mited  hy  tU  Rev.  E.  TKRINQ,  and  H.  RICCIUS. 

Music  Size.     75.  6d. 
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ST.  PAUL'S  EPISTLE  TO  THE  ROMANS. 

THE  GEEEK  TEXT  WITH  ENGLISH  NOTES. 

By  C.  J,   r AUG  EAR,  B.B, 

Head  Master  of  Harrow  School. 

Second  Edition.     Crown  8vo,  cloth  (1861).      55. 


By  dedicating  this  work  to  Hs  elder  Pupils  at  Harrow,  the  Author 
hopes  that  he  sufficiently  indicates  what  is  and  what  is  not  to  he  looked 
for  in  it.  He  desires  to»record  his  impression,  derived  from  the  experience 
of  many  years,  that  the  Epistles  of  the  New  Testament,  no  less  than  the 
Gospels,  are  capahle  of  furnishing  useful  and  solid  instruction  to  the 
highest  classes  of  our  Puhlic  Schools.  If  they  are  taught  accurately,  not 
controversially;  positively,  not  negatively;  authoritatively,  yet  not 
dogmatically ;  taught  with  close  and  constant  reference  to  their  literal 
meaning,  to  the  connexion  of  their  parts,  to  the  sequence  of  their  argu- 
ment, as  well  as  to  their  moral  and  spiritual  instruction;  they  will 
interest,  they  will  inform,  they  will  elevate ;  they  will  inspire  a  rever- 
ence for  Scripture  never  to  be  discarded,  they  will  awaken  a  desire  to 
drink  more  deeply  of  the  "Word  of  God,  certain  hereafter  to  be  gratified 
and  fulfilled. 


RELIGIOUS    CLASS    BOOKS. 

THE   CHURCH  CATECHISM  ILLUSTRATED  AND  Ex- 
plained.    By  AETHUE  EAMSAY,  M.A.    204  pp.  (1854).      i8mo.  cloth. 

ITOTES   FOR    LECTURES    ON    CONFIRMATIOlSr :     With 

Suitable  Prayers.     By  C.  J.  VAUGHAN  D.D.      Third  Edition.       70  pp.  {1859). 
Fcp.  8to.    is.  6d. 

HAND-BOOK  TO  BUTLER'S  ANALOGY.   By  C.  A. 

SWAINSON,  M.A.    55  pp.  (1856).    Crown  8vo.    ls.6d. 

HISTORY    OF    THE    CHRISTIAN    CHURCH    DURING 

THE  FIEST  THEEE  CENTUEIES,  AND  THE  EEFOEMATION  IN  ENG- 
.  LAND.    By  WILLIAM  SIMPSON,  M.A.    307  pp.  (1857).    Fcp.  8vo.  cloth.    5*. 

ANALYSIS    OF    PALETS   EYIDENCES    OF    CHRISTI- 
ANITY.   By  CHAELES  H.  CEOSSE,  M.A.    115  pp.  (1855).    i8mo.  35.  6e2. 
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MANUALS    FOR    THEOLOGICAL 
STUDENTS. 

UNIFORMLY  FEINTED  AND  BOUND. 


This  Series  of  Theological  Manuals  has  heen  published  with 
the  aim  of  supplying  Books  concise,  comprehensive,  and 
accurate,  convenient  for  the  Student  and  yet  interesting 
to  the  general  reader. 

HISTOKY    OF    THE    CHEISTTAN    CHURCH 

DURING  THE  MIDDLE  AGES.    By  ARCHDEACON  HARD- 
WICK.    482  pp.  [1853].    With.  Maps.    Crown  8vo.  cloth.    10*.  6d. 

This  Volume  claims  to  be  regarded  as  an  integral  and  independent 
treatise  on  the  Mediaeval  Church.  The  History  commences  with  the 
time  of  Gregory  the  Great,  because  it  is  admitted  on  aU  hands  that  his 
pontificate  became  a  turning-point,  not  only  in  the  fortunes  of  the 
Western  tribes  and  nations,  but  of  Christendom  at  large.  A  kindred 
reason  has  suggested  the  propriety  of  pausing  at  the  year  1520, — the  year 
when  Luther,  having  been  extruded  from  those  Churches  that  adhered  to 
the  Communion  of  the  Pope,  established  a  provisional  form  of  government 
and  opened  a  fresh  era  in  the  history  of  Europe. 


HISTOEY    OF    THE    CHEISTIAN    CHURCH 

DURING  THE  REFORMATION.      By  Arohdn.  HARDWICK. 
459  pp.  [1856].    Crown  8vo.  cloth.    10s.  6^. 


This  Work  forms  a  Sequel  to  the  Author's  Book  on  The  Middle  Ages. 
The  Author's  wish  has  been  to  give  the  reader  a  trustworthy  version  of 
those  stirring  incidents  which  mark  the  Reformation  period. 
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MANtTALS  FOR  THEOLOGICAIi  STXTBENTS-Continued. 

HISTOEY     OF    THE    BOOK     OF     COMMON 

PEAYER.  Witli  a  Eationale  of  its  Offices.  By  FRANCIS 
PROCTER,  M.A.  Fourtli  Edition.  464  pp.  [I860].  Crown  8vo. 
cloth.     10s.  ed. 

The  Subject  of  this  Book  has  been  already  treated  by  numerous 
writers  of  distinction.  When  the  present  series  of  Manuals  was  projected, 
it  did  not  appear  that  any  one  of  the  existing  volumes  taken  singly  was 
available  for  the  desired  object.  In  the  course  of  the  last  twenty  years 
the  whole  question  of  liturgical  knowledge  has  been  reopened  with  great 
learning  and  accurate  research,  and  it  is  mainly  with  the  view  of  epito- 
mizing their  extensive  publications,  and  correcting  by  their  help  the 
errors  and  misconceptions  which  had  obtained  currency,  that  the  present 
volume  has  been  put  together. 


HISTOEY  OF  THE  CANON  OF  THE  NEW 

TESTAMENT  DURINO  THE  FIRST  FOUR  CENTURIES. 
By  BROOKE  FOSS  WESTCOTT,  M.A.  594  pp.  [1855]. 
Crown  8vo.  cloth.     12s.  6d. 

The  Author  has  endeavoured  to  connect  the  history  of  the  New  Testa- 
ment JCanon  with  the  growth  and  consolidation  of  the  Catholic  Church, 
and  to  point  out  the  relation  existing  between  the  amount  of  evidence 
for  the  authenticity  of  its  component  parts  and  the  whole  mass  of  Christian 
literature.  Such  a  method  of  inquiry  will  convey  both  the  truest  notion 
of  the  connexion  of  the  written  w  ord  with  the  living  Body  of  Christ,  and 
the  surest  conviction  of  its  divine  authority. 


INTRODUCTION  TO  THE  STUDY  OF  THE 

GOSPELS.    By  BROOKE  FOSS  WESTCOTT,  M.A.    458  pp. 
[I860].     Crown  8vo.  cloth.    10*.  ed. 

The  title  of  this  book  wiU  explain  the  chief  aim  which  the  Author 
had  in  view.  It  is  intended  to  be  an  Introduction  to  the  Siudp  of  the 
Gospels.  The  Author  has  therefore  confined  himself  in  many  cases  to 
the  mere  indication  of  lines  of  thought  and  inquiry  from  the  conviction 
that  truth  is  felt  to  be  more  precious  in  proportion  as  it  is  opened  to  us 
by  our  own  work.  In  a  subject  which  involves  so  vast  a  literature  much 
must  have  been  overlooked ;  but  the  Author  has  made  it  a  point  at  least 
to  study  the  researches  of  the  great  writers,  and  consciously  to  neglect 
none. 
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leaves.  KEPT  IN   VARIOUS   BINDmGS   BY   THE   PUBLISHERS. 

TOM  BEOWJST'S  SCHOOL  DAYS.    By  An  Old  Box.     Seventh    "T^ 

Edition.    Fcap.  8vo.  cloth.    5s. 

THE  HEEOES;   or  GREEK  FAIRY  TALES.    By  Chahles       12s, 

KiNGSLEY,  Hector  of  Eversley.  Second  Edition,  with  Eight  Illustrations. 
Imperial  i6mo.  cloth,  gilt  leaves.    5«. 

PAYID,    %IE(}    OF    ISRAEL;    Readings    for  the   Yonng,      12s. 

With  Six  Illustrations.  By  J.  Wright,  M,A.  Imp.  i6mo.  cloth. 
53. 

LITTLE  ESTELLA  AND  OTHER  FAIRY  TALES.    Imp.       12^. 

i6mo.  cloth.    5s. 

DAYS    OF    OLD:       STORIES    FROM    OLD    ENGLISH 

HISTORY  of  the  Druids,  Anglo-Saxons,  and  the  Crusaders.    By  the  Author         '^'''* 
of  Ruth  and  Her  Friends.    Imperial  i6mo.  cloth.    5s. 

RUTH  AJNTD  HER  FRIEJS^DS.      A  Story  for  Girls.      Third       us. 

Edition.    With  a  Frontispiece.    Imp.  i6mo.  cloth.    5s. 

OUR  YEAR:   A  Child's  Book  in  Prose  and  Verse.      By  the       12s. 

Author  of  "John  Halifax."    Numerous  Illustrations.     Royal  i6mo.  cloth,  gilt 

US.       WESTWARD  HO!    THE  ADVENTURES  OF  SIR  AMYAS      14...    * 

LEIGH  in  the  Reign  of  Elizabeth.  Third  Edition.  By  Charles  Kingsley. 
Crown  8vo.  cloth.    6s, 

J,,.      TWO  YEARS  AGO.    By  Charles  Kifgsley.     Third  Edition.       ,4, 

Crown  8to.  cloth.    6s. 

THE    RECOLLECTIONS    OF   GEOFFRY  HAMLYN.     By       14*. 

henry  kingsley.    Second  Edition.    Crown  8ro.  cloth.    68, 

GLAUCUS;  or,  WONDERS  OF  THE  SHORE.    By  Charles    ,4,.  u, 

Kingsley.  Illustrated  Edition,  containing  Coloured  Illustrations  of 
the  objects  mentioned  in  the  Work.  Imp.  i6mo.  cloth,  gilt  leaves. 
75.  6c?. 

,8,        ESSAYS,    CHIEFLY  ON  ENGLISH  POETS.     By  Datid    „,  g^, 

Masson,  M.A.    8vo.  cloth.    12«.  6c?. 

i6s.       THE  REPUBLIC  OF  PLATO.     Translated  into  EngHsh  by    20*.  6d. 

J.  Llewellyn  Davieb,  M.A.,  and  D.  J,  YAUdHAN,  M.A.  Second  Edition.  8vo. 
cloth. .  log.  €d,. 

36*.       ARCHER    BUTLER'S    HISTORY    OF    ANCIENT    PHI-      45*. 

LOSOPHY.    %  vols,  8vo.  cloth,    il,  5s. 

•5^.  ed.    HISTORY  AND  RATIONALE  OF  THE  BOOK  OF  COM-    i8..  6d. 

MON  PRAYER.  By  F.  Procter,  M.A.  4th  Edition.  Crown  8vo.  cloth.  io«.  6d. 

'^''t^'    HISTORY    OF    THE    CHRISTIAN    CHURCH    DURING    '^^^l^' 

<^^C}1.  rpjjE    MIDDLE    AGES    AND    THE    REFORMATION.     By  Archdeacon 

Hardwick.    2  vols.    Crown  8vo.  cloth.    10s.  6d.  each  volume. 

„.  f.    HISTORY  OF  THE  CANON  OF  THE  NEW  TESTAMENT.  ,„,,  g^. 

By  B  F  Westcott,  M.A.    Third  Edition.    Crown  8vo.  cloth.    i%8.6d. 

INTRODUCTION  TO  THE  STUDY  OF  THE  GOSPELS. 

\xf,6d.  By  E.  F.  WESTCOTT,  M.A.    Crown  8vo.  cloth,    \as.6d.  I  Sis,  6a. 

GEORGE  BRIMLEY'S  ESSAYS.      SecoBd  Edition.      Fcp.       „, 

9'^*  8vo.  cloth.    5«. 

IV      THE  PLATONIC  DIALOGUES  FOR  ENGLISH  READER^.       28.. 

By  W.  WHEWELL,  D.D.    2  Vols.    Fcp.  8vo.  cloth.    14*. 
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FORTHCOMING    BOOKS, 

First  Book  of  Algebra.     For  Schools.     By 

J.  C.  W.  ELLIS,  M.A.,  and  P.  M.  CLARK,  M.A.,  Sidney  Sussex 
College,  Cambridge.  [Preparing. 

An  Elementary  Treatise  on  Qnaternions. 

With  numerous  Examples.     By  P.  G.  TAIT,  M.A.,  Professor  of 
Natural  PMosophy  in  the  UniTersity  of  Edinburgh.     [^Preparing, 

A  Treatise  on  Geometry  of  Three  Dimen- 
sions. 

By  PEECIYAL  FROST,  M.A.,  St.  John's  CoUege,  and  JOSEPH 
WOLSTENHOLME,  M.A.,  Christ's  College,  Cambridge. 

[In  the  Press, 
\*  The  First  Portion  has  been  issued  for  the  convenience  of  Cambridge  Students. 

A  Treatise  on  Trilinear  Coordinates. 

By  N.  M.  FERRERS,  M.A.,  Fellow  and  Mathematical  Lecturer  of 
GonviUe  and  Caius  College.  [In  the  Press. 

Aristotelis  de  Khetorica.     With  Notes  and 

Introduction.     By  E.  M.  COPE,  M.A.,  Fellow  and  Assistant  Tutor 
of  Trinity  College,  Cambridge. 

The  New  Testament  in  the  Original  Greek. 

Text  reTised  by  B.  F.  WESTCOTT,  M.A.,  and  F.  J.  HORT,  M.A., 
formerly  Fellows  of  Trinity  College. 

Winer's  Grammar  of  the  New  Testament 

IDIOM.     Freely  Translated  and  revised  by  the  Rev.  F.  J.  A. 
HORT,  M.  A.,  formerly  FeUow  of  Trinity  College,  Cambridge. 
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